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IIpeaucinosue

Y OOJIBITMHCTBA BBHITYCKHIKOB TEXHIYECKUX BY30B CKJIA/IBIBAETCA YCTOMINBOE
MHEHHE O TOM, 9TO TeopeTHdecKas MeXaHuKa — 9TO JaBHO 3aKOHYEHHAas U y2Ke
3aKpbITas TJlaBa HAyKW, UYTO B Hell HeT MecTa JIjId pa3BUTHUA U HOBLIX OTKPLITHUIA.
DopMUPOBAHUIO TI0JIOOHOI0 MHEHUS HE MPENATCTBYIOT U CYyIIECTBYIONIIE YIeOHU-
KU 110 TeopeTuveckoil Mexanuke. Mex iy TeM, Kjaaccuieckas MeXaHnKa B X X-0M
BEeKe pPa3BUBaJIaCh BeCbMa MHTEHCUBHO U ITpeTepIiesia CyIecTBeHHbIe N3MEeHeHNs.
[1aBHOE M3MeEHeHNe CBA3aHO C MePeX0/IoM Ha PYHAMEHT IJIepoBOil MEXaHNKH,
SIBJIAIONIEHCsl eCTECTBEHHBIM Pa3BUTHEM HLIOTOHOBOI Mexanuku. IIpm sTom Bcee,
4TO OBLIO JIOCTUTHYTO paHee, IOJHOCTBIO COXpaHsIeTCsI 1 He TpedyeT HUKAKIX 13-
MeHeHnii. B To ke BpeMmsi cdpepa jieiicTBrS KJIaCCHUYECKON MEeXaHUKU CYIIeCTBEH-
HO pactmpsiercst. OcobeHHO 9TO 3aMETHO IPHU ONUCAHUU TAKUX sIBJICHII, Kak
9JIEKTPOMArHETI3M, MTHe309JIEKTPUIECTBO 1 (peppoMarHeTusM, T.e. o0JacTeil, Ko-
TOpbIE paHee CUUTAJINCH HeJOCTYITHBIMU JIJIs KJIaccuieckoil MexaHnku. OCHOBHOE
OT/IMYNE SIEPOBOIT MEXaHUKN OT HBIOTOHOBOI MEXaHUKU 3aK/I0vaeTcs B OoJiee
MIOJTHOM ¥ TIOCJIEJIOBATEILHOM yUeTe CIUHOPHBLIX JIBMKEHUI. Y paBHeHNs OaJiam-
ca KOJIMYECTBA JIBUKEHNA M KHHETUUECKOI'O MOMEHTa, CTAHOBATCA HE3aBUCUMBIMUI
zakonaMu. [Ipm 9ToM MmongaTHe CUJIBI COXPAHIETCs, HO MOMEHT yzKe He TOJHOCTHIO
OIIpeJIe/IseTCs CUJIAMMU.

[Tocobue copepkut uzjoxkenne psijia QpyH aMeHTaJIbHBIX TOHATHNH MeXaHu-
K1, KOTOpPble TPYIHBI I BOCHPUATHA MPHU JEKIMOHHOM W3JI0KEHUHN 1, KPOMe
TOro, HEe M3JIaraloTcs B TPAJMIIMOHHBIX yUeOHUKAX I10 TEOPETHYCCKON MeXaHU-
ke. [Ipexkjie Bcero, pedb WAET O TaKNX MOHATUSX KaK IMPOCTPAHCTBO, BpeMs,
NpUHIUIT nHepIun [ajanies, nHeprnuagbHble CUCTEMbl oTcueTa. Kak HU yIUBH-
TEJIbHO, HO CTPOrOe BBEJIEHNE STUX MOHATUI ObLIO OCYIECTBIEHO TOJbKO B 1940
rojy. DTUM IOHSITHsIM IIOCBAIIEHa IIepBasi IjlaBa 1ocodus. Bropas riaBa 1mo-
cBdleHa pyHIaMeHTaIbLHBIM 3aKOHAM 31JIEpOBOl MEXaHUKU, B KOTOPOI HapSITy
C TPAHCAAIMMOHHBIMU JIBUZKEHUAMU BBOJATCSI B PACCMOTPEHHE CITMHOPHBIE JIBH-
JKEHUsI, 9acTO UTpaloline IMeHTPaJbHYIO POJib. 3J1eCh PacCMaTPUBAIOTCA Tejla 1
X AUHaAMUYecKne CTPYKTYPbl: KHHETHYIeCKas SHEPIHsl, KOJMIECTBO JIBUKEHUS 1
KnHeTn4deckKuit MmomeHnt. I[logpobHo obcy»KmaloTes BO3IEHCTBHS, T.€. CHJIbI U MO-
MEHTBI, TPUIeM MOMEHTHI B 9iJIEPOBOIT MeXaHUKe ABJIAIOTCS CaMOCTOATETbHBIMI



nonsatugMu. OyHpaMeHTaJIbHbIE 3aKOHBI (POPMYJINPYIOTCS I OTKPBITBIX Te,
T.€. TeJI, KOTOPbIe MOI'YT OOMEHUBATHLCS CO CBOMM OKPY?KEHHIEM MacCoil, KoJimde-
CTBOM JIBUYKEHIS, KHHETHIECKIM MOMEHTOM 1 3Heprueil. Tperbs riasa comep-
JKIT BBEJIEHNE B KHHEMATHUKY CIIMHOPHBIX JBHzKeHnit. JlokasbiBaeTcst 001mast Teo-
peMa o IpeJCcTaBIeHnN TeH30pa II0BOpoTa. BBomuMoe mpeicTaB/IeHne CoIepsKIT
BCE U3BECTHLIE IIPECTaBJIEHNs] TEH30pa IMOBOPOTa U J100ABJISIET K HUM HOBBIE.
[Tompobro m3maraercs caydaii HHTErpUPYEMOCTH Jiljiepa B IMHAMUKE TBEPIOTO
Tesia. DTa KIacCHIecKas 3a/ada IPUBOINTCS BO BCeX yUeOHHMKAX, HO JIaBaeMoe
B HUX peIleHre TPYIHO HCIOIL30BATh JJIsd HpakKTHYecKuX mejeil. Vszmaraemoe
B IIOCOOMH pellleHIe He TOJIbKO IIPOIEe KJIACCUUEeCKOr0, HO U IOYUUTEIbHO, II0-
CKOJIbKY ITOKa3bIBAET BayKHOCTH IIPABIUILHOIO BHIOOPA OCeii, TOBOPOTAMI BOKPYT
KOTOPBIX OINCLIBACTCS BpallleHue Teja. B 4eTBepToil IjlaBe CTPOUTCH MOJENb
TBEPAOTEIBHOIO OCIIUJLISITOPA, T.€. TBEPIOI0 TeJia Ha YIPYTrOM OCHOBAHUU. 3/1€Ch
BBOJIUTCSI HECKOJILKO HOBBIX MOHATHI. B 9acTHOCTH, BBOINTCS IMOHSITHE TEH30Pa-
HHTErpaTopa, UI'PAIOIIEro BayKHYIO POJIb IPU BBEIECHUN TOHSATUS MOTEHIHAHHO-
ro MoMeHTa. PaccmaTpuBaloTest pelenus psijia KOHKpeTHBIX 3a1a4d. [1o/1pobHo 06-
CyKJIaeTcs 3HaMeHNThIN mapatoke Hukoman. O HeoOX0IUMOCTH TOCTPOEHUST MO-
JIeJIN TBePIOTENIbHOIO OCIIJLIATOPa TOBOPUIN MHOTHE N3BECTHBIE (DU3UKH. ITa
MOJIeJIb BaykKHa, HAIIpPUMep, JIjIsI 00bsiCHeHNs aHOMaJIbLHOro 3ddexkra 3eemana.
Kpowme Toro, 31ech BBOJINUTCS HECKOJILKO HOBBIX IOHSITHI, U PacCMaTPUBAIOTCS
pelleHnst psijia KOHKPETHBIX 3ajad. B 1esoM pe3ysabTaThl IVIaBbI MMOJIE3HBI IPH
HCCJIeIOBAHIY IMHAMUKN POTOPHBIX MAIINH U THPOCKOIMNIECKIX TPUOOPOB.

Kak y2Ke oTMedasioch, ocodbme COAEPKUT UeThIPe TJIaBbl, COIEePyKAHIE KOTO-
PBIX OYTH He mepecekaercs. [losromy j00yio n3 rjiaB MOXKHO YNTAThL HE3aBU-
CHUMO OT JpyruX. HeckosbKo HENpPUBBIYHBIM JIJIsT COBPEMEHHBIX CTYIEHTOB SIB-
JISIETCST TO, UTO JBE TJIABBI IIPEJCTABJIEHBI HA AHIJVINICKOM s3bIKe. ABTOD cUe
BO3MOKHBIM He JIaBATDh UX IIEPEBOJ Ha PYCCKUIT SI3BIK 110 CJIELYIOIIIM coObparKe-
HusiM. Bo-1IepBbIX, yMeHne 9uTaTh Ha MHOCTPAHHBIX sI3bIKAX JJISI COBPEMEHHDIX
CTYJICHTOB sIBJIIETCSA HEOOX0uMOocThI0. Bo-BTophiX, B 20 — 30-e rognsr XX-10 Be-
Ka B HallleM OJUTEXHHYIECKOM HHCTUTYTE CTYIeHTaM IIPEIIarajnch yIeOHUKMI
Ha aHIVIMIICKOM, HEMEIKOM U (PPAHILy3CKOM SI3bIKaX, U 9TO CUNTAIOCH HOPMOIl.
DTO M JOJIKHO OCTaBaThCA HOPMOM JI0 TeX IOp, MOKa MbI He yOeamM HayIHO-
TEXHIYIECKOe COODIIECTBO OCTAJHLHOIO MUPa B TOM, UTO MMEHHO PYCCKUIl A3bIK
SIBJISIETCSI HAWJIYYIIIM CPEJCTBOM OOIIEHNUS.

Buinoanenue dannot pabomu, ocyuwecmsannocy npu noddepocke eparnma T00
—- 0.7 — 1021 Munucmepcmea obpasosanus P.



1. IIpuanun otHocuteabHocTu l'ajminesa n
ypaBHeHusa Makcselia

1.1 Bsenenue

Co BpemeHm cozjlanus 3jeKTpojnnamukun Makcsesuta rporuio npumepno 130
Jer. YpaBHeHns MakcBesia MUPOKO MPUMEHSIOTCS B MeXaHUKe, B 9aCTHOCTH,
B ajieKTpoMexaHuke. Herb3s, ojiHaKo, cKa3aTh, 9TO COCTOSHUE MPOOJIEMbI B Iie-
JIOM MOXKeT OBbITh IPU3HAHO YJIOBJIETBOPUTEIbLHBIM B JIOTMYECKOM OTHOIIEHUU.
o cux nop ypaBHeHusi MakcBejlia He BIUCBIBAIOTCsl €CTECTBEHHBIM 00pa30oM B
CTPYKTYPBI MeXaHUKH. boJiee TOro, MPpUHATO CIUTATH, UTO MEXKIY JIEKTPO]IN-
Hamukoii MakcBesia n KJIacCHmIecKOil MeXaHUKO#l cylecTByeT (DyHIaMEHTa b
HOe pazjnune, noo ypaBHeHus: Makcpesiia THBapUaHTHBI OTHOCUTEIHLHO I'PYIIIIBI
Jlopentia, a ypaBHeHnd KJIacCHIeCKOl MeXaHUKH — OTHOCHUTEILHO I'PYIIbI [asim-
Jesi. Jlonroe BpeMs CIipaBe/I/IMBOCTL CKA3aHHOI0 He MoJBepraaach THATETHLHOMY
JIOTUYECKOMY aHaJIU3y C MO3UIUIT pallMOHAJbHON MEXaHUKU, XOTs BOIIPOCOB Ha-
KOIIJIOCH JOBOJILHO MHOTO. [Ipexkie Bcero, kKak BooOIlle MOIJIO CAYYIUTHCHA, ITO
MEXKJIy MEXaHUKOM 1 3JIeKTPOAMHAMUKON BOBHUKJIO (PYHIAMEHTAJIbHOE PaCcXOrK-
nenne? Kakme NMEHHO aKCHOMBI MEXaHUKHU IIPOTUBOPEYAT 3aKOHAM 3JIEKTPOJIH-
Hamukn? OTBeT XOTej10Ch Obl BUIETh CTOJIb K€ SICHBIM, KaK B N€OMETPUM, I/
TOUKa OudypKaLNT MeXK/1y eBKJINIOBOI I HeeBKJIMIOBOI IreOMeTPHUSIMU JIEXKUT B
V nocrynare. B konte konmon, Makcse 1 co3ian ¢BoIo 3JIeKTponnaMuKy B 1861
— 1864 rr., Korja njaen KjaaccuiecKoil MeXaHnKN UI'pajii TOCIIOACTBYIONLYIO POJIb.
Ot kakux u3 Hux orkaszajicss Makcsesi? in Kakue HOBbIE HJEU, HECOBMECTH-
MBbI€ C CYIIeCTBYIOIMMUME, OH BHec! Beccriopro, MakcBe 1 OTKPbLI JIefiCTBUTEIHLHO
HOBYIO /€10, OCO3HaBaTh KOTOPYIO HAadaJl TOJIbKO Yepe3 CTOJIETHE, HO B YEM ee
IIPOTUBOpEUNE ¢ KIaccuiecKoilt Mmexanukoii? Bosuukinas B XX BeKe cleluabHasl
TeOpHUsi OTHOCUTE/ILHOCTH, Ka3aJjach Obl, OTBETU/Ia Ha BCe 3TU BOIPOckl. Ho Helb-
351 3a0bIBATh, UTO CIIeIUaJbHas TeOPUsl OTHOCUTEIbHOCTH JIaeT BCErO JINIIb BO3-
MOKHYIO MHTEPIIPETAINIO, KOTOpas HECOBMECTUMA C KJIACCUYECKON MeXaHUKOI.
Hac ke naTepecyer HECOBMECTUMOCTH CAMOI JIEKTPOJMHAMUKHI C WCXOIHBIMU



AKCHOMAaMH MEXaHWKH, a 9TO He OJHO M TO Ke. PaccMoTpum Takoil, Harpumep,
BOIIPOC.

I3BecTHO, YTO B OCHOBAHUSIX SJIEKTPOJMHAMUKN U MHOIUX Pa3/Ie/I0B MeXaHU-
KU JIezKaT BOJIHOBBIE ypaBHeHHsI. Kakum ke oOpa3soM OJHO U TO YKe ypaBHEHUe
OKa3bIBAETCS MHBAPUAHTHBIM OTHOCUTEIBHO pPa3HBLIX I'PYII IpeoOpa3oBaHuil B
3aBUCUMOCTI OT 00JiacTu HpuioKennii? OTKyaa MOKET 3HATb 9TO ypaBHEHUE,
rjie ero coOUparTCst UCIOJIL30BATD !

ImeeTcst MHOXKECTBO JIDYTHUX BOIIPOCOB, HO BPSIJl JII UX CTOUT IEPEUUC/IATD.
He Jiyurie jin mpocto nmoBHIMAaTEIbHee IPUIISIIeThCs K ypaBHeHusIM Makcseiia
1 TOJIbKO TIOCJIEC 9TOr0 IMPOJI0JIKATh 33jaBaTh Bolpochl! OJiHAKO 3/eCh BO3HU-
KaeT 3arpyiaHeHne. YTobbl mposicHuThb ero, mnpouutupyem JI.J.Mangenabimrama
[1]: “HempaBuibHO TOJ1araTh, 9TO TEOPHsi OTHOCUTEILHOCTH [IEPEBEPHY/IA HAIITH
IOHATUSI O BPEMEHU U O IPOCTPAHCTBE B TOM CMbICJIE, UTO Ha MECTO CTapPbIX U
YeTKNX IOHATUN OHAa IOCTaBUJIa TaKue ke HOoBble. DT0 He Tak. OnHa 13 00J1b-
X 3aCJayT TEOPUH OTHOCUTEJIbHOCTH COCTOMT B TOM, YTO OHa IOKa3aJ/a, 9TO
OCHOBHBIE IIOHSITHSI, KOTOPBIMHI OIIEPUPOBAJIM PAHbIIE — BO BCSIKOM CJIydae, B
U3BECTHON YacTH, — BOBCE He OBLIN OIpeeseHbl, YTO MHOI'UE BbICKA3LIBAHUSI
He MMeJIn BOOOINe HIMKAKOIO CMbICIa . AHAJOIMYIHON TOYKM 3PEHUs MPUIEPIKI-
BaIOTCs M MHOTHE Jpyrue KpyiHbie ¢pusnkn. CrpaBeiiBbl JIK 9TH IPETEeH3UN
K KJiaccudeckoil mexanuke? K coxkasienuto, 1o dopme, a He 110 CyIIeCTBY, OHU
CIIPABEJJINBBI: B OOJIBIIMHCTBE YIEOHUKOB 110 MEXaHUKEe BOIIPOCHI IIPOCTPAHCTBA
1 BpeMeHHU JIefiCTBUTEIbHO U3JIaraloTcd KpaitHe HeOpexkHo. Kak Oy/eT mokasaHo
HIKE, PACXOKJIEeHIEe BO B3TJIsiIaX (DU3UKM U PalMOHAILHON MEXaHUKH Ha JJIeK-
TPOJUHAMUKY U MHOI'HE APYTHe IIPUMbIKAOIIIE BOIIPOCH JIEYKUT NMEHHO Ha 9TOM
“s1emenTapHoM’ yposHe. [ToaTOMy aBTOp BBIHYK/IeH OBLIT HAYaTh ¢ 00CYKJIeHNs
MCXOJIHOM TO3UITNU PaIlMOHAJIbHON MexXaHUKH. Pasymeercs, B M3JIO)KEHHOM HET
IIpeTeH31il Ha HOBU3HY, HO U KOHKPETHBIX CCHLIOK aBTOD JIaTh HE B COCTOSHIM.

1.2 WuepumajibHBIE CICTEMbI OTCUETA

1.2.1 Bseaenue Tes orcuera

HrroTonoBcKoe onpejienieane abcoJIOTHOTO MPOCTPAHCTBA ODIEN3BECTHO. Fem
K HeMy J100aBUTH BCEMU MPUHUMAaEMble COTJIAINEHUs O MOJTHON PaBHOIPABHOCTH
BCEX TOYEK M BCEX HAITPABJIEHUN B aOCOJIIOTHOM IPOCTPAHCTBE, TO CTAHOBHUTCS
SICHBIM, UTO HBIOTOHOBCKasI KOHIEHIUs abCOJIIOTHOINO MPOCTPAHCTBA BOOOIIE He
JlaeT BOBMOXKHOCTHU CYJIUTH O JIBUYKEHNN, KaK 3TO MOAPOOHO 00BICHAIOCH CAMUM
Hbroronom. HepaspermumMocTs 1npobsieMbl COCTOUT B TOM, UTO MbI JIUIIEHBI BO3-



MOXKHOCTH ITapaMeTPU30BaTh TOYKN aDCOJIFOTHOIO IpocTpaHcTBa. [losToMy BBO-
JISITCST B pacCMOTpeHue Tejia orcdera [2|. [1yist 97oro BosbMeM TOUKY, CHAOKEHHY 10
meTkoit 0 1 HazoBeM ee HadajoM. K Heil mpucoeImHNM TPOHKY HEKOMILIaAHAPHBIX
“BeKTOpPOB”, T.e. TPeX PYKOTBOPHBIX CTPEJOK €x. CJi0BO “BEeKTOpbI’ B IpUMEHE-
HUI K OObEKTaM €y B3sIThl B KABbIUKI, 00 y HAC HET BOBMOYKHOCTH CYJIUTH 00 UX
HaIIpaBJICHUSIX B aDCOIIOTHOM IIPOCTPAHCTBE. BoJjiee Toro, “BeKTOpLI’ €} camMu u
HOPOXKJIAIOT HAIIpaBJIeHUsI B Tejie oTcyeTa. [lajiee bepem MoJI0KITe/IbHO Olpe/ie-
JIEHHYIO CUMMETPUIHYIO MATPUILY Jik, Y€pe3 KOTOPYIO ONpeJIe/IdeTcs CKalsdpHoe
IIpou3BeicHIe “BEKTOPOB~ €y : €k * €m = Qkm. KKOMIIOHEHTHI MATPUIIbI ik MIMEIOT
usnyeckyo pasMepHOCTb KBaJpPaTOB JIINH M 3aJIal0T MACIITAObl PACCTOSHII.
BoszbMeM Tpu 0THOMEPHBIX HEITPEPHIBHLIX MHOXKECTBA

XK : —oogxkgoo.

Yucia x* 6e3pasMepnbl. BBejieM B paceMOTpPEHIE BEKTOP HOJOKCHUS

r=x'e; +x%e; + x’e; = xfe, —oc0 < xF < o0, (1.1)

rje 3HaK ‘47 olpejeseH IIPaBUJIOM IapaJuiejorpamma. BekTop r yxke mmeer
npu (UKCHPOBAHHBIX XX OIpejie/ieHHOe HAIPABJICHIE OTHOCHTEIBHO OTCUETHBIX
BEKTOPOB €.

Omnpenenenune 1.1: measom omcuema naswveaemces penep {0, ex} ¢ npucoedu-
HEHHBIM K HEMY MHOIHCECMBOM MOoYuer, 3a0a8aemuir eexmopom 1.1.

Onpenenenue 1.2: meso omcyema Ha3vi8aEMCA NPABOOPUEHMUPOBAHHBIM,
ecau penep {0, ex} — npaswil, U AEBOOPUEHMUPOSAHHIM, ECAU IMOM PENEP Ae-
6uut.

B omyimame or abCoJIFOTHOIO MPOCTPAHCTBA BCe TOUKM Tejia OTcUeTa CHabyKe-
HbI METKaMU, T.€. IapaMeTPU30BaHbl, 1 B HEM OIIpejie/IeHbl HallpaBJIeHIs OTHOCH-
TeJIbHO OTcUYeTHOro pernepa. HeBodaMo:KHO 0OHAPYKUTDH JBUZKEHUsT TeJIa 0TCUYeTa
OTHOCHUTEJIBHO a0COJIIOTHOIO MPOCTPAHCTBA, HO JBHKEHHE JIPYIUX TeJa OTHOCH-
TeJILHO TeJIa 0TCUeTa 00HAPYKUTh MOYKHO. [TOHSITHO, 9TO MOYKHO BBECTHU CKOJIBKO
YIOJIHO Pa3/IMYHBIX TEJ OTCUYETa, 00Pa3yIoNINUX MeCTUMEPHbIII KOHTUHYYM. BBe-
JleHre TaKNUX MOHSITHI, KaK BEKTOD, TEH30PbI BBICIINX PAHIOB, BO3MOYKHO TOJILKO
B TeJjie oTcueTa. bes Tejia orcuera MOHATHE BEKTOPA JIUIIEHO CMBICIA.

Bce Tesia oTcuera JBUXKYTCS OTHOCUTEIBHO JPYT JAPyTa IPOU3BOJIbHBIM 00pa-
3oM. Camoe BayKHOE CBOMCTBO 9TUX JBUKEHHIT COCTOUT B X, TaK CKa3aTh, OEC-
HPUUNHHOCTH, HEPOXKJIEHHOCTH U HEYHUITOXKUMOCTH. [lo/yunB oTKyna-To cBOH
JIBI2KEHHSI, Tesla OTcdeTa B JaJibHeMIeM X He MEHSIOT, TaK KaK OTCYTCTBYIOT
BHEIIIHME TIPUYNUHBI JIJIsT M3MEHEHUsI TUX JIBUXKEHUN W CUNTAETCsI, 9TO BOJIEH U
SHeprueil Tejia oTcyeTa He 00J1a1al0T.



Axcumoma AQ: measa omcuema ABAAOMCA B00OPANCAEMBIMU, ADCONOTMHO
NPOHUUAEMBIMU, OOHOPOOHBIMU U UOMPONHLMU. OHU HATOOAMCA 6 BEUHOM
dsusCeHUU, HUK020A HE MEHAOM C60€20 0BUNCEHUA U He 63aUMOIETLCMEYom
Hu mencdy cobotl, Hu ¢ KaKuUMU-AUO0 Opy2UuMU MeAAMU.

BLIOKOCTD 9TOil aKCHOMBI B JIOTHYECKOM OTHOIIEHUH OYEBUJIHA. DTO TOT yPO-
BeHb (pyHIaMeHTa, NIy0xKe KOTOPOro MeXaHNKa OIyCTUTLCS He B cocTostHnn. Ona,
MOZKET TOJIBKO OTTOJIKHYTHCSI OT 9TOI'0 HHTYUTUBHOIO (ByHIaAMEHTa U Jajee CJie-
JI0BaTh JlorndeckoMy myTu. [logo0Hast cuTyaliust TUIINYIHA JIJIsT BCEX TOUHBIX Ha-
VK, B TOM 9HCJIE U JIJIsT MaTeMaTHKU. Ke/m MUp pa3sBUBAeTCs OT IPUIHH K CJIE]I-
CTBUIO, TO PA3BUTHE TOYHBIX HAYK HAET B 0OPATHOM HAIIPABJIEHUN: OT CJIEICTBUSI,
KOTOPOE TOJIBKO 1 JIaHO HaM, K IPUUNHE, KOTOPYIO HAyKa IbITA€TCS YCTAHOBUTD.
[TosToMy MCXOIHBIE TIOCTY/IATHI BCEr/a HAXOLATCS Ha MepeJHeM ILIaHe HAyKH H
HeJI0CATaeMbl IS JIOTUKH.

1.2.2 Ilpwanun uHepiiuu Fannigesa. MHeprmanabHbie Tejla OTCYETa

Brirmie ObLT0 BBEIEHO MHOYKECTBO TEJT OTCUETa, 1 ITOKa YTO OHU BCE PABHOIIPABHDI.
anbneiiee mpoiBIKene BO3MOKHO TOJTBKO TTPU MPUHATUN KaKOT0-JTHOO0 MTPUH-
I1I1a, POJIb KOTOPOT'O UI'paeT IPUHINI nHepunn [anes, sapisrommiics dyHia-
MEHTOM BCeil (hU3MKH.

Akcuoma Al. llpuniiun wHeptmm lanmiest: ecarxad U30AUPOSAHHAA
(0dunokan 60 6cem Mupe) MaAMEPUANLHAA MOYKE JSUNCEMCA 6 GOCOAOMHOM
NPOCMPAHCMEE NPAMOAUHETHO U PASHOMEPHO.

[Tpunnun nneprun ['ainies, KOHEYHO, HETB3sI CIUTATH AKCHOMOM B 00IIENpu-
HSITOM CMBICJIE 9TOr0 TepMuHa. /lelicTBUTEIbHO, B HEM (DUTYPUPYIOT TAKHUE TTOHSI-
THS, KaK “abCoI0THOE TMPOCTPAHCTBO , “IPAMOJMHENHOCTL , “paBHOMEPHOCTH .
Hu ogHO M3 9TUX HOHATHII He OIpejesieHO U He MOXKeT ObITb OIIpejiesieHo 0e3
BBeJIEHNs] TOTO, UTO HUKE Ha3bIBaeTCsd WHepIUa bHoll crucremoit orcdeta. [lo-
9TOMY HPHUHIUI HHEPIUN [ajniess — 9T0 roJast ujest, He IOJJIAI0NMAICT IKC-
HepUMEHTAJILHON MIPpOBEpPKe, HO Ha 9TOi ujee jep:kurtcs Best dusuka. Ham ne
JIAHO 3HATh, UTO Takoe abCOIOTHOE ITPOCTPAHCTBO, HO akcnoma Al orpejessier
OCHOBHBIE CBOICTBA aOCOIOTHOTO MPOCTPAHCTBA W MO3BOJISIET M3 BCETO MHOXKE-
CTBa TeJ OTCYeTa OTOOPaTh Te, KOTOpPbIe 00JIaJai0T IOCTYJINpPOBAHHBIMUI B Al
croiicrBamu. [IpesicraBum cebe, ITO MBI pacioJaracM N30/ IMPOBAHHON JacTHUIeit,
KOTOpasi P JIBUKEHUN OCTaBJIsIeT CJIeJ HAIo00ue caeja PeaKTHBHOTO CAMO-
JeTa. DTOT CJie]l Ha3bIBaeTCsl TpaeKTopueil dactunbl. [Iponabiitogaem JBrzKeHne
JaCTHUIIbI OTHOCUTEIBHO BCEX MBICJIUMBIX TeJ orcuera. OTHOCUTE/ILHO OJTHIX TeJT
oTcYueTa TPAeKTOpUs OYIEeT MPOCTO TOUKOI, OTHOCUTETBHO JPYTUX — MPAMOI JIU-
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HUell, HaKOHeIl, OTHOCUTE/IbHO TPEThUX TPacKTOpHUs Oy/ieT KpUBOJIUHEHHON. DTH
MOCJIe/IHIE TeJia UCKJIIOUUM U3 YUCIa MPEeTEHIEHTOB Ha POJIb abCOTIOTHOTO TTPO-
CTPAHCTBA. 3allyCTUM Terepb BTOPYIO MPOOHY0 YacTuily (liepBast yzKe yiieresa B
OECKOHEYHOCTH) TakK, YTOObI XOTsI ObI OTHOCHTETHLHO OJJHOTO TeIa OTCUeTa, B KO-
TOPOM TPAEKTOPHS TIEPBOIl YacTUIILI OblIa IPAMOJNHENHON, TPAEKTOPHST BTOPOIi
N30JIMPOBAHHON JaCTHIHI ObLa Obl TPAMOJIUHENHON 1 Helapa/lIeIbHOM Tpaek-
Topun TepBoii dacTtuiisl. CHOBa TPoHAO/II0IaeM TPAECKTOPUH YaCTUIILI 1 BHOBH
HUCKJ/IIOYUM U3 pacCMOTPEHUsI Tesia OoTcdYeTa, OTHOCUTE/JIbHO KOTOPLIX TPAEKTO-
pusi BTOPOiT YaCTUIbI KPUBOJIMHEHA. Y HAC OCTAIUCH TEJIa OTCUYeTa JBYX THUIIOB:
MEPBLIIT TUI BKJIOYAET B ce0sd Tesla OTCUYeTa, OTHOCUTETHHO KOTOPBHIX TPAeKTO-
pun 00enX YACTHII MPAMOJIUHEHHBI;, BTOPOI THIT — TeJia OTCUeTa, OTHOCHTETHHO
KOTOPBIX TPACKTOPHSI ME€PBOIl YaCTUIbI ObLIa TOYKOI, a TPaeKTOPUs BTOPOIl —
npsMas JUHUA Wi Hao0opoT. [l Ter oTcueTa BTOPOTO THITa, HEOOXOIUMO TTPO-
BECTH TpPETbe HCIbITaHHe. A MMEHHO: BO3bMEM OJIHO U3 TaKUX TeJl OTcYeTa u
IIPOBEJEM B HEM IIJIOCKOCTD, IIPOXOJLAIINYIO Yepe3 TPACKTOPUIO-TOUKY U CoJieprKa-
IIYI0 TPACKTOPHUIO-TIPSIMYIO JINHUIO. 3allyCTHUM TPETHIO0 YaCTUILy TaK, 4TOObI ee
TpaeKTopus He JexKasla B YIOMSHYTOH IiockocT. VcKmodnM m3 paccMoTpe-
HUIY BCE TeJIa OTCYeTa, B KOTOPOU TPACKTOPUA TPeTheil YaCTUIbl KPUBOJINHETHA.
JIerko MmoHsiTh, YTO JaJIbHEHIINE UCITBLITAHNS HEe HYKHbI: JII00asi N30 TMPOBAHHAs
YaCTUIA OTHOCUTEJILHO OTOOPAHHBIX TeJl OTCUeTa Oy/IeT UMETH ITPAMOJIMHEIHYTO
TPACKTOPUIO UJIN TPACKTOPUIO-TOUYKY.

Omnpenenenne 1.3: meaa omcuema, 0mHocumesbHo KOMOPLLT MPAEKMOPUSA
410001 U30AUPOBANHOT MOYUKY (00UHOKOT 60 6CEM MUPE) YACTNUUDL MPAMOAU-
HEeUHA UAL ABAACTNCA MOYKOU, HA3BIEAIOMCA UHEPUUAADHBIMU TNEAAMU OML-
cuema.

B onpejiesienun pedb njieT 0 TPAEKTOPUAX, T.€. O TOHATUIX, HE OIePUPYIOITIX
c TIOHATHEM BpeMeHH. Taxkumm obpa3oMm, mHepluaJbHbIe Tejla 0TCUeTa 00Pas3yloT
TPEeXMEPHBIIl KOHTUHYYM TeJT OTcueTa, 00/1a/Ial0NNX 3aMeIaTeIbHBIM CBOHCTBOM:
TPACKTOPUU BCEX TOYEK OHOI'0 NHEPINAJILHOIO TeJIa OTCUYeTa OTHOCUTEILHO JIPY-
roro MHEPIHUAJbHOrO Teja OTCYeTa CYTh IapaJiiejbHble IpaMbie. MHOXKecTBO
NHEPIUAJIbLHBIX TeJl OTcUYeTa oOpa3yeT KJIacC SKBUBAJIEHTHOCTHU, OTHOIIEHUE K-
BUBAJIEHTHOCTI B KOTOPOM yCTaHABJIUBAETCA MPUHITUIIOM WHepIun | aimes.

Omnpenenenne 1.4: MHoocECMBO UHEPUUAALHDIT TEA OMCHEMA HA3DIBAETNCA
abCcoMOMHBIM NPOCTNPAHCTEOM.

He cnemyer ynuBagaThea TOMy, 9TO abOCOJIOTHOE MTPOCTPAHCTBO TIPeICTaBIIe-
HO HE OJIHIM KAaKIM-TO TEJOM OTCUYEeTa, & KJIACCOM SKBUBAJEHTHOCTH. IJTO JIO-
CTATOYHO CTaHJapPTHas CUTyallusd B MaTeMaTuke. Hampumep, BeKTOp — 3TO He
KaKOM-TO eIMHUYIHBIN 00BHEKT, a KJIacC SKBUBAJEHTHOCTH, COCTOAIIUN M3 MHO-
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ZKECTBa HallpaBJIEHHbLIX OTPE3KOB, UMCIOIINX OJMHAKOBbLIC JTJIMHBLI 1 OJNHAKOBBLIE
HallIpaBJICHUI.

1.2.3 Bpewms

ObpaTuMcst K MOHSITUIO BPEMEHHU, CAMOMY CJIOYKHOMY ITOHSITHIO B HayKax o [Ipu-
pojie. O peaJibHOM BpeMEHH Mbl HE MOXKEM CKa3aTh HUYErO OIPE/Ie/IEeHHOIO, Hel3-
BECTHA JlayKe €ero pasMepHOCTh. B Mojb3y jlajieko He OYeBUIHON TPeXMEepHOCTH
IPOCTPAHCTBA MMEETCS HEMAJIO BEChMa CEePhe3HbIX apryMeHTOB. B mo/ib3y camo-
OYEeBU/JIHOI Ha ITePBBIit B3IV OJHOMEPHOCTH BPEMEHHN HET He TOJIBKO CEPbE3HbIX,
HO BOOOIIE HUKAKIX apryMeHTOB. A caMOOYEeBUIHOCTH CJUIIKOM YaCTO ITOIBO/IU-
na gojeit. [losromy B Mexannke peajibHOe BpeMs He 00CYZK/IaeTCs, & BBOJIUTCS
B PACCMOTPEHNE MAMEMANMUYECKOE 8PEMA WA TTPOCTO 8PEMA.

Axcuoma A2. Bpems asaaemcsa HENPEPuLeHO MEHANULETUCA BEAUMUNOT, NPO-
be2ar0ueti 00HOMEPHOE HEOZPAHUMEHHOE MHONCECTMEO (YUCA0BYI0 0CD); OHO Ha-
npasAero (OPUEHMUPOBAHO) U meuem om npouLLo2o k 0ydyuemy.

Axcuoma A3 (1.HeioToH): Mmamemamuueckoe 8pems cyuecmeyem camo no
cebe u ne 3a6Ucum Hu 0m KaKuT 8HewHuxr obcmoamensvems. B uwacmmocmu, omo
HE 3ABUCUM OM JBUNCEHUA U OM BVIOOPA UHEPUUAALHOZ0 MEAG OMCUEMA.

st u3MepeHnst BpeMeH! IIPUMEHSIOTCSI Jachl, T.e. IPUOOPHI, B OCHOBE JIeli-
CTBHUSI KOTOPBIX JIEKUT KakKol-/Inoo mepuoandeckuii rnponecc. Heobxommmo, oj1-
HAKO, UMEeTh IrapaHTHIO, YTO 9TOT IIPOIECC JIeHCTBUTEIbHO Nepuoandeckuii. Ha-
IpUMep, MbI JIOJIZKHBI OBITH YBEPEHBI B TOM, YTO JJINTETHHOCTH BCEX MUHYT I10
OOBIYHBIM YacaM JIeiCTBUTEIbHO OJMHAKOBLI. EJIMHCTBEHHBIM rapaHTOM 3J1€Ch
BBLICTYTIAET NPUHINAT UHePINUN [ajmnies, yTBep KON, YTO JIBUKEHNe N30J11-
POBAHHON YaCTUIBI OTHOCUTEIHHO WHEPIHAIBLHOTO TeJIa OTCUYeTa SIBJIsIeTCsT (ITH,
JIydIlle CKa3aTh, HA3L6AEMCA) DABHOMEPHBIM. DTO U JaeT ClocoO TAPUPOBKU Ua-
COB.

Onpenenenne 1.5. Yacol cuumaromesa ommapuposantvLMy 6 COOMGEM-
cmeuu ¢ npuryunom lLasuies, ecau 3a 00UHAKOBIE NO IMUM YACAM UHMED-
BANDL BPEMEHU U3OAUPOBAHHAA YACTIULA NPOAEMAEM 00UHAKOBBIE PACCTMOAHUA
6 KaKOM-AUO0 (A1000M) UHEPUUAALHOM MEAE OMCUEMA.

Cy1ecTByeT MHEHNE, UTO akcnoma A3 1ojipasyMeBaeT CyIecTBOBaHNEe CUI'HA-
JIOB, PACIIPOCTPAHAIONINXCA ¢ OeCKOHeUHO# cKopocThio. Ho Takoe Muenme o na
JeM He ocHoBano. /la, akcmoMaTHKON KJIacCHIecKOl MeXaHUKH He Ompulatom-
CA CUTHAJIBI ¢ OECKOHEYHOI CKOPOCTBIO, HO TaKHe CUTHAJIbI He HaABA3BIBAIOMCA
AKCHOMATHUKO, B TOM YHUCJIE W aKCHOMATHKON Ji/is Bo3jeiicTBuil. YToObl orTa-
pUpOBaATh Yachl B COOTBETCTBUHU C IPUHIMIIOM HMHePIuN [aJjmies, I10CTaTOvHO
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Pa3sMeCTUTh UX Ha W30JIMPOBAHHOIl YacTHIle 1 OTMeYaTh MOMEHTHI ITPOXOXK ICHUST
OJINHAKOBBIX PACCTOSIHMII B MHEpIMAJbLHOM Tejie orcuera. Ha ypoBHe mjeil 510
BIIOJIHE JIOCTH2KHMasl Belllb, & BCsIKOI HayKa CTPOHUTCS Ha ypoBHe ujeil. PeaJib-
HOCTb, Pa3yMeeTcsl, OTJIMYAeTCsl OT HAIIMX IOCTPOCHMI M, BUJIAMMO, HUKOLJIA HE
OyJeT ya0yKeHa B IIPOKPYCTOBO JIOXKE KaKO-/1100 HayKu OYIyIIero.

Hro0bI clie/1aTh MPOIECC TAPUPOBKHU €IMHOOOPA3HBIM BO BCEX MHEPINAIbHBIX
TeJlax 0TCYeTa, MOYKHO IPEJJIOZKITh MbICJEHHBII SKCIIEPIMEHT, B OCHOBE KOTOPO-
o JICYKUT JIONYIIEHIEe O PABHOIPABHOCTH BCEX MHEPIUAIBHBIX TEJ OTCYETa. DTO
JIOTIYIIIEHIe B HEMHOI'O pacIInpeHHoil Bepcun 0yjieT copMyJInpOBaHO B BHJIE OT-
JIeJIbHOI'O YTBEP2KIeHUsI, H3BECTHOIO 110/ HA3BAHIeM IIPUHIINIIA OTHOCUTEILHOCTH
lamiest. [pegcraBum cebe, 9T0 B KaKJOM Tejie OTCUYETa HEMOJBIZKHO (OTHO-
CHUTEJIbHO JIAHHOTO Tejla OTCYeTa) 3aKPEeIIeH HeKuil mprbop, CrocoOHbBI nciyc-
KaTh, HaIpuMep, POTOHBI WM KaKue-Iubo JApyrue dacTuilbl. Bee aTu npubophI
(mm oms puUbOP, MOC/IEIOBATEIBHO YCTAHABINBASMBIN BO BCEX TeJIaX OTCUeTa )
cauTaroTcd ujeHTuIHbIME. lajee, B MmoMmeHT Bpemenn t = 0, pukcupyemsblii 110
KaKIM-TO, He 00s13aTe/IbHO OTTapUPOBAHHBIM, YacaM, IIpUOOp UcIycKaeT (DOTOH.
Usmepsiercst paccrosinue T(t), mposeraemMoe K MOMEHTY BpeMeHu t, 1 BBOIUTCS
abcosmoTHoe Bpemst t, = 1(t)/c, rme — mocrosiHHAas, UMEIOIIast Pa3sMepPHOCTD
CKOPOCTH 1 OJINHAKOBasl BO BCEX Tejax oTcuera. BBejeHHOe BBIIIE OIIpejie/IeHne
abCOJIIOTHOI'O BpEMEHU MOYKHO OOPATHTh U IOJIYyIUTCs YHUBEPCAJIbHAST TAPUPOB-
Ka yacoB t = f(cty). Huzke Oyaer mcnoan30BaThbest MMEHHO abOCOIIOTHOE BpPEMsI
tq, KoTOpoe OyneT obo3HavaThed OYKBOIf t.

Ciegyer OTYET/INBO IOHUMATH, 9YTO HPUHATHIMU aKCHOMaMI MaTeMaTIIeCKoe
BpEMsi BBEJICHO JOCTATOYHO »KeCcTKO. JILjist Toro, 4ToOBhI MPOsICHUTHL 3TO OOCTOS-
TEJIbCTBO, PACCMOTPUM JIBYMEPHBIII MUD, HaJleJIeHHbII MaTeMaTHIeCKUM BpeMe-
HeM (CM. PUCYHOK).

[Ti1ockocts xOyY — 910 aBymepHoe mpocrpancTBo. [Ipsmast OP B miockocTn
xOy — npamosuneiinas Tpaekropus dactuiibl. Och 0t — ocb Bpemenn. ILioc-
kKocTh tOP — 110CcKOCTh, B KOTOPOIl JIE2KUT MUPOBAas JIMHUA YaCTUIIBI, T.€. MHO-
YKeCTBO TOYEK, KOTOpoe Ipoberaja JacTUila B TPEXMEPHOM IIPOCTPAHCTBE: JIBa
IIPOCTPAHCTBEHHBIX N3MEPEHUsI 1 0JJHO BpeMmeHHoe m3Mmepenue. Kpusass xOB, Jre-
»kamast B miockoct tOP | ecTh o/iHa U3 BOBMOXKHBIX MUPOBBIX JIMHUI, IIPOEKITUST
KOTOPOil Ha NPOCTPaHCTBEHHYIO IJIOCKOCTh €CTh TPACKTOPUS-TIPAMasd YaCTUIIbI B
JIBYMEPHOM IIPOCTPAHCTBE. Y paBHEHME 9TOM IPSIMOl NMeeT BI/I

x =f(t)a, y=1~(t)b, y=>bx/a. (1.2)

Oyuknust f(t) npm sroM MOXKeT OBITH JOCTATOYHO MPOU3BOJIBHOMN. [IpuHINIT
nnepnun aymies Tpedyer, 9ToObI 3a OJIMHAKOBbIE MHTEPBaJIbl BpeMenn t; — 0 =
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Yacel uayT paBHOMEPHO
Q L
2
Yacel uayr
ti HEPAaBHOMEPHO
0
y
Tpaextopus
X YaCTHIIbI

Puc. 1: TapupoBka gacoB no ['auero

t, — ty nposerauck Obl oMHAKOBBIE paccTogHust S3 — 0 = s4 — s3. Ecimm OB —
KpHUBasi, TO 9TO YCJIOBHE HE BBINOJIHEHO. [Ipyrast Bo3MOXKHast MUPOBas JIMHAS —
o510 npsamas OA. 31ech, oueBuHO, TpebOBaHNE IPUHIIAIIE, HHEPIIUN BBIIIOJIHEHO

th—-0=tb—t; & s7—0=sy—5s7.

Ognako npsiMbix Tuia OA MOXKHO IIPOBECTH CKOJIBKO YIOJIHO 1 HE 00si3aTeIhHO
n3 Hadajga KoopjuHat. [losromy Maremarumdeckoe BpeMs TPUHIIUIIOM HHEPITHH
[ajinies BBOIUTCSA ¢ TOYHOCTBIO JIO JIMHEHHOTO IIpeodpa3soBaHusi

t —  kt+t, (1.3)

rje to onpejiesnisieT BLIOOP HavYasa OTCUeTa BpeMeHU, a K — BBIOOD eJUHUIbI 13-
MepeHUsT BpeMeH! (MACIITaOHbIH MHOKHUTEJD).

IMeHHO 9TOT OrpaHUYeHHbIH [TPOU3BOJI B BHIOGOPE MATEMATHIECKOTO BPEMEHN
MBI U UMEJIH B BHJLY, TOBOPSI O YKECTKO BBEJIEHHOM BPEMEHH.

1.2.4 VHepnuajbHbIE CUICTEMbI OTCUETA

Onpeanenenne 1.6: unepuyuasbHoe meao 0mMmcuema, CHADHCEHHOE YACAMU, OM-
MAPUPOBAHHLIMU 68 COOMBEMCMBUU C NPUHUUNOM UHepuuy [ asures, Ha3viea-
emeA UHEPUUANDHOT CUCTNEMOT, OMCYEMNQ.

Heprpa/bHbIX CUCTEM OTCUYeTa OECKOHEYHO MHOI'O, U BCe OHU PaBHOIIPAaBHBI,
4TO ¥ (PUKCUPYETCS NPUHIUIIOM OTHOCHTeIbHOCTH ['asmiest.
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Axcunoma A4. llpuninnn otHocutenabHocTH lanmies: sce unepuuans-
HOLE CUCTMEMDL OMCYUEMA PABHONDPABHDL, M.E. HE CYWECMEYem GuU3UYeCKUT IKc-
NEPUMEHMOB, NO3BOAANOUUT BVLOEAUMD KAKYI0-AUO0 00HY U3 HUX.

[TonsiTHO, 9TO cam 1o cebe MPUHIIUIT OTHOCUTEIbHOCTH HE yJacTBYeT HU B Ka-
KIX IIOCTpoeHusaX. [[09ToMy Ha3bIBATH €ro akKCHOMOIl MOXKHO TOJIBKO YCJIOBHO.
[IpUHIIIT OTHOCUTEILHOCTU IIPOCTO (PUKCUPYET JOCTATOUYHOCTD IIPUHITIIIA THED-
iun lasmitesi. Hukakoil cylecTBeHHOM 110JIb3bI U3 IIPUHIUIIA OTHOCHTEIbHOCTH
[ajiniiest u3BJIeYb HEBO3MOXKHO, ITOCKOJILKY JII00asi T€OPHs, IOCTPOEHHAsT HA OCHO-
Be PYHIAMEHTAJIbHBIX 3aKOHOB MEXaHIKH, Oy/IeT aBTOMATUIECKN YIOBJIETBOPSITD
9TOMY IIPUHIIAILY.

Onpenenenune 1.7: abcorrommuoe npocmparcmeo, cHabHcenHoe abcoaom-
HOLM BDEMEHEM, ECMB KAACC IKEUBANEHTIHOCTNY HA MHOHCECTNBE GCELT MBICAU-
MOBIT CUCTNEM OMCYUEMEG, NPUYEM OMHOULEHUE IKEUBANEHMHOCTIU YCNAHABAUBA-
emcA NPUHUUNOM urepyuu Iasunes.

[Tpusenem nurary u3 kauru K. Tpycaena [3]: “Cucrema orcuera — 910 4n-
CTBII XOJICT, HA KOTOPOM MOYKHO PUCOBATH KAPTUHDI IIPUPOJILI. DTOT XOJICT MOXKET
ObITH BBIOPAH XYJI0:KHIKOM IIPEXKJIe, UeM OH IPUMETCsI 3a PaboTy. XOJICT HaKJa-
JIbIBAE€T HEKOTOPBIE OrpaHUYEHUs HA UCKYCCTBO XYI0XKHIKA, HO HI KOMM 00Pa30oM
HE Ollpe/ie/isieT Te KAPTUHBI, KOTOPhIE XY/I0XKHUK OyjIeT pucoBaTh’.

Sameuanue. /Ijs1 MHOMUX KHUT 110 PU3MKE I MEXaHUKE XapaKTePHO UCIIOJIb-
30BaHKe IMOHATHS ‘aKcuoMa B HETPAIUIIMOHHOM [IJIsi MaTeMaTUKU cMbiciie. VIHO-
rj1a 3a0bIBaeTCsl, 9TO HE BCsSIKOE, JaKe MPaBUJIbHOE, YTBEPXKJICHNE MOYKET ObITh
IPUHATO B KadecTBe aKCHOMbI, 100, CTaB aKCHOMOI, 3TO YTBEPKIEHIE MOXKET
IPEBPATUTLCS B CBOIO IIPOTUBOIIOIOXKHOCTE. PaccMOTpUM B KadecTBe UJLII0CTPAa-
[N CJICJYIOLYIO aKCHOMY.

Akcuoma AX: ckopocmv ceema, uUCnYckaemoz20 00HUM UCTNOYHUKOM, 00U~
HAK06a 60 BCEX UHEPUUAALHOLT CUCTNEMAT OMCUEMA.

YHacTo JyMaroT, 4TO 9TOH aKCHOMOM IOCTYJIUPYETCs OJUHAKOBOCTH CKOPOCTH
CBeTa BO BCEX BBEJIEHHBIX BbIIIE€ HMHEPIMAJIbHBIX cucremMax orcdera. OJIHAKO 9TO
He Tak. [ J1aBHast 0COOEHHOCTD JIF0O0I AKCHMOMBI COCTOUT B TOM, UTO €ii HeJIb3sI Ha-
BA3LIBATH KaKOe-I100 MHEHIe, aKCUOMa Ha BCe CMOTPHUT CO CBOEIl TOUKM 3PEHUsI.
[Tosichum wHa npumepe. JlomycTum, uMeercst caji, B KOTOPOM PaCTyT I'PYIIEBbIe
n s10J10HeBbIe JiepeBbsi. [Ipumem akcumomy: “Ha Bcex jepeBbsiX B cajly PacTyT
rpym’. [IoHATHO, 9TO I'PYIIM HEe HAYHYT B CHJIY 9TOH AKCUOMBI PACTU Ha sI0-
jousiX. I[IpocTto ¢ ToYKM 3peHus 3Toil aKCUOMBI, SI0JIOHU [IepecTaHyT CUUTATHCSI
nepeBbsimu. Touno Tak ke obcrout jeno n ¢ akcmomoit AX. Ilpunas sty ax-
CHOMY, HeOOXO/IMMO Ha paHee BBEJICHHOM MHOYKECTBE CHCTEM OTCUYeTa IIPOBECTH
HOBBIE UCIBITAHUS I OTOOPATh Te U3 HUX, KOTOPbIE ABJISIIOTCA MHEPIUAILHBIME C
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Toukn 3pennst akcuoMbl AX. Ecin Mbl, gomycrim, 3Haem yreepzKaenne AX Kak
9KCIIEPUMEHTAJILHO YCTAHOBJIECHHBIN aKT, TO HEOOXOAUMO IIOCTPOUTH TEOPHIO C
IOMOIIBI0 KAKIX-TO JPYTUX aKCHOM TaK, 9To0bI yTBep:KpeHne AX sBJISLIOCH UX
ciencrBueM. Ecin ke yrBeprkiaenne AX (hopMyInpoBaTh KakK aKCHOMY, TO Oy-
JIET 3TO IMPOCTO CYXKeHMe KJlacca MHEPIUaJbHBIX CUCTEM OTCYeTa JI0 MHOZKECTBA
MHEPIUAJIbHBIX TEJI OTCUYeTa, UMEIOIIUX OJIHY TOYKY, B KOTOPOIl PACIIOJIOXKEH MC-
TOYHHUK cBeTa. Benb akcnoma Al mpomosnKaeT AeificTBOBATD.

1.3 CucreMbl KOOpJUHAT 1 X 3aMeEHA

BBejienne nnepruaabHbIX CUCTEM OTcUeTa PyHIaMeHTaIbHO OITMPAeTCs Ha, TTPUH-
mun [agmies, 1 B 9TOM CMbIcIe HHepPIUaJbHble CUCTEMBI OTCUETa SIBJISAIOTCS He
TOJIbKO MaTeMaTUIECKIMU KOHCTPYKITUSIMU, HO U (DU3NIECKUMU TTOHATUsIMI. Bee
dusndeckne 3aKOHbI POPMYIUPYIOTCSI UMEHHO B CHUCTEMaxX OTCYeTa, U BO BCEX
NHEPHUAJIbHBIX CUCTEMaxX OTcuYeTa UX (POPMYJIUPOBKU HE PA3IMUYAIOTCS MEXKLY
coboii. B pamkax oJiHOIl 1 TOIT K€ CUCTEeMBI OTCUYeTa MOYKHO HCIIOJIb30BATh CKOJIb
YIOJIHO Pa3JIMUHBLIX CUCTEM KOOPJIMHAT, KAaK IIOJBUYKHBIX, TaK U HEIOJIBUKHBIX
OTHOCUTEJILHO Tejia OTcueTa. e MareMaTndecKoe BpeMs B pa3HbIX CHCTeMax
OTCUYeTa MOXKET MEHSAThCsI TOJIbKO B paMKax mpeobpasoBanust (1.3), To Koopu-
HATHOE BpeMs MOYKET BbIOMPAThCS KaK YrOJHO, B TOM YHCJE U Pa3JUYHbIM B
Pa3HBIX TOYKAX CUCTEMbI KoopnHaT. Hukakoit Tpom3Bo/I B BBIOOPE CUCTEMBI KO-
OpJIMHAT BOOOIIE HE CKA3bIBACTCs Ha OOBEKTHBHOM COJECpPyKAHUN (DU3UIECKOTO
3aKOHA, MEHSETCS TOJIbKO KOOpJUHATHAast (popMa IIpejcTaBaeHus (pU3MIECKOro
3aKoHa.

VTBepkKIAEHUE: MHO2UE PUSUECKUE BEAUNUNDL (CKOPOCTDL, YCKOPEHUE, K-
HEMUYECKAA IHEP2UA U OD.) 3A6UCAM OM 6LLOOPA CUCTNEMDL OMCYUEMA, HO HU
00HG (PUBUMECKAA BCAUMUNG HE 3ABUCUM OM BVIOOPA CUCTNEMDL KOOPOUHAM.

BBujly cKkazaHHOIO SICHO, YTO CMeIlIeHNe MOHATHI CUCTEM OTCYeTa U CUCTEM
KOOP/IMHAT COBEPIIEHHO HEJIONMYyCTUMO. TeM He MeHee B JiUTepaType 1o (pusu-
Ke U MexaHuke, ocobeHHo B uzjanusx 20-30-jieTHeil 1aBHOCTH, HE TOBOPSI yiKe
0 OoJiee cTapblX U3JAAHUAX, YIOMSHYTOE CMEIleHUe BCTpedaeTcd 4dacTo. Bo ms-
Oexkanme Kakux ObI TO HU ObLIO Hejgopa3yMeHuil MpUBeIeM ONUCAHUEe TTOHATHUS
cucrteMbl KoopauHaT. [Ipn BBeeHnn cucTeMbl oTcUeTa OBLIN MCIOJIB30BaHbl OT-
cuyerHblil perep {O, e}, oTcueTHAS MATPHUIA Gmn U OTCUETHBIC KOOPAMHATH XX,
ToJsibKO TT0CJIe 9TOTO U OOPETAIOT CMBICJI PACCTOAHUS W HAIpABJICHUS B TeJie OT-
cueta. U penep {O, ey}, 1 MATPUIIA Gmn, T KOOPIMHATH XX B JAHHOM TeJie oTCUeTa
3a(DUKCUPOBAHBI Pa3 1 HaBCer1a, 00 OHU U IMOPOXKIAI0T caMo Tejio orcuera. OT-
CYCTHBIE KOOPJAUHATHI UJICHTUMUIIMPYIOT TOUKN TeJjia OTCUeTa, HO MPU YKEJTaHIH
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MOZKHO U3MEHUTDH CIIOcob MAeHTUMUKAIINT. BazKHO TOJILKO MOMHUTEH, YTO BCE TOU-
K Tejla 0TCYeTa yKe UMEIOT COOCTBEHHbIE MMeHa, KOTOpble HUKY/a U HUKOIJA
He ucue3aroT. Curyalns 3JIeCh Ta »Ke, 9To u 'y Jjrojeir. OJuH U TOT YKe Ye/I0BEK
MOZKET TIOJIYIUTH MHOTO YIOCTOBEPEHWH JIMTTHOCTH, HO OH OCTAHETCS OJTHIM 1 TeM
JKe YeJIOBEKOM.

Omnpenenenue 1.8: cucmemot xoopdunam 6 mese omcuema Ha3vi6aemcs
cucmema udenmudurayuy, mover danHo20 meaa 0OMmCcHema.

s maenTudpuKaum ToYeK Teaa oTcYeTa HeoOXOIMMO Kark/10il Takoil Tou-
Ke COIOCTABUTL TPONKY YHCET TaK, 4TOObI KayKJOl TOUYKe OTBevasia Obl OjHa U
TOJILKO OJTHA TPOIKa, YncesI, 1 Ha000POT, YTOOBI KAk 10l TPOiiKe Yuces oTBedasa
OBI O/THA 1 TOJILKO OJHA TOUKa, Tesa oTcdeTa. Obo3HauImM depes Yt yIoMaHyTYIO
TPONKY YUCEJI

yi=yix A3 ) =yt = X=Xy by t) =Xy, ). (1.4)

3J1eCh MBI HCIIOJIB3YeM TIOJBIKHYIO CUCTEMY KOODJAMHAT Y, T.e. HCIIOJIb3YeM CH-

cTeMy MIeHTH(UKAIN, 3aBUCAIIYIO OT BpeMeHn. B jajbHefiineM Mbl MOXKEM 3a-

ObITH O cyrecTBoBanmm (popmyst (1.4) U TMOIB30BATHCS 3aMEHAMEI CHCTEM KOOD-

JIMTHAT BUJA

vt vt ) =yt L),
(1.5)

ImMenHO 10 oTHOIIEHNTO K 3aMeHaM (1.5) oIpeiesisiroTes 3aKOHbI TpeobpasoBaHs]

v =y" i =y iy ) =2yt =y

KOOP/INHAT BEKTOPOB 1 TEH30POB BBICIIETO paHra. [[ocKo/IbKY BHIOOD cCTeMbI KO-
Op/INHAT TIOJIHOCTBIO IMPON3BOJIEH, TO TPUHUMAETCS CIIeNnaIbHas aKCroMa, KOTO-
pas, BIIpOYeM, BCerja Mojipa3yMeBajiach, HO HUKOI/Ia He BbIJIE/ISIIACh OTJIETbHO.
s nannoit paboThl 1e/1ecoodpa3Ho BBIJIETUTL 9TY aKCHOMY OTJIE/ILHO.

Akcuoma A5. IIpymHIUIT OOBLEKTUBHOCTH: 6CE (HU3UMECKUE GEAUMUHDL U
Pusuvecrkue 3ax0nvl 003EKMUSHDL U HE 3ABUCAM. 0OM 6LIOOPA CUCTEMbBL KOOPIU-
Ham.

B gacTHOCTH, BEKTOP MOJIOYKEHNA KAKOM-/TNO0 TOUKH Tea OTCUeTa HE 3aBUCUT
OT BBIOOpA MOJIBUKHON (MM HETIOJBUXKHOI) CHCTEMbI KOOPMHAT

r(x) = x“ex = x*(y, t)ex = r(y, t). (1.6)

Touka r HEIIOJBUZKHa B TEJI€ OTCYETa, XOTA €€ KOOPAUHATDI (He OTquTHbIe) yk

MOT'YT MEHSIThCSI BO BpeMeHNI. Ba3MCHble BEKTOPbI CHCTEMbI KOOPANHAT Y* HaXo-
JISATCs CTaHJAPTHBIM 00pa30M:

or(y,t) _ oxP(y,t)
Iy = ayk = ayk ep.

(1.7)
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ITo HUM HAXOJUTCH METPUYCCKHUI TeH30p cucTeMbl Y¥

0x%(y,t) oxP(y,t) ox® oxP
Qixk =Tj Iy = - =

e, = X 1.8
oyt dyx T T Gy aykgp (1.8)

[To maTpurie ai HaXoaNUTCsT B3anMHas (obpaTHast) Marpura a™ 1 BEKTOPHI B3a-
uMmHoro basuca rP(y,t)

aga? =87, rP(y,t) = aP™(y, t)rm(y,t). (1.9)
Bgejiem orepaTtop-rpa/JinenT

0 0
V = rk(y,t)ayk = ekaxk’ e ey =0,

— =11 - V. 1.10
o (110
DToT olepaTop He 3aBUCHT OT BbIOOpA HOABIKHOM cucrembl y*. Ilycrs jana
JacTuma A, IBUXKYIIascsd OTHOCUTEIbHO Tejia oTcdeTa. Fe BeKTop MoJIOYKEeHN T'A
siBjigeTcd pyHKueil Bpemern. CKOPOCTh YacTUIbI OTHOCUTEIBHO TeJjia OTCYUeTa
OIIpeJIe/IsieTCs CTaHIaPTHBIM 00PA30M:
dra(t) ) 1
va=——— = lim — [r(ya(t+ At),t + At) —r(yal(t),t)]. 1.11
dt At—0 At ’ ’ (1.11)

[Ipexxie deM BbIAUCNTH Tpon3Boiayo (1.11), Haiiem CKOpOCTh TOYKH CHCTEMbI
Koopannat Yy* ¢ dpukcnposanubiMu Koopannatamu yX. Dra Touxa (He Marepu-
aJIbHas) JIBUKETCsI OTHOCUTEJILHO TeJsia OTcUeTa. Ke BEKTOD MOJIOZKeHHsT OIpeie-
JISIeTCsT BEKTOPOM Ty = r'(Yy, t), a ckopocThb omnpejessiercs: mo Gpopmyie
dr, . dr(y.,t) or(y., t)

= . 1.12
dt dt ot ( )

Taxkum o6pa30M, JaCTHad IIPOM3BOJHadA IIO BPEMECHM OT BEKTODPa IIOJIOXKEHUA

Ve =

r(y,t) onpesenser CKOpOCTb TOYKHM CHUCTEMbI KOOPJMHAT ¢ KOODJMHATAME Ys.
Hukakoro oTHOIIEHNs K CKOPOCTH JBUZKEHIS MaTepUAIbHBIX 9aCTHIL OHA HE HMe-
eT, 1 caMa 110 cebe HU B OJUH (PU3MUECKUI 3aKOH BXOJNTL He MoOyKeT. Terepb
dbopmyy (1.11) MOKHO TIpeICTABUTH B BUJIE

d d ko9 k
ra  Oradyay  Ora dy/*r@. (1.13)

ot  oyk dt ot = dt

VAo =

[TepBoe ciaraemoe B 3TOit (bopMmysie ompeessseT CKOPOCTh TOUYKH CUCTEMBI KO-
OpJuHAT ylj\, a BTOPOe — CKOPOCTb MaTepuabHOW TOUYKN A OTHOCUTEIHLHO ITOM
TOYKN cucTeMbl KoopanHaT. [lycrs mano Tensopnoe mose A(r,t), 3amannoe B
KayKJION TOUKe I Tejla oTcdyeTa B PYHKIUN BpeMeHu. I3Menenune 1oJis B JlaHHOIM
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TOYKE TeJa OTCYeTa Bblpaykaercs mpomsBogHoit or A(r,t). OueBnano, nmeem

dbopmyiry 1 5
EA(rv t) — aA(r> t))

TaK KakK TOYKa I Tejla OTCUeTa HEINOJBUKHA, T.e. B 9TOM CJIydyae HeT Pa3HUILbI
MEKJIy TOJIHOM M JacTHOI NMpPOM3BOJHBIMU 110 BpeMmeHn. Curyalusi MeHsIeTCs,
ecJI TeH30PHOE TI0JIe PACCMATPUBACTCA He KaK (DYHKIMA TOYKHU Teaa OTCUYeTa U’
BpeMeHN, a KaK (DYHKIUS MMOJABUKHBIX KOOPJMHAT U BpeMeHn

A(r,t) = A(r(y,t),t) = B(y(t), t). (1.14)

3/1eCh MBI JIE€HCTBYEM CTPOrO B COTJIACUU ¢ TPEOOBAHUSIMI MATEMATHKI 1 MEHSIEM
CUMBOJI (PYHKITIH ITPH [Tepexo/jie K HOBbIM aprymMeHTaM. B ¢pu3uke n B MexXaHUKe
OOBLIYHO 3TOrO He JIeIaloT, Tak Kak sHadenust ¢yukuuii A(r,t) u B(y(t)) cos-
naJaior. B panbHeiineM Mbl OyaeM OpUIEePKUBATLCS OOBIYHBIX JIJIsT MEXAHUKH
obosznauennit, T.e. 6ymem nucarh A(r,t) = A(y(t),t). Ognako B HuZKeCIEIYIO-
meii hopmysie OYIyT UCHOIB30BaHbl HoJiee TouHble hopmysibl (1.14):

dA(r,t) 9A(r,t) dB(y,t) 0B N 0B dy*
dt ot dt 9t oyk dt’

Benomunas nocnennion u3 dopmya (1.10), sanuceiBaem:

dB(y,t) 0B(y,t) , dy*

at 5t + m ry - VB.

Bamernm, aro Touka r(y(t),t) B coorsercTBun ¢ (1.6) HEMOABUKHA OTHOCUTETh-
HO Tesia orcyera. IlosTomy mmeeM:

dr(y,t) or(y,t) Or dy* Or(y,t) N dy*

— =0.
dt ot dy* dt ot at K
[Tpeabaymnyio opMyTy MOXKHO TEpernucaTh B BHJIE
dB 0B(y,t) or(y,t) oB
_ _ .VB=_—""— t) - VB 1.1
dt ot ot v ot vy, 1)- VB, (1.15)

rie v(y,t) — cKopocTh TOUKH ¢ (DUKCHPOBAHHBIMU KOOpHATaMu Y oTHOCH-
TEJBHO TeJTa OTCYeTa. B MexaHmKe CIUIOMIHBIX cpel (HApuMep, B IHjpoMeXa-
HUKE) KOODMHATBHI Y* BHLIOMPAIOTCS BMOPOZKEHHBIME B CPEJly U 3aKPeILIfoTCs]
32 OJIHUMHU 1 TEMH Ke MaTepHaJbHbIMI dacTuramu. B srom ciaydae (1 TOJBKO
sToMm! ) Tpom3BOHAS, cTOsAIAst B IpaBoil dactu (1.15), HasbiBaeTcs JTOKATIbLHOT
npon3BoHOiT osist B(y, t), mepsoe ciiaraemoe B ipasoit wactu (1.15) HasbiBaeTcs
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KOHBEKTHUBHOI MTPpOon3BOIHON. MaTepuabHyo IIPOU3BOJIHYI0 0003HATAIOT CUMBO-
JIOM

0B(y,t)
ot

Torya (1.15) MOXKHO mepernucaTh B BIJIE

Alr,t) = %

= A(r,t).

+v(y,t) - VA(r, t).

Ecin, nanpumep, A(r,t) = v(y,t) — ckopocTb dacTuIbl Kujgkoctu, 7o v(r,t)
ecTh ee yckopenue. @opmysia (1.15) BriosiHe cranapTHast, HO OHA CJMIIIKOM BaK-
Ha JIJIs TaJibHefinero, 9To0bl OrpaHIINThCS IPOCTO CCHLIKOI. BhIIIe MBI HCIIOJIb-
30BaJIl 3aMeHbl CUCTeMbl KOOpnHaT (1.4), KoTopbie ObLIM HEMOJIBUZKHBI OTHOCH-
TEJILHO TeJIa OTCUYETa, HO BPEMS B 9THX IPEo0Pa30BaHUsIX HE 3aTParuBajoch. Bo
MHOTUX PaszjiesiaX MEXaHUKU UCIOJIb3YI0TCsS 1 Gojiee 0bIIne KOOpIUHATHBIE Cl-
CTEMBI, B KOTOPBIX IIPEOOPa3yIOTCs HE TOJLKO MPOCTPAHCTBEHHBIC KOOPJANHATHI,
HO U BpeMsl. A IMEHHO, UCIOJIb3YIOTC KOOPAMHATHI Y, T

Y =y (x 3 0 ) =Yk, t), T =T(x,t), (1.16)

rJe BeJIMYNHA T Ha3bIBAETCH KOODIMHATHBIM BpeMeHeM. OTHOCHTEJbHO Ipeod-
pasoBanns (1.16) BBLIBUTAETCST TOJBKO OJHO ODSI3ATETHHOE YCJIOBUE: B3AUMHO
ojtHO3HATHAsT 0OpaTHMocTh (1.16)

X =xMy, 1), t=tly,1). (1.17)

MatremaTudeckoe BpeMst t 1 KOOpAUHATHOE BpeMsl T OTHIOAb He PABHOLEHHBI. Bo
Bce (bU3NYCCKIe 3aKOHBI BXOJAT MMEHHO POU3BOJHBIC 10 t, OT KOTOPHIX MOXKHO
IIPU KEJAHUK TIEPEHTH K MPOM3BOIHBLIM 110 KOOPAMHATHOMY BpeMenu T. Ilycrb
nano rensopHoe noje A(r,t). Moxno sanucarn

A(x,t) = Alx(y, 1)), t{y,7) = B(y, 1),
dA(r,t) 0B dy* 0Bdtr dt 0B

= —=———v-VB. 1.1
dt ok dat Torat ator vV (1.18)
[IponsBoanast
dr  ot(x,t) B

BoIancsisiercs 1o (1.16), a 3arem ¢ momoreio (1.17) mepernmcsiBacTcs depes mnepe-
MeHHbIe Y* 1 T. 371eCh, eCiIl 1 BOSHUKAIOT KAKHe-T100 CI0sKHOCTH, TO OHU HOCST
GUCTO TEXHUYECKUH XapakTep. DT0 00bIUHbIE MaTeMATHIeCKUe OTePAIIN 3aMEHbI
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IIepEMEHHBbIX 1 HacTauBaTh Ha UX 0COO0M (pU3MIeCKOM CMbIC/Ie He cTouT. I1peod-
paszoBanust JlopeHa MoJHOCTBIO yKIIaabBaioTcs B cxemy (1.16) — (1.17), mosTo-
My BCE YPaBHEHHs KJIACCHIECKON MEXAHUKN UHBAPUAHTHI (B HEKOTOPOM CMBICJIE )
OTHOCHUTEJIbHO ITpeoOpaszoBanust JlopeHiia, a TakyKe OTHOCHUTE/bHO 3HAUUTEIHHO
Oosiee obmuX rpyumn npeodbpasosanuii. Oueparop anddepeHnupoBaHms 10 Ma-
reMmaTndeckoMy Bpemenn d/dt ecThb MHBapHAHTHLIA OllepaTop, T.€. OIepaTop,
He 3aBUCSIIUI OT BbIOOpa cucTeMbl KoopjuHat. HanpoTus, omeparop 4acTHOIO
nudepeHImpoBaHus 10 MaTeMaTHIeCKOMY BpeMeHn 0/0t 3aBHCHT OT BBIOOpA
CHCTEMbI KOODJMHAT, I ITOTOMY omepaTop 0/0t cam 1o cebe He MOKET BXOUTD
B KaKoe-JInbo ypaBHEHHe, IIpeTeHayiollee Ha (pU3NIeCKUil CMbIC/I HHAYe, 9eM B
srjie KomOmHarmn (1.15). Jlerko mokaswpiBaeTcsi KOMMYTATUBHOCTD ONEPATOPOB

V ud/dt
d d 0 0
V—=—-V |5 V—-#_-V|. 1.20
dt dt ot 7 ot ( )
HepaBeHCTBO B CKOOKax €CThb MPSMOE CJIeJICTBHE 3aBUCUMOCTH orepaTtopa 0/0t
OT BBIOOPa CUCTEMbI KOOP/AMHAT. MaKCBe/T 1IpU BBEJIEHUN TOKA CMEICHUs HC-
noJib30BaJ cBoiictBo (1.20), OTKy/1a 0YEBUIHO, YTO OH HCIIOJIB30BAJ ONEPATOD
d/dt, no ne oneparop 0/0t, Kak 9T0 yTBEPKIAETCSI B COBPEMEHHBIX yIeOHNKAX

dpu3uKm.

1.4 3amMmeHa cucreM OTCYeTa

BameHbl cucTeM KoopjamHatr omuckiBaiorcst gopmytamu (1.4), (1.6) umu Goee
obmmvu hopmysamu (1.16), (1.17). DT 3aMeHbl He HATATAIOT HUIKAKUX OIDAHU-
yeHuit Ha GpopMy (PUBNIECKUX 3aKOHOB, €CJIM OHU 3alliCaHbl B BEKTOPHOM WJIH
TeH30pHOM Bujie. Ecim ncnosb3yercst Koop/inHaTHast hopMa 3alic (PU3NIecKnx
3aKOHOB, TO, Pa3yMeeTcsl, 3Ta (popMa MEeHSeTCs IIPU [1ePexo/ie OJIHOI crcTeMbl KO-
opJinHaT K japyroii. Hampumep, nuBapuaHTHbI JuddepeHInajbHbIil orepaTop
Jlamraca

AN=V.-V (1.21)

nMeeT Pa3/IndHbI BUJ B JIEKAPTOBOUM U MUJINHJPUYIECKUX CUCTeMaxX KOOpJ/IMHAT,
XOTs OH IOPOYKJIEH MHBAPUAHTHBIM OIIEPATOPOM-TPaJIMEHTOM V , OIIpe e IeHHBIM
dbopmyioit (1.10). CosepirieHHo uHaUe 0GCTOUT JIEJIO0 C 3aMEHAME CUCTEM OTCYe-
Ta. Kak y»Ke oTMedaJioch, MOHATHE TEH30pa, JII0OOr0 paHra BBOIUTCH TOJIBKO B
KaXKJI0#1 crcTeMe oTcdeTa oTaeabHo. Hukakume omnmepannym MexK Iy TeH30paMu, 3a-
JIAaHHBIMI B Pa3HbIX CUCTEMaX OTcYeTa, HeBO3MOXKHBI. [loaToMy 3amena crucTeMbl
OTCYeTa BKJIIOYAET B cedsl IPeIBapUTE/IbLHYIO OIepaluio IepeHoca TeH30pa U3
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OJIHOIT cucTeMbl B Apyryio. Hurke Oymer ommcana omepalinsi IIepeHoca BEKTOpPA.
[TocKOJIbKY TEH30PbI BBICIINX PAHIOB SIBJISIIOTCS 9JI€MEHTaAMU TeH30PHBIX [IPOU3-
BeJIeHIIT BEKTOPHBIX IIPOCTPAHCTB, TO, OLIPEJIEJINB Ollepaliio IIepeHoca BEKTOopa,
MBI, TEM CaMBbIM, OIpEJIeIsSIeT 1 OIePAaIiio IIePEHOCa TeH30pa JII000ro PaHra.
IIycTh maHbl JBe cucTeMbl oTcueTa S U S, KOTOpbIE He 00s3aTeIbHO HHEP-
IUAJIbHBI, HO HCIOJL3YIOT MaTeMaTHYecKoe BpeMsi, T.e. Jacbl, OTTapUPOBaH-
Hble B HHePIHAIbHOI cucreme orcdera. Ilycrs S-cumcrema moporkjeHa oTcder-
HeiM perepoM {0, ey}, oTcuerHoil Marpuieili gix U OTCYETHBIMI KOOPIMHATAMUI
x¥. Cucrema S, HOpOXK/ieHA TeMU »Ke OObEKTaMH, CHAOYKEHHBIME 3BE30YKa-
mu: {0, er}, g5y, xX. Haityiem JBUKeHHE S,-CHCTEMBI OTHOCHTETILHO S-CHCTEMBL.
ITycrs B Kakoii-Tro MomeHT Bpemenn t = 0, IpHHHMAEMBbIil 3a HAYAJIO OTCUETa,
BpeMeHH, Hauato O, CHCTEMbI S, 3aHIMAaeT moJIozKeHne Touk O B S-cucreme 1
onpejendercs B Heit sekropoM ry. Ilycrs Bekroprr ey npu t = 0 sanuMaloT 10-
JIOZKeHUsI BEKTOPOB €, B S-cucteme. Torma pernep {G,ék}, 3aJIaHHBII B S-cucreme,
OysieT urpaThb Ty e pojib, 4To penep {0,,er} B S -cucreme. Ilycrs BekTOp T\
3a/14eT HOJIOZKEeHHe TOUKH A, ¢ KOOD/IMHATAMN x* B S,-cucreme. Torna BekTOp
T = x<e
JIO7KEHNe KOTOPOH OTHOCUTENBHO periepa {0, 8+ TOUHO Takoe 7Ke, KaK MOJ0KeHNe

S€y, OTKJIAbIBAEMBII OT TOUKN 0 6y/16T 3a/aBaTh TOUKY ABS- cucTeMe, 1o-

To4yKN A, oTHOcuTesbHO penepa {0y, ef}. IlycTs nHauano 0, cucremsr S, jBukKeT-
sl IPOU3BOJILHO OTHOCUTE/ILHO S-CHCTEMBI U ee JIBUZKEHIEe B S-cucreMe 3aaeTcst
BeKTOpOM nosiozkenns a(t), npuyem a(0) = rz. Torma monoxenne Toukn A, cu-
cTeMbl S, B IPOU3BOJILHBIA MOMEHT BPEMEHH 3aJa€TCs CAEAYIONIM BEKTOPOM
10JIOZKeHUsI B S-cucreme

r(A.,t) = a(t) + Q(t) - (x{ &), (1.22)

rJ1e OPTOroHa bHBI Tenzop Q(t):

Q(t)- Q') =Q'(t)- Q(t) =E, detQ=1, Q(0)=E (1.23)

oLpeJIesIeH B S-cucreMe, Kak 1 BeKTOphI a(t) u €y, 1 3aJ1aeT IOBOPOT S,-CUCTEMBI
OTHOCUTE/ILHO S-CHCTEMBbI.

Omnpenesienne 1.9. [Ipeobpasosanue (1.22), onpedeasiowee dsusicenue S.-
CUCMeEMb, OMHOCUMENLHO S-CUCTNEMDL, HAZBIBAELTNCA 3AMEHOT CUCTNEMDL OMCYUE-
ma.

[Ipeobpasosanue (1.22) urpaer 0YeHb BazKHYIO POJIb B MEXaHUKE, HOO MHOIHE
busnUecKie BeJIMUNHbBI, KaK, HAIPUMEpP, BHYTPEHHsI SHEPIHsl CHUCTEMbBI HEe 3aBM-
CSIT OT BBIOOpA CUCTEMBI OTCYETa U IIOTOMY JOJKHBI ObITh MHBAPUAHTHBI OTHO-
CUTEIHLHO 3aMeHbl CUCTeMbI oTcueTa. Jannoe TpeboBanue Mo3B0JisieT yCTaHOBUTD
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,ILOHyCTHMbIﬁ BN 3aBUCUMOCTU BHyTpeHHeﬁ OQHEPIMM OT BEJWYMH, OIIPCICJIAIO-
X ec. DTa TeXHUKa 0YeHb XOpomo pa3pa60TaHa U IMIHUPOKO IpUMEHACTCA, HO

3J71eCh MBI O Heil ToBopuTh He Oyaem. Ilycth Touka A, JBUKETCS OTHOCHTEb-

HO S,-CHCTeMBI 1 3aKOH ee JBUZKeHud 3ajan GyHxmuamu x<(t). Torma BexkTOp

T = x¥
AT HabOJIIOJATe/Ib B S,-crucTeMe JBIzKeHne Toukn A.,. A BOT HabJogaresb B S-

(t)ex samaer ABUKEHHE TOYKM A B S-cucTeMe TOYHO TaKUM, KaKUM BU-

cUCTeMe BUJIUT JIBUYKEHUE dTOI »Ke TOUKU A, CUCTEeMbI S, KaK JBUKEHHE TOUKH
B S-cucreme, omnpejie/isieMoe BEKTOPOM TIOJIOXKEHIS

r(A.,t) = a(t) + Q(t) - (x{(t)&). (1.24)

Huddepennupyst (1.24) o BpemeHH, MOJTyYaeM CKOPOCTH W YCKOPEHUsST TOUKN
A, OTHOCHTEJILHO S-cucreMmbl. BekTophr
df

v, =x e, w, =% (t)e (f= it (1.25)

3a/1aI0T CKOPOCTH 1 yCKOpeHue TouKu A, B S,-cucreme. BeKTopbl

~ .k,.., ~ k ~

V=x,6, W=xX,(t)e
3aJIAI0T CKOPOCTb U yCKOpeH#e TOUKH A OTHOCHTETbHO perepall, €y} Touno Ta-
KM, KAKIMHI BUJUT HaO/fo1aTesib B S,-cucreme Besmansbl (1.25). OnHako cKo-
POCTH U YCKOpPeHNe TOYKH A, OTHOCHUTEJBHO S-CHCTEMBI ONpesieIAoTcs 1o boJtee
CJIOXKHBIM (hOPMYJTaM, BBITEKAIONIM 1octe auddepentuposanus (1.24) mo Bpe-
MeHN

V(A =alt) + Q(t) - ¥(A) + Q(t) - XX ()& (1.26)

[Tocieree caraemoe B (1.26) 0OBITHO 3aIMCHIBACTCSI B PYTOi (hOpMe, ¢ yIeTOM
ypasuenns Ilyaccona,
Q(t) = w(t) x Q(t),
rae BeKTop (W (t) Ha3bIBaeTCs BEKTOPOM YIJIOBOIl CKOPOCTU S,-CHCTEMBI OTHOCH-
TEJILHO S-CHCTEeMBI.
Uckiouast uz (1.26) rensop Q ¢ nomorpsio ypashenns [lyaccona, a BeKTOp
Q(t) - x*€y ¢ momormbo ypaBHeHns (1.24), mosryaaem OKOHIATETHLHOE BbIPAZKEHIE

*
JJIgl CKOPOCTHU TOYKH A.* OTHOCUTEJILHO S—CI/ICTeMbI

V(A,) = a(t) + w(t) x [r(A,,t) —a(t)] + Q(t) - . (1.27)

Beipazkenue (1.27) takzke UIrpaeT BasKHYIO POJIb [IPU YCTAHOBJIEHUH CTPYKTYPHI
MHOTUX XapaKTEPUCTUK (PU3NIECKUX CUCTEM, TaK KaK O9eHb YaCTO 9TH XapaKTe-
PUCTUKHU He JIOJIZKHbI 3aBUCETH OT 3aMEHbl CUCTEMbI OTCUETA, T.€. MEHATH CBOEIO
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BIJIa IIpu Jr0060M Buje BeKkTopos a(t), w(t) u oproronansHoro tensopa Q(t).
Jl1s1 mHEpIuATBHBIX crcTeM oTcuera Bbipaxkenus (1.24) u (1.27) ymnpormaiorcst,
160

a(t)=ap+vot, Q(t)=E, w(t)=0, (1.28)

U IIPUHUMaIOT BHU/]

r(A,) =ap+vot+r1;, Vv(A,) =vo+V(A). (1.29)

[TepBoe n3 5TUX BhIpaykKeHnit HaszbiBaeTcs NpeobpaszoBanueM [ amies, a MPUHITAI
OTHOCHTEJILHOCTH [aJTiiiest yTBEPKIaeT HE3aBUCUMOCTh (HHBAPUAHTHOCTD) BCEX
busmIecKnX 3aKOHOB OTHOCHTENbHO TpeobpasoBanus (1.29). B mexanuke 510
oueHb cyraboe TpeboBaHWe W OHO TOUTH BCETJIa BLITOJTHIETCS aBTOMATHIECKH.
[TpaBja, n3 TpeboBaHust MTHBAPUMAHTHOCTH yPaBHEHUs OaJlaHca SHEPIUN OTHOCHU-
TeJIbHO TipeobpaszoBanus (1.29) BeITEKaeT 3aKOH COXPAHEHUST MACCHI JIJIsT 3aKPbI-
TBIX CHUCTEM, HO MHOTHE BOCIPUHUMAIOT 3TOT PE3yJbTaT KaK CaMOOYEBUIHDII.
meercst psiji Ipyrux CJAeJACTBUIL, HO BCe OHU HOCAT JIOCTATOYHO TPUBHAJIbLHBIM
XapakTep. SHAUNTEJILHO DoJiee cojiepKaTe/IbHbie Pe3y/IbTaThl JlaeT TpeboBaHme
MHBAPUAHTHOCTH 110 OTHOIIEHIIO K mpeobpasosammio (1.24), (1.26). Oamnako 910
TpeboBaHne MOYKHO MPEIBLABUTE He KO 6cem (PU3MIECKUM BeJTMIMHAM U 3aKOHAM.
BoJibnHacTBO U3NUECKNX BEJIMYNH 3aBUCIT U3BECTHBIM 00Pa30M OT BbLIOOPA, CH-
cTeMbl OTcUeTa (KHHETHIeCKas SHEPIHsi, KOJUIECTBO JBUKEHNsI, KHHETHICCK I
MOMEHT ¥ T.JI.), HO HU OjiHa (PU3HIECKas BeJIUTNHA He MOYKET 3aBHCETh OT BHIOOPA
CHCTEMBI KOODJNHAT (IIPUHIUI 0ObEKTHBHOCTH ).

IIpumeuanue. Boiwe mor 0NPedesust ONEPALUI0 NEPEHOCA BEKMOPA OUHDIM
obpasom. IIpu amom 0Kxasaracs ckpoimoti 00Ha 8aHCHAA 0EMAAL: HA CAMOM OEE
svi00p penepa {0, &} 6 S-cucmeme MoNCHO OCYUECTNBAATID NPOUSBONLHO, (@ COUI-
CMBEHHOE 02PAHUYEHUE COCTNOUM, 6 MOM, YO JONNHCHDL GHINONHAMBCA YCAOBUA

=~ = _ *
€k * €m = O

1.5 BouanoBoe ypaBHenue. Ilaess KoBapunaHTHOCTH

I3BecTHO, UYTO B OCHOBAHUSAX KJIACCHIECKON 9JIEKTPOMHAMUKN U, HAIIPUMED, JIU-
HefHOM JIMHaMUIeCKOil Teopun yIpyTroCTH JIeyKaT BOJIHOBBIE ypaBHeHus. [Ipums-
TO CUUTATh, YTO B 3JIEKTPOJNHAMUKE BOJTHOBOEC ypaBHEHNE NHBAPUAHTHO OTHOCH-
TeJIbHO TPYNIBI JIopeHnia, a B Teopun yrnpyrocTu BOJHOBOE YpaBHEHUE MHBapU-
AHTHO OTHOCHUTEJILHO IpymIibl [anmies. VcronkoBanme 3Toro crpanHoro gakra
MOYEeMY-TO B JINTEPATYPE OTCYTCTBYET. ZICHO, UTO MEYKTy BOJIHOBHIMU ypaBHEHNU-
AMU B 3JICKTPOAMHAMUKE U B TCOPUU YIIPYTOCTH CYIIECTBYET KAKOE-TO pa3Jnyne,
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KOTOPO€ Ha/JIO 9YE€TKO YCTaHOBUTDL U ITPOaHAJINSUPOBATD. B QJIEKTPOINHaAMMUKE BOJI-
HOBOE€ ypaBHEHHE MMeEECT BU /I

1 0%
o2 ot

B nunamundeckoil Teopun yIpyrocTH BOJHOBOE ypaBHEHNE 3allichiBaeTcsd B pop-
Me

AD (1.30)

2
AD = lz g (1.31)
cs dt

Ha camom nese mocrosianbie ¢ B (1.30) u (1.31) pasmuauast. Kpome Toro, B nuna-
MUY€ECKOI TeOPUH YIIPYTOCTH MMEETCs HE OJIHO, a JIBa BOJITHOBBIX YPaBHEHUS TUIIA
(1.31) ¢ pasimaHBIMI 3HATEHUAME TTOCTOsTHHO#T €. [loaTomy BO n3bexkamme Hemo-
pasymenuii Ha ypasrenune (1.31) Oygem cMOTpeTh Tak: MMEHHO B Takoil ¢popme
ObL10 OBI 3aricano ypasaenne (1.30), ecin 6bI OHO HCITOIB30BATIOCH B PAITIOHA b
HOIT MexaHMKe. Kak y»Ke oTMe4ayioch B I1.3, 4acTble ITPOU3BO/IHbIE 10 BPEMEHU
B MEXaHUKe BCTPEUAIOTCsI caMu 110 cebe, a He B Buje komOunaruu (1.15), Torma
1 TOJILKO TOT/A, KOTJIa CMBICJIBI MOJIHOI M YaCTHO IPOM3BOIHON IO BpeMEHN
COBITQIAIOT. A 9TO UMEET MeCTO TOJIBKO IIPH HCIOJIH30BAHUN CHCTEM KOOPIMHAT,
HETIO/IBUYKHBIX OTHOCUTEIBLHO Tejia oTcUeTa. B 9ToM ciyvdae HUKAKOTO Pa3ImIus
B ypasuennsx (1.30) u (1.31) ner — omm abcosmorHO npeHTHIHBl. OHAKO PN
FCIIOJIb30BAHUI TIOJ[BIZKHBIX KoopauHaT ypasHenus (1.31) u (1.30) pasmmaaior-
Csl CaMbIM CYIIECTBEHHBIM 0Opa3oM. B coBpeMeHHOI 3/IeKTpOIMHAMUIKE OT/IAl0T
npeanourenne ypapaennto (1.30), a B paloHAJbHON MexaHUKe — ypaBHEHHIO
(1.31). Exsa jin MoxkHO coMHEBATHCs1 B TOM, 9To JIxx.MakcBesur oTian 66l pe;i-
nourerne ypasuenuto (1.31), nbo TOJBKO TaK U MOHMMAJIICH BCE TTPOM3BO/HbBIE
110 BpeMeHn B Tperbeil ueTBeptn XX Beka. BoiscHiM, Kakoe n3 ypasuenuii (1.30)
u (1.31) mpaBujibHee ¢ TOYKU 3pEHUs PAIMOHAJIBHON MexaHuku u nodemy. OrBer
npoct: ypasaenue (1.31) yaoBieTBOpsieT MPUHIUITY OOBEKTHBHOCTH, a ypaBHE-
rue (1.30) — #e ymaoierBopsiet. [losToMy B panmoHATBHONW MeXaHWKe ypaBHEe-
aue (1.30) nenpuemsiemo. [Toyemy dusukn canrator ypasuenue (1.30) npuemie-
MBIM, JIOJI?KHBI OTBETUTb OHU caMi. dTOObI IIPOMJLIIOCTPUPOBATEH HEBBIIIOJIHEHIE
pUHIUTTA 00 BeKTUBHOCTH J1Jist ypaHerust (1.30), paccMOTpUM POCTOIl puMep.
CuadgaJjia BbIOEpeM HEIOJBUKHYIO JIEKAPTOBY CHUCTEMY KOODJMHAT X,Y,Z B TeJia,
oTCcYeTa U BO3bMeM (DYHKITIIO

® = (x,y,z,t) = Ax, A = const. (1.32)

Buro, aro sta dyukius siisiercst penienneM kak ypasaenns (1.30), Tak u ypas-
nernns (1.31). Pemenne (1.32) umeet mpoctoii dbusnaecknii cMbicst: B busnke —
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9TO JIEKTPOCTATUYECKUH MOTEHINA MEXKJLY JIBYMS HapaJlie/IbHbIMUA OJHOPOIHO
3apsAKEHHBIMU IIJIOCKOCTSAMU, & B TEOPUU YIPYTOCTU — ITO IepeMelleHrne TOUYeK
OJIHOPOJIHOTO CJIOf, PACTATUBAEMOIO MOCTOAHHBIMUA HOPMAJIbHBIMU HAIIPAZKEHUS-
mut. CoBepITieHHO sICHO, UTo periernne (1.32) 10/KHO 0CTaBAThCs PEIIeHNeM U [pu
NCIIOJTE30BAHIY JIFOOOT IPyTroil cucTeMbl KOOP/IMHAT, B TOM YHUCJIE W MOJIBUXKHOI.
BejieM 10JIBUYKHYIO CUCTEMY KOOPINHAT

x'=acoswt+x, y =y, z/'=z t' =t (1.33)

OueBniHo, uto perienne (1.32) IOKHO OCTATHC PENICHHEM U B CHCTEME KOOD-
JIMHAT CO IITPpUXaMu

O(x'—acoswt’,y’,z/,t') = Ax' —a coswt’) = O'(x',y’, 2/, t'). (1.34)

Oynxuua @' (x',y’, 2z’ t') noskna yioBaeTBOPATL ypaBHEHIAM

1 9°0’ A,CD,_lecD'

Iey!
A= G ~c? dt?

(' =1t). (1.35)
Ouneparop Jlamnaca A’ B cucreme KOOpAMHAT CO IITPUXaAMU BCErJIa COBIAIAET
¢ takoBbiMu B ucxopnoit: A’ = A. Tlosromy siesbie yactu ypasuenuii (1.35)
obparratorest B Hyib jiist dyakiun (1.34). Beraucsnm npasbie dacTu:

an)/ 5

W = Aaw-” cos U)t/ # O,

d®’ 0d'ox’ ot n oD’ Adw(—sinwt +snwt) =0 = d2o’ 0
== = — S1n S1n == — — U.
dt’ ox’ ot ot’  ot’ dt’?

Takum obpasom, dyukims O He yaoBIeTBOpsieT nepoMy u3 ypashenuii (1.35),

a BTOPOMY — YJIOBJIETBOPSIET, KaK 9TO 1 JOJKHO OBITh B COOTBETCTBHUNU C IIPUHITH-
IOM OOBEKTUBHOCTH. 3aMETNM, YTO pedb HJET O 3aMeHaX CHCTeMbl KOODJMHAT, a
He CHCTeM OTUeTa, IJie TpebyeTcs JI0N0JHNTEIbHOE 000CHOBAHNE TOrO, KaK CBsI3a-
Hbl cKassipuble pyHkimn O u @, 3a1aHHbIe B pa3HbIX cucTeMax oTcuera. Vrax, ¢
TOYKHU 3PEHHsI PAIMOHATBHON MexaHuku ypasHeHust (1.30) MOXKHO UCTIOIB30BATD
TOJIbKO B HEIIOJBUKHBIX cucTeMax KoopjuHarT. I[Tosromy paccmarpusarh Bolpoc
0 TOM, KakK BejieT cebst ypasuenue (1.30) npu npeobpasoBanusx Jlopemma MoxKHO
TOJILKO B YHCTO MaTeMaTH4ecKOM, HO He B (pU3NYECKOM IOHHMaHUU, OO Ipe-
obpazoBaHnAMN JIOpeHIla BBOJSITCS B PACCMOTPEHNE HMOABUZKHBIE KOOPJINHATHI.
Ypasuenne (1.31) coxpansier cBoil MareMaTHdecKuii n (bU3MIECKHUH CMBICT MTPH
JIOOBIX IIpeoOpa3oBaHusaxX KoopAauHat. Kak sTo ciejlyer JesaTh, yKa3aHo B KOHIE

.3.
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ObcynuM 11e10 KOBAPpUAHTHOCTH OCHOBHBIX ypaBHEHHil (bu3uku mpu 1mpeod-
Pa30BaHUSIX CUCTEMbI KOOPAUHAT. TPYIHO OHSTh, [I0YEeMY 9TOI Hjiee IPUIaeTCsI
CTOJIb DOJIBbIIIOE 3HAUYEHNe B pusnKe. BeJib $ICHO ¢ caMoro HadaJia, 4TO ujesi KO-
BapPUAHTHOCTH HE MOXKET UIPaTh 3HAYUTEIbHON posm B ¢dusuke. Hampumep, u3
nnddepeHInaIbHoi reOMeTPUI XOPOIIO U3BECTHO, UTO MHBapUAHTHBIE, T.e. He
3aBUCAIINE OT BBIOOpaA CUCTEMbI KOOpAuHAT, JuddepeHnnaibHble OlepaTophbl He
00/1a1a10T CBOMCTBOM KoBapuanTHocTH. [louemy ke B dpusuke, moMuMo nHBapu-
AHTHOCTH OCHOBHBIX YpaBHEHHI, HY>KHO TpebOBaTh eIlle 1 KOBAPUAHTHOCTH TUX
ypasuennii? CoryiacuMcst Ha BpeMs ¢ ijeeil KoBApUAHTHOCTU U IIOCMOTPHIM, OTHO-
CUTEJIbHO KaKNX JIMHEHHBIX IIPpeoOpa3oBaHuil KOOpAUHAT U BPpEMEHU ypaBHEHUe
(1.30) obsrajtaer cBoiicTBOM KoBapuaHTHOCTH. [locieHsis o3Ha9aer, 910 ypas-
wenre (1.30), 3ammucantoe B JBYX PA3JIMYHBIX CHCTEMaX KOODAMHAT Xi,X2,X3t 1
X7, X3, X5t', nMeeT coBepIeHHO OJIMHAKOBBI BIJL

62®_+62®_+az®__ 10°0 a%D’+EV¢V%_a%D’_ 1020’
ot Xy X3 c?ot?’ ox?  oxr  xF 2 ot?’

rje

(1.36)

Dx(x', 1), x*(x/, t'), x3(x/, 1), t(x/, t')] = D'(x], x}, x}, t'). (1.37)

HanmomuanmMm, 4To ceifqac pedb njieT 0 YUCTO MaTeMAaTUYeCKUX OlepaIusdx, Ji-
MEHHBIX (PU3NIECKOTO CMBIC/IA, TaK Kak ypasHenue (1.30) crpaBeyinBo TOJIBKO
JIJIsI HETIOBUKHBIX OTHOCHTEIBHO Tejla OTCUYeTa CUCTEM KOOD/IMHAT. 3J1eCh JKe B
paccMOTpeHNe BBOJUTCS MOJIBIZKHBIE cricTeMbl Koopunat. Jlasee ynobnee Oymaet
[Ipe/IBAPUTEBHO CJeIaTh JUHEHYIO 3aMeHy HE3aBUCUMBIX IIepEeMEeHHbIX

yr=x1—ct, Yya2=x2, Ys3=x3, Ys=x1+ct. (1.38)

fcHo, UTO Takasi 3aMeHa IIePeMEHHbBIX He MOYKET UCIIOPTUTD JIeJ10, TaK KaK HEBbI-
pPOXKJIeHHbIE JIMHEIHbIe IIpeoOpa3oBaHmsi 00Pa3yioT Ipyiily. B HOBBIX mepeMeH-
HbIX ypasHeHusi (1.36) npuHUMAIOT BH/T

oF o’F  O°F o'F OF
4 =0, 4 =0, 1.39
oyidws | 0u3 ' oy} oufoy;  ouR | ouf 3

rie

Y1+ Y4 Y4 — Y1

() t) =0
(x1,%2,%3,1) ( P y Y2, Y3, e

) = F(y1)y2)y3)y4))

a cBa3b otobpaxkennit F u F/ ta xe, ato u B (1.37).
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EhﬂHCHMLL HpHIK&KHX.HHHeﬁHbD(SaMEHaXLHepeMeHHbD(BHﬂa

Y=oy +PsYs, Y3 =1V2, Y5=VY3 Ys=PRYr+vys (xy—PBR.#0)

(1.40)
OymyT cripaBeyinBbl ypasHerusi (1.39). VMeeM Jierko mpoBepsieMoe TOKIeCTBO
O°F n 0%F n aZF (oc[.’) 0%F/ aZF ) n
oy1dys  Oy3 aU3 "oy i

aZF/ aZF/ aZF/
Moy + BB 5 5 F oy oy

st cipaseymBoctu (1.39) HEOOXOIMMO BBITIOJTHEHIE DABCHCTB:

aZF/ aZF/
‘XB* ,2 ‘I'YB dy! =0, xy + PR« =1. (1-41)
Yi 4

[TockosibKy B 0biieM ciaydae GpyHkiusa F' He MoKeT 0JHOBPEMEHHO Y0BJIETBO-
pSITh JIByM pasHbiM ypaaerusiM (Bropomy u3 (1.39) u (1.41), To oKOHUATEBHO
JIUIsST OIIPEJICICHIS TTOCTOSTHHBIX &, 3, B4, Y TOJydaeM CHCTEMY

B, =0, yB=0, oay+pR.=1, oy—pR.#O0. (1.42)

DTa cucremMa UMeeT BCEro JiBa ceMeliCcTBa, PellleHMil:
x#0, vy=1/a, B=p.=0; (1.43)
x=v=0, PB#0, p.=1/p. (1.44)

Bosspariasch oT nepeMenubiX Y1, Y2, Ys, Y4 K IEPEMEHHBIM Xy, t, Moydaem aBa
Habopa JIMHEHHBIX MpPeodpa30BaHnil KOOP/MHAT, YIOBJIETBOPSIONINX MPUHIIAITY

KOBapHnaHTHOCTHA
T4+o02 1—0of T+ 1—a?x
X]lZ Yo X1+ Jo0 ct, t' = T t+ Jo ?)Xézxz, Xé:Xg; (145)
]—|—[32 ]—f)z ]_|_[32 ]_BZX1
X1 = 263 at 283 ct, t'=— 2B t— 2B ?,Xﬁzxzné:xa,
(1.46)

rje & u [3 — j100ble BellleCTBEeHHbIe YIC/Ia, OTJIMIHbIE OT HYJIsl. YICHO, 9TO IIpeod-
pazoanust (1.45) u (1.46) He cBogsiTest ojiHO K ojHOMY. [Ipeobpasosanue Jlopen-
a eCTh YACTHBIN cirydail mpeobpasoBanust (1.45), mosydarorieecss TOJIBKO P
HOJIOZKUTEIBHBIX X C TIOMOIIBIO 3aMEHbI

a=¢U—EVU+§. (1.47)



Taxum ob6pasom, ypasaetue (1.30) KoBApUAHTHO HE TOJBKO OTHOCUTEIHHO IPe0h-
pazosanuil Jlopenna, Ho u orHOCUTEILHO GoJiee 00X MpeobpasoBanuii (1.45),
(1.46), mosHoe nCTOKOBaHME KOTOPBIX 3JI€Ch He 3aTparuBaercs. Bouiendars ns
(1.45) u (1.46) TostbKO OstHO TipeobpasoBanne JlopeHiia, ja ere 6€3 T0CTATOTHBIX
y TOMY OCHOBAHIII, KAK-TO HE CTETHIHO.

rak, BosHOBOE ypaBHeHue, 3anucanuoe B (opme (1.31), nHBapHaHTHO Kak
OTHOCHUTEJIbHO IIpeoOpas3oBaHus ['ajuiiest, TaK 1 OTHOCUTEJbLHO 3HAYUTE/ILHO 0O-
Jiee OBIUX 3aMeH CHCTeM KOOpuHAT (HO He cucreM otcuera! ). BosHoBoOe ypas-
rerre B popme (1.30) MozKeT HCIOIB30BATHCST B PU3NKE TOJBKO TOTJA, KOTJIA CH-
cTeMa KOOPJMHAT HEIMO/IBUKHA OTHOCUTEILHO HHEPIINAIBLHOTO Tejia oTcueTa. Ko-
BapUAaHTHOCTb 9TOI'0 ypaBHEHUs] OTHOCUTEJIbHO IIpeodOpasoBaHuil JIopeHia ecThb
YUCTO MaTeMaTUIecKnil (paKkT, He IePeHOCUMBIH Ha, (pusndecKre siBJICHMS.

1.6 YpaBHenus MakcBeJja

Huxxe paccmarpuBatorest ypaBaenus Makcseuia B mycToTe, 100 BKJIIOUEHNE TO-
KOB TpeOyeT 00Cy’KJIeHnsl BOIPOCOB, He MMEIOINX ITPAMOTO OTHOIIEHNS K TeMe
JlaHHO#T paboThl. B coBpemennoii ¢pusnke ypaBHeHus Makcpeia B IIyCcTOTE 3a-
MACHIBAIOTCA B BUJIE:

10B 10E
VxE=—— V.:E=0, VxB=-—— V.B=0. (1.48)
c ot c ot
B MeXaHUKe 9TU 2Ke ypaBHeHI/IH 3allCbIBaJINCH 6bI HEMHOI'O MHa4e:
1dB 1dE
VXE=—— V.:E=0, VXxB=-—, V-.-B=0. (1.49)
c dt c dt

Tak ke, Kak 1 B cjydae C BOJHOBBIMHU YPaBHEHUAMU, paz3ndre 3aK/II0UaeTCs
B TOM, 4T0 B (1.48) BXOJAT B 4acTHBIE IPOU3BOJIHBIE 110 BpeMeHH, a B (1.49) —
IOJTHBIE TTPOM3BOAHBIE IO BpeMeHU. Fcam nenomb3yoTes HelmoBUKHBIC CUCTEMbI
KoopauHAT, TO ypasHenus (1.48) u (1.49) Hepasamanmbl Mexkty coboii. OmHako
IIPU UCIOJIb30BAHUN TOJIBUKHBIX KOOP/IMHAT 9TH ypPaBHEHUS CYIIECTBEHHO Pa3-
JnaHbl. VIMEHHO 9TO pasjindue u HPUBOJIUT K TOMY, UTO [T ypasHenuii (1.48)
MPUHIUIT OTHOCUTEILHOCTH [asiniest He BBIOJHsIETC, a s ypasHenuii (1.49)
BeITOTHsieTcst. C TOUKHM 3peHnst MexaHuku, ypaaerus (1.48) B obiiem ciaydae
MOJIBUZKHBIX KOOPJAUHAT HElPUeMJIEMbI, TaK KaK OHU He YIOBJIETBOPSIOT ITPUH-
1uiny oobekTuBHOCTH. [loKarkem 3TO Ha HPOCTOM Ipumepe. PaccmoTpum 3Jiek-
TpUYECKOe 110Je 6ECKOHETHO JIJIMHHOIO OJIHOPOJIHO 3apsizKEHHOT0 HIJIHHIpa. Kak
U3BECTHO, B MUJINHIPUIECKOI crucTeMe KOOPUHAT OHO UMEET BU/I

A
E = e B=0, A =const. (1.50)
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Pemenne (1.50) ymosierBopsier Kak ypaBHeHusim (1.48), Tak u ypaBHEHUSIM
(1.49). Bejiem B pacCMOTpeHHE IY/IbCUPYIONLYIO [IJINHPUIECKYIO CHCTEMY KO-
Op/IHAT

"=24coswt)r, @' =¢, z/=2z t' =t (1.51)

Pemenne (1.50) B mITpuxXoBaHHOI cHCTEMe KOODIMHAT MMEIOT BH/IL

2 /
g Al +:,08wt)er) B =0. (1.52)

Camu Bektopsl E u B nipu sToM, pasymeercs, we mensiercst. [lomcrasisis (1.52)
B (1.48) u (1.49), yberkmaemMcst, 9To JieBble 9aCTU STUX YPABHEHUI 00pPAIAIOTC
B HyJ/Ib, Tak Kak Jesble qacti (1.48) u (1.49) me 3aBucaT 0T BBIOOPA CHCTEMBI
koopauHat. ObpalnamoTes B HyJIb U IpaBble dacTu ypasHenus (1.49), tak kax
OHU TOXKE He 3aBHUCAT OT BLIOOpA IOJIBUKHOI CHCTEMbI KOOD/IMHAT, He MEHSIOIIElt
Bpemsi: t' = t. A Bor JieBble yactu ypasuenuit (1.48) B Hy/J b He obparmaroTcs,
TaK Kak
OE  wAsinwt
ﬁ - T/ €r 75 0)

T.e. ypaBuenus (1.48) me Boimosmsiores. Ho 3amena (1.51) — 910 Beero smiib
TPUBHAJILHBIN CIIOCOO M3MeHeHUs MpejicTaB/ienus pertenns. Ousnyueckoe cojiep-
JKaHWe 3a7a9u oT 9Toro He 3apucut. [losromy ypashenusi (1.48) mpumeHuMb
TOJILKO IIPU UCIIOJIb30BAHUE CHCTEMbl KOOD/IMHAT, HEIOJBUKHBIX OTHOCHTEIHLHO
tesia orcdera. OTCIo/a cieiyeT, 9To, BO-IIEPBLIX, ypaBHenus (1.48) u He J0/IKHBI
VJIOBJIETBOPSITD IIPUHIUITY OTHOCUTEJILHOCTH [ajtiies u, BO-BTOPBIX, (PU3MICCKH
OeccosiepKaTeIbHO PacCMaTPUBATH BOIIPOC O TOM, KAaK OHU BEJIyT cedsi IO OT-
HOIIIEHUIO K IIpeoOpasoBanuio JIopenna. HeBo3zmorkHO coMHEBATHCSA B TOM, YTO
Jlxx. MakcBe/lT B KadecTBe CBOUX ypaBHeHUil npusHaa Obl uMenHo (1.49), o He
ypasrerust (1.48). Kaknm ke 06pa3oM 00bsICHSIOT B JTEpaType 1o (husnke
nepexost or ypasuennit (1.49) k ypasuenusiv (1.48)7 B GosbiuncTBe corydaesn
BOOOIIE He 00bsicHAIOT. B yuebuuke [4], (¢.233) mocse “mpaBusibHO” 3alicanHo-
ro ypasaenust (29), KOTOpoe COBIIQJIAET ¢ ePBbIM U3 ypaBHeHuil cucremsr (1.49),
caeaytoT ciaoBa: “Tak Kak B MoxkeT 3aBUCETH OT MOJIOXKEHUS W OT BPEMEHU, MbI
narnumnem 0B/0t smecro dB/dt”. Onako, kKak 1mojpobHO OKa3bIBAJIOCH B I1.3
— opmyita (1.15) — 910 JOMYCTUMO TOJIBKO TIPU UCTIOIB30BAHIN HEIO/IBUKHBIX
CHCTEeM KOOD/IMHAT.

ObpatuMes K 00CY2KJIEHUIO TPUHIIMIIA OTHOCUTEIbHOCTH [ajmiess npuMeHu-
TeJbHO K ypaBHenusiM Makcsesta. B npuniume oTHOCUTEILHOCTH Pedb UJEeT O
pPa3HbIX CUCTEMAX OTCUYETA, & He O Pa3HbIX CHCTeMaX Koop/AnHat. Pazimdne 3/1ech
MPUHIMITNAIBHO U HeycTpaHnnMo. Hampumep, BeKTOp CKOPOCTH YaCcTUIlbl A OTHO-
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CUTEJIHbHO KaKOI-TO CHCTEMbI OTCUeTa UMEET OIpejie/ieHHOe 3HaUeHne, He 3aBUCs-
mee oT cucrteMbl Koop/uHat. OJHAKO CKOPOCTh OJHON U TOM Ke YaCTHIlbl B pas3-
JINYHBIX WHEPIUAJIBHBIX CUCTEMAX OTCUYETa BBIPAYKAETCS COBEPIIEHHO Pa3sHBIMU
BekTOopamu, — dopmysa (1.29) — KOTOpble pasIMIalOTCst He TOJBKO 10 HAITpaB-
JIEHUIO, OIIPEJIEISEMOMY 110 OTHOIIEHUIO K OTCYETHOMY Perepy, HO U 10 MOJLYJIIO.
YacTo npuxoauTcs 9UTaTh, YTO KJIacCHYecKas MeXaHnKa — 9TO MeXaHUKa MaJIbIX
ckopocteit. MokeT ObITh, B KAKOM-TO CMBICJIe (ITOKa He SICHOM) TaKOe BbIparke-
Hue u npaBuibHo. OJHAKO B PaIMOHAJIbHON MeXaHUKe HET MOHSTHIl OOJIBINX U
MaJIbIX cKopocTeil. Beeryia HaiijlyTcst Takue mHEpIuaIbHble CUCTEMbI OTCUYETa, OT-
HOCUTEIHLHO KOTOPBIX CKOPOCTH OJHOM 1 TOi »Ke JaCTHUII MOYKET ObITh B OJIUH U
TOT K€ MOMEHT BPEMEHH U CKOJIb YI'OJIHO OOJIBINON, U CKOJIb YIOJIHO MaJioil. Bos-
BpallasiCb K CPaBHEHUIO TIOHATUI 3aMeH CUCTEeM KOOPJWHAT M CUCTEM OTCUeTa,
3aMedaeM, 9To IepBoe M3 HIX HOCUT YUCTO (DOPMATBHbIN XapaKTep, a BTOPOe SB-
JisieTcst pU3MIECKNM YTBEP:KIeHIeM, COJepKalluM B cede IPaBIIO COOTBETCTBUS
MEXKTYy OJTHUMU U TeMU YKe BeJTMINHAMU, 33/IaHHBIMI B PA3HBIX CHCTEMaxX OTCYe-
Ta. EcTh pa3ublie B 9TOM CMbIC/Ie BeJIMYNHBL. B Mexanuke npuMeHseTcss akCHoMa
O TOM, YTO Macca YaCTUILI He 3aBUCUT OT BbIOOpa cucTeMbl oTcuera. Vmen-
HO TTO9TOMY Macca B MeXaHHKe He MOYKET 3aBHCETh OT CKOpocTH. Knaertndeckast
SHEPI'Usi YACTUIIbI, TAKYKE SIBJISIONIAsICS CKAJISIPHOI BEJIMUNHOI, TeM He MeHee, 3a-
BHUCUT OT BhIOOpa CcHUCTEMBI oTcueTa. 1o JKe caMoe MOYKHO CKa3aTh O BEKTOPax W
tensopax. [Toaromy mpezkjie 4em BBISICHUTH CIIPABEJINBOCTD (MJIN HECIIPABEIJIH-
BOCTH) NMpUHIHIA [annies, HeOOXOINMO yKa3aTh IIPABUJIO, CBS3bIBAIOIINE OJHN
n Te ke (pU3nIecKne BeJUUINHBI, 3a/laHHbIe B Pa3HBIX CHUCTeMax oTcueTra. Hcim
roBopuTh 00 ypasHeHusx Makcpesia, TO HaJIO yKa3aTh, KaK CBI3aHbI BEKTOPI
snekTprudeckoro E m MmarnuTHoro nosieit B moJieit, 3a1anabie B Pa3HbIX CHCTEMaX
orcyeta. TpynHOCTH 311€Ch B TOM, 4TO BekKTOpbl K& 1 B, BooOIIIe roBopsi, 3aBUCAT
OT cKOpocTeit JiBuzKeHust 3apsijioB. CKOPOCTHU 3apsi/IOB Pa3IMIHBI 110 OTHOIICHIIO
K pa3HbIM cucTeMaM oTcueTa. [TloaTomy MoxkeT mokasaTbesd, 9To BeKTophl E 1 B
JIOJIZKHBI ObITH He NHANM@EPEHTHLIMI, T.€. 3aBICETh OT BHIOOPA CUCTEMBbI OTCUe-
ta. OHAKO HY?KHO UMETb B BUIY cjejayioimiee. Pacemorpum vactuiy Aq. Ilycers
ee CKOPOCTH B MHEPIMAJIbHBIX S-cucTeMe U S,-crucreme BbIparKaroTcst BEKTOPAMU
Vi I V] COOTBETCTBEHHO. KaK MBI y2Ke 3HaeM, CBA3b MeXKJy STUMH BEKTOpaMu
naercst (hopMyJIoit

Vi = Vo + Vi, (1.53)
IJle Vo — CKOPOCTb S,-CHCTEMbI OTHOCHUTEJILHO S-CHCTEMBI, MpeJICTaB/IeHHAs B
S-cucreme. Kak BumiM, B (1.53) BXOANT BEKTOP Vo, UTO U YKA3bIBACT HA HE MH-

nuddepeHTHOCT, BeKTopa cKopocTh. PacemoTpuM ere ojHy 4acTtuily Aj, s
Hee CrpaBe/InBo Takoe ke coorHomenue (1.53), kaxk mis Aq. Haiiem otHOCH-
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TCJbHYIO CKOPOCTHb YaCTHUIIbI Az OTHOCHUTEJIbHO HaCTHUIIbI A]
v —vVvi=vy+vy—(vo+ Vi) =V, —Vy. (154)

Takum 00pa3zoM, OTHOCUTEJIbHBIE CKOPOCTU YACTUIL OKA3bIBAIOTCS Y2Ke WHIU]-
(bepeHTHBIMI BEKTOpPAMHU, T.€. BEKTOpPaMU, 0€3pa3JIMIHBIMEI K BBIOOPY CHCTEMBI
orcyera.

[Ipumem Ternepb BO BHHUMAaHHE, YTO 3JIEKTPOMAIHUTHOE I10JIe CBI3aHO HE C
JIBI2KEHIEM 3apsijioB BOODINE, a TOJbKO C JIBUKEHUSIME 3apsII0B OTHOCUTEIHHO
JIpyT Jipyra. 9TO TakK, nb0o B IMPOTHUBHOM cJiydae HeATpabHBIX Tes BOOOIe He
cytecTBoBaJio 6bl. [ockosbKy oTHOCUTEIbHBIE CKOpOCcTH HH (G dOepeHTHbI (6e3-
pas3/IMIHbI) K BHIOOPY MHEPIHATLHBIX CHCTEM OTCYeTa, TO MOXKHO JyMAaTh, 9TO 1
BekTOpbl B 1 B jro/nkHbI O61TH nHnddepenTabivu. [lycTh mosie xapakTepusy-
ercst BekTopamun E 1 B B S-cucreme, u Bekropamu E, u B, S,-cucreme. IIpumem
AKCHIOMY.

Axcuoma E1(I'Tepn): sexmopwvr anexmpuueckozo E u maenummnozo B no-
Aetl uHouPpdeperHmmvl, m.e. UT 3HAYEHUA 6 PASHIT CUCTNEMAT omcuema S u S,
CBA3AHDL COOMHOULEHUEM

E=E, B=(-1)*B, (1.55)

ede o = 0, ecau S-cucmema u Sy-cucmema uMerom 00UHAKOBYLE OPUEHMAUUL;
x =1, ecau onu uMewm pasnvie OPUEHMALUL.

DTa akcuoMa He MOXKeT OBbITb OIPOBEPrHYTa JIOTMYECKUME JIOBOJIAMMU, XOTSI
ee HKCIEPUMEHTAIBLHOE ONPOBEPXKEHNE, BHIMMO, BO3MOXKHO, HO KpaifHe MaJio-
BEPOSITHO. 3aMeTHUM, 9TO OnbIThl MaiikesibcoHa U X MOJAMMUKAINE K 3aMeHe
CHCTEM OTCYETa, PABHO KaK U K 3aMeHe CHCTeM KOOP/IMHAT HE MMEeeT HUKAaKOI'O
oTHoIIeHus. 3anuiiem ypasuenus: Makcsemia (1.49) B S,-cucreme. s sroro
HYZKHO IIPOCTO TOCTABUTD Yy BCEX BeJUUNH, BXoJdamuX B (1.49), 3Be3nouku. [la-
Jiee TlepeHeceM 5TH ypaBHEHUsI B COOTBETCTBUU C yKasaHUsiMU 11.4 B S-cucremy.
B pesyJsibTaTte mnosydnm

- = 1dB - - . -
((1VxE=—2=2, V:E=0, (-1)*VxB=——, V-B=0
(1.56)
3/ech MPUHSITO, 9TO Cy = C, T.e. IPU IEPEHOCe CKaJsipa U3 OJHOI CHUCTEMBI

oTcuera B JPYTYI0 OH HE MEHsieTcs (9TO BEPHO JlaKe JIJIsi TeX CKaJsipOB, KOTO-
pble 3aBHCAT OT BBIOOPA CHCTEMbBI OTCUETA, T.€. HE CJIEJAYET IIYTaTh OINEPAIio
MepeHoca, Kak 4ucTo popMasibHYIO Belllb, ¢ ollepalyeil 3aMeHbl CHCTEMbI OTCYe-
Ta, K KOTOPOii MbI emie He npuctynain). Muoxurens (—1)% B (1.56) mosiBuics
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13-32 TOTO, YTO B PA3HOOPHEHTHPOBAHHBIX CHCTEMaX OTCUeTa BEKTOPHOE IIPON3-
BeJIeHIIe OIPe/IesIsieTcsl T0-pa3HoMy. ToJIbKO Telephb MBI IPUCTYIIAeM K OIepaIlii
3aMeHBl CHCTEeMbI oTcuera. Ypasaenns (1.56) BbipazkaioT B S-cumcreme TO, 9TO
BUJINT HAOJIOaTeN b B Sy-cucreme. Habmonareas B S-cucreme Bujgut He (1.56),
a ypasuenus (1.49). 3amena cucTeMbl OTCUETA CBOJUTCS K TOMY, YTO HEOOXO MO
IIPOBECTH 3aMeHy cucTeMbl kKoopjnuatr B (1.56) B corvtacuu ¢ TpeboBannem [asu-
nest (1.29) u rpeboBanusimu akcnoMel E1, T.e. yeaoBusvu (1.55). Ouenngno, aro
IPI 3TOM CIPABEIHBEL paBeHcTBa V = V, ¢ = ¢, TaK KaK OHH BBIIOIHSIOTCH
JUIs JIIOOBIX 3aMeH CHCTeM KOOD/MHAT, KaK II0JIBUKHBIX, TaK 1 HENOJBIZKHBIX.
Toncrasmss (1.55) B (1.56) u yunTemas toxgectsa V = V, ¢ = ¢ IpXoqmM
K ypaBrenusMm (1.49). B sTom u cocrout npuniun orHocuresbHocTn [asmres.
Hukakoil 1moJsib3bl U3 3TOro (hakTa U3BJeYb HE yJIaeTcs, Kak, BIPOYeM, 3TOI0 1
caenoBasio oxkuaTh. Hamomnnm, ato [ T'eprr yrke nosydast oboOIenne ypasHe-
it MakcBesta, yJI0BJI€TBOPSIONIee TPUHIINILY OTHOCHTETBLHOCTH [asmies.

1.7 PaHI/IOHaJIbHaH MEXaHUKa 1 3JIEKTPOJMHAMNKA

ObpaTumcst Ternepb K 00CYZKJIEHNIO CaMOT'0 BayKHOTO U JI0 CUX IIOpP HEPEIIeHHOro
MEXaHNKOIl BOIIpOCa O IIPUYNHAX JIOIMYECKON HECOBMECTUMOCTHU KJ/IaCCUYECKOU
MEXaHUKHI U 3JIEKTPOIMHAMUKN. /[e/10 37ech coBceM He B MPUHITUIIE OTHOCUTE b
Hoctu [asmmies. [Ipuanna jexKuT ropasio riiyoxke U CBOUME KOPHSME yXOJUT
Ha JIBa ThIcsUueeTns Haza . Kaxkercss HeoOX0IMMBIM XOTsI Obl KPATKO 3aTPOHYTH
OJINH aCIEeKT UCTOPUIECKOTO PA3BUTUS MEXAHIKH.

OcHOBBI palOHAJILHON MEeXaHUKH ObLIN 3aJI02KeHbI elle ApPXUMeI0M, CPen
MHOTHUX JIOCTUKEHU T KOTOPOTO BBIIACIAIOTCA JBa (PYHIaMEHTAJHHBIX TOJIOZKEHUSI,
OTHOCAIINXCST K PABHOBECHIO TeJI: &) ypaBHeHue bastanca cuit u 6) ypaBHeHue Oa-
JIaHCA MOMEHTOB (IIPUHIUIT pbidara). Apxume | (bOpMYIUPYET STH JIBA THOJOKE-
HUST KaK He3aBHCHMbIE 3aKOHBI PUPOJILI. Bee jasibHeiinee pa3BuTne MeXaHUKHI
COITPOBOXKIAJIOCH TTOMCKAMU OTBeTa Ha Bompoc: “JlelicTBUTE/IbHO Ji1 OaIaHC CIJI 1
OasTaHC MOMEHTOB ABJISIOTCS HE3aBUCUMBIME yTBep:Kaenusamu?” Ilonadasry sra,
1pobJieMa 1ccie0Baaach ToJbKO B craTuke. Haunnast ¢ konna XVI u BILIOTH
0 kouia XVIII Beka muim HerpepbiBHbIE aTaKyW Ha IPUHIUI pbldara Apxume-
na. beuto naitjeno muoro 6ojiee WM MeHee CTPOrUX JIOKA3aTeIbCTB ITPUHITHIIA
pbrdara ¥ Jiake yTBEep/INJI0Ch MHEHIEe, YTO OaJTaHC MOMEHTOB He ABJISeTCA He3a-
BUCHMBIM YTBEPKICHIEM. DTO MHEHHUE IPEJCTAaBICHO BO MHOI'MX COBPEMEHHBIX
y4ueOHMKaxX 10 MeXaHUuKe. YIUBUTETHHO, HO CAMOIO TJIABHOI'O OOCTOSITETHLCTBA B
IIPUBO/IUMBIX JIOKA3aTeIbCTBAX PUHIIAIIA Phluara ‘He 3aMedaior” JI0 cux mop. A
NMEHHO, BO BCEX ITUX JOKA3ATEIbCTBAX CYIIECTBEHHO UCIOIL3YIOTCA COOOpazKe-
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aust cumMerpun. Ho ¢ nosiiernem paboter D.Herep (1918 1.) yrke BceM HOHSIT-
HO, UTO COOOparKeHuns CUMMETPUN BITOJIHE MOTYT 3aMEeHUThL TpeboBaHus Oajianca
ciJI 1 MOMEHTOB. [TosTOMY NpUHIKIT pblUara ecTh HE3aBUCUMOE OT OaJiaHca CHJI
yTBEpzK/IeHne.

CoBpeMeHnHas palnoHajbHasT MEXaHIKa NMEET, MOXKHO CKa3aTh, TOUHYIO ATy
poxernst (1638 1.), u ee ocHoBaTeseM 10 TpaBy cunraercs lasmiero [asmmeit
(1564 — 1642 rr.). Orkpbitue Fagumreem npunnuna uHeprun (1638 r.) siBiister-
Csl TJIABHBIM COOBITHEM B KJIACCUYECKON (PU3NKe, N3 KOTOPOro YK€ €CTECTBEHHO
BBITEKAET 3aKOH, BIIOCJIEJICTBUM Ha3BaHHBIN BTOpPLIM 3akKoHOM HbioTomna. Yact-
Hasi POPMYJIMPOBKA 9TOTO 3aKOHA TaK»Ke OTKpbITa [ajmieeM, nosromy HbioTon
Ha3bIBaeT ero 3akonoMm [aymyes. B 1687 roxy mnossisiorcesa “MaremaTndeckne
Hadasa HaTypaJsbHoit durocodun” Ncaaka Heorona (1643 — 1727 rr.). Hecmot-
ps Ha TO, YTO B 9TOM TPY/le He ObLIO MPEJICTABIeH0 HOBLIX (PYHIAMEHTAJIHHBIX
IPUHINIIOB, 3a HCKJOUYeHneM 3-ro 3akoHa, ‘Havasia” chirpaJii OrpoMHYIO POJIb
B MCTOPUU MeXaHUKN, 10O 9TO ObLIa MepBas MOMbITKA CHCTEMATHIECKOrO M3J10-
»KeHus mexanuku. Koneuno, ryiaBubiM B “Hadasiax” siBjseTcst 3aKOH BCEMUPHOTO
TATOTeHUA U cyiejicTBUus u3 Hero. C TOYKU 3peHust PpyHIaMEHTAIbHBIX PUHIIN-
OB, IJIaBHOM 3acayroit HbioToHa SBIIeTes MocTaHOBKA 3a/1ad1 O HEOOXOIMMOCTH
IOCTPOEHNS MEXaHUKU Ha OCHOBE SICHO BBIPAYKEHHBIX MCXOJIHBIX IIOCTYJIATOB, HO
caMmX 3TUX noctynaroB Hpioron ne 3ua/1. HbioTony yianoch pa3pemnmTb TOJIbKO
OIPAHMYECHHYIO 3aJlauy: KaK 110 M3BECTHBIM JIBHKEHUSIM HAXOJUTH CUJIbL. MHO-
riue KpymHeiinme ydenble (Hanpumep, P.Kupxrod) maxke uepes jBa croserns
ObLJIM HACTOJILKO 0YapOBaHbl 3TUM ycriexoM HbloToHa, 9To Beepbe3 cuurTain 2-if
3akoH Hblorona onpejnesnennem cubl. HaxomuTh 10 3aaHHBIM CUJIAM JIBUZKE-
e HbloTOH He TOJIBKO He yMeJI, HO JlayKe CUUTaJI, 9TO ¢POPMYINPOBAHHBIX B
“Hauajax” 3aKOHOB JijIsI 9TOTO sIBHO HejocTaTodHo. ITor cBoux Bo33peHmit Ha
MexaHuky cdopmysuposai cam 1. Hetoron B 1717 rosy [5], ¢.301: “Vis inertia
eCTb TACCUBHBIN TTPUHITAI, TOCPEJICTBOM KOTOPOTO TeJjia MPeObIBAIOT B UX JIBU-
YKEHIN WM TI0KOe, TIOJTydaloT JIBUZKeHne!, MponopImonaibHoe MPIIOKEHHON K
HUM CHJIE, U COTPOTUBJIAIOTCS HACTOJIBKO YK€, HACKOJIBKO CAMU BCTPEYAIOT COIIPO-
TuBjieHne (371ech GopMyIpoBKa Beex Tpex 3akonos, 11.2K.). Tlo ogromy sromy
B MUpE ellle He MOIJIO ObI MPOM30MTH JIBM2KeHne. BblT HeoOXo UM WHOW MPUH-
AT, 9TOOBI MPUBECTH TeJla B JIBUKEHNE W pa3 OHW HaXOJATCS B JIBUKEHUN —
TpedyeTcs elle OJINH ITPUHINIT JIJId cOXpaHeHns JBuKeHus. V100 n3 pa3anaHoro
CJIOYKEHUsSI JBYX JIBUZKEHUN BIIOJIHE SCHO, UTO B MUPE He BCErJa MMeeTCs OJIHO
1 TO K€ KOJUIECTBO JBUKeHUs. K aBa mapa, coeJJuHeHHble TOHKUM CTeprK-
HEM, BpaIalOTCs BOKPYT OOIEro IMeHTpa TIXKECTU PABHOMEPHBIM JIBUXKEHUEM, B

1]._.[O,Zl; JABU2KCHHUEM 31€Ch U HUXKE Heioron nonmmaer TO, 9TO ceifyac Ha3bIBAETCI KOJIMYECTBOM JBU2KCHUA.
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TO BpeMsl KaK IIEHTP PaBHOMEPHO JIBUXKETCH I10 MPSIMOIl JIMHUK, ITPOBEJICHHON B
IJIOCKOCTH UX KPYT'OBOI'O JIBMXKEHUs, TO CyMMa JIBPKEHWIl JIBYX IIapOB B TOM
caydae, KOrja Iapbl HAXOJSITCsS Ha IPAMON JIMHUK, OIMCHIBAEMON UX HIEHTPOM
TsizKecTH, OyjieT 0OJIbIIe, YeM CyMMa UX JBUXKEHUIT, KOIJa OHU HaXOJISATCs Ha, JIU-
HUU, TIEPIIEHINKYISIPHO K 9T0i 1psiMoit. VI3 5Toro npumepa sicHo, 9ToO JIBUYKEHUE
MOZKET I0JIy4aTbCsl U TePSAThCst.” DTH cjioBa ObLIN Halncanbl Yepe3 30 jeT mocie
BbIXOJIa “‘MaremaTnieckux Hadaj , 1 OHU JIAIOT sICHOE IIpeJICTaBJIeHHe O COCTO-
SIHUM MeXaHUKN Toro BpeMeHu. CToJIb JIIMHHAA ITUTATa KarXKeTCsd HeoOXOIMMOII,
nb0 MCKayKeHus JAefiCTBUTE/ILHON NCTOPUH MEXaHUKU B JINTEPAType BeChbMa 3Ha-
quTe/bHbI. HbIOTOH JIocTaTOYHO BEJUK 0€3 TOTO, YTOOBI MPUINCHLIBATHL €My TO,
wero oH He Jenast. Kuaura 9. Maxa [6], rie BIepBble MOSBUIOCH YTBEPKICHHE,
HOJIyUMBIINIee 3aTeM OOJIbIIIOE paclpocTpaHeHue, o ToM, 4To ‘mocjie HpioroHna B
MeXaHUKYy He ObLI0O BHECEHO HUYEro NPUHITUINAIBLHO HOBOTO , ABJIAETCA COOPHU-
KoM aHTazuit camoro 3. Maxa.

Bajiava, 1ocrtajieHHass HplooToHOM, Oblla B 3HAYUTEIbHONH Mepe pele-
na JI.9iepom (1707 — 1783 rr.). Ha Diisepa orpomnoe BinsHEe OKa3ajn
B.Jleitonur, f. u W.Bepaymnu, I'.I'oirenc, 2K.danambep. CyinecrBenHast Jie-
TaJgb — coBpeMeHHas ¢opma 3akoHa [aymies — HboToHa — OblLa OTKpBITA
K.Maxkiopenom B 1742 1. Umenno Jleonap, Diijiep BBe MOYTH BCE HMOHATHUSI
, KOTODBIME I0JIb3YeTCsl COBPEMEHHAsI MeXaHUKa (HCKJII0Uuasi, pa3syMeercs, ra-
MUJIBTOHOBY MeXaHuKy). To, 4To cerojiHst Ha3bIBAETCS HBIOTOHOBCKON MeXaHH-
Koii, ObLI0 1ocTpoeno JI.9itaepom B 1735 — 1758 rr. OmnycTtus Bee 1MOJAPOOHOCTH,
OTMETUM TOJIKO (hOPMY/IMPOBKY 1-r0 3akona guHamukn (1756 r.): “CkopocTh 13-
MeHEeHUsT KOJTMIECTBA JIBIKEHHS ITPOU3BOJILHOM CUCTEMBI paBHa IJIABHOMY BEKTO-
Py BHEIIHUX CHJI, JEHCTBYIONIUX Ha 3Ty cucremy’ . DTa (pOPMYJIMPOBKa HeCpaB-
HUMO cmibhee 3akona lammies — Hoiorona. B gacthnoctn, ns nee ciemyer 3-it
3akoH HproTona. OiHako J1e/10 jjazke He B IEPBOM 3aKOHE JIMHAMUKN, 8 HMEHHO B
CTPOTOM BBEJICHUN OCHOBHBIX MOHATHI, BK/IIOYAsT TIOHATHE CUJIbI, YHIYITOYKUBIIIEE
IPOIIACTh MEXK/Y CTaTUKON 1 JUHAMUKOI. Bee mocTpoenust mpoBejieHbl ditjiepom
C TaKoli JIEFKOCTBIO U U3SIIECTBOM, C TaKOil €CTeCTBEHHOCTHIO, YTO MHOTHE CO-
BpPEMEHHUKHU (1 HE TOJHKO COBPEMEHHUKN) JlazkKe He MOHSIH, YTO Ha CAMOM Jlejie
npousonwio. B 1771 roxy JI.9itjiep oKoHYaTEJIBHO YCTAHOBUJI, UTO ypaBHEHUE Oa-
JIAHCA KOJIMYECTBa JIBUXKEHUSA U KMHETHYECKOIO MOMEHTa — CYTh HE3aBUCHUMbIE
3aKOHBI MEXaHUKU. A 9T0 03HAYA/IO PUHIUITHAIBHYIO HEIIOJHOTY HbIOTOHOBCKOI
MexaHUKN. BO3HMKJ/Ia HOBas MeXaHHKa — MeXaHuKa Jiljiepa, B KOTOPOMl MeCTO
MaTepuaJsbHON TOUKN B HbIOTOHOBCKOI MeXaHUKe 3aHAJI0 aDCOJIOTHO TBEPI0e Te-
j10. C 91001 1opbI “ 3j1eMeHTapHas JacTUIA HAJIEISIeTCsT He TOJIHBKO KOJTNIeCTBOM
JIBUZKEHUsI, HO U COOCTBEHHBIM KMHETHYECKUM MOMEHTOM. Jitjiep popMyInpyeT
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BTOPOIT 3aKOH JuHaMuKu. Ero coppemennasi (popma Ttakona: “* CKOpoCcTb U3MeHe-
HUST KUHETHYECKOTI'O MOMEHTa ITPOU3BOJILHON CUCTEMbI PaBHA TJIABHOMY BEKTOPY
BHEIIHUX MOMEHTOB 1 MOMEHTOB BHENIHUX CHUJI, JEHCTBYIOIUX Ha 3Ty CUCTEMY .
B mexanuke Ditjepa BBOIATCA BO3/IEHCTBUA JIBYX TUIIOB. Bo3ieiicTBus, BhIparka-
eMble [TOJIIPHBIMEI BEKTOpaMU, HA3bIBAIOTCS cuiaMu. BosielicTBust, BhIpazkaeMble
AKCUAJIbHBIMI BEKTOPaMHU, HA3bIBAIOTCS MOMEHTAMHU.

MbI yrKe BILIOTHYIO IHOJONILIN K MHTEPECYIoIeil Hac TOYKe pas3phbiBa MEXKIy
MEXaHUKOI 1 3JICKTPOANHAMUKOI, HO HEOOXOIMMO CKa3aTh €Ile HECKOJIBKO CJIOB.
Buinmo, eJMHCTBEHHBIM YeJI0BEKOM, OCO3HABIINM OTKpbITHE Ditaepa, obu1 2Ko-
sedp JIyn Jlarpamxk (1736 — 1813 rr.), HO 110 psi/ly IPUYNH OH HE 3aXOTeJI C HUM
COIJIACUTBHCsI. B IONbITKaX ONPOBEPrHYTh OTKpbITHE Ditjiepa, JlarpaHK BHOBb U
BHOBb 00pAaIaeTcs K JOKA3aTeIbCTBY PUHIINAIIA PblUara 1 JIOBOIUT 9TO JI0Ka3a-
TEJILCTBO JI0 BBICOKOI CTEIIEHN COBEPIIEHCTBA, XOTs N30aBUTHCs OT COOOparKeHni
CIMMEeTPHUHU eMy, pa3yMeeTcsi, He yuaercst. 'eruil Jlarpanzka 1o3BOJIII €My HAChI-
TUTb HbIOTOHOBY MEXaHUKY HOBBIMU MJICAMHU, ILJIOJIOTBOPHOCTH KOTOPBIX HAJI0JITO
OTBJIEKJIA BCEX MEXAHUKOB OT OCHOBHBIX IPHUHIIUIIOB U ODpaTH/Ia MX BHUMAHNE
Ha peIlleHre BayKHEHIIMX KOHKPETHBIX MPO0JIeM, BKJIOUYas MPOOJIeMbl MEXaHUKH
CILJIOIIHBIX cpejl. TaK U MOJIydII0Ch, YTO PEe3KO IIPOJIBUHYB BIIEPE] OJHU aCIIeKThI
MeXaHUKH, JlarpaHzK ModTH Ha CTOJIETHE 3aJIeprKasl IPOTPEeCcC MEXaHUKHU B JIPY-
rux, OoJjiee BayKHBIX acliekTaxX. BoumcTuHy 1paB cKa3aBInii, 9TO TeHUH y4eHOTO
OLIEHMBAETCS TeM, Ha CKOJIbBKO JIeT OH 3ajleprKaJl pa3BuTue HayKu. [Ipasja, 310
BEPHO TOJILKO B OTHOIIIEHNN T'eHueB. KcTh ele cBepXreHnn, ujien KOTOPhIX BXOIAT
B HayKy HaBCeTJla, HO CBepXI'eHUN Kpaiine pejiku. B ucropun dousukn mmu ObLIN:
Apxumen, lammineo Dammneit, Jleonapa Ditnep u Ixeiime Kitepk Makcseiu.

Ob6paTuMest K OIUCAHKIO ITPODJIEMbI, KOTOPYIO CTaBUT IIepej MeXaHUKOI 9J1eK-
TpoguHaMmuka Makcsesa.

B HBIOTOHOBCKOII MeXaHUKE MCXOJIHBIM OOBEKTOM SIBJIETCS MaTepHhasibHast
TOUKa, KOTOPas HaJIeJISeTCs € INHCTBEHHBIM CBOMCTBOM — Maccoii. VIHbIMU cJ10Ba-
MU, B HbIOTOHOBCKO#l MeXaHUKHU 3aJ1efiCTBOBaHbI YaCTUIIBI TOJIHKO OJHOT'O COpTA.
B sj1eKkTponHaMuKe CYIIeCTBEHHYIO POJIb UIPAIOT YacCTUIIBI TPEX COPTOB: Heii-
TpaJibHbIE, MMOJIOKUTE/IbHBIE U OTPUIATEIbHBIE, KOTOPbIE HAJICIAIOTCA HE TOJIb-
KO Maccoii, Ho u 3apsjoM. [Ipupoja 3apsijia 0 CUX [OP TOYHO HE M3BECTHA,
KaK, BIIPOYEM, U IIPUPOJia Macchl. [[09TOMY BasKHBIM 3J1€Ch SIBJISETCA HE TO, Ka-
KIMHI KadecTBaMu 00/1ajaeT JacTHlla, a JUC/I0 HECBOAUMBIX JIPYT K JPYTy Ka-
YecTB, KOTOPBIMEU HaJieJIeHa YacTHIla, T.e. BaKHa ‘pasMepHOCTb  dYacTuibl. B
HBIOTOHOBCKOI MeXaHUKe “‘pasMepHOCTh  3JIeMEHTapHOIl YacTUIlbl PABHA €JINHU-
e, “pasmMepHOCTh’ abCOIOTHO TBEPJIOIO TeJia B MAaKpOMEXaHKe PaBHA YeThIPEM,
a B 9JIEKTPOJAMHAMUKE “PasMEePHOCTL  YACTUIILI JIOJIZKHA OBITH 3aBEIOMO 0O0JIb-
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1€ 9eThbIpex, YTOObI BKJIIOYUTH 3apsijl. Y Ke 10 OJHOI 3TOi MpUYnHE 0YEeBU/IHO,
4TO JIOTUIECKUI PA3PhIB MEXK /Y HbIOTOHOBCKON MEXaHUKO 1 3JIEKTPOIMHAMIKOIT
Hen30exKeH 1 HeycTpaHuM. MaKcBesll siCHO OCO3HABaJI 9TOT Pa3pPbiB U IILITAJICS
ero yCTPaHUTh, U300pes JIEKTPOANHAMUKY ¢ “KoJjiecukamu’ . MorkeT ObITh Ha-
IIPACHO B JIaJIbHENIIIEM 3TU YCUJIUsI HUKEeM He ObLIN 1IPoJoJizKeHbl. Hesb3st 3a0b1-
BaTh, YTO CBEPXI'CHUU 3HAIOT HAMHOI'O OOJIbIIIE TOI'O, YTO OHU B COCTOSIHUN BbIPa-
3UTh B TEPMUHAX pallioHa/bHOI Hayku. Tak win nHade, Ho MakcBesl1 He cyMel
IIPEOJI0JIETh Pa3PbhIB, CYIIECTBYIOMNI MEXK/Ty MEXaHUKOIl 1 3JIeKTPONHAMUKOI.
BwmecTo 3T0oro oH MPOCTO “HepenphirHy/T’ Yepe3 MPoNacTb U HAITUCAJ YPAaBHEHUS
9JICKTPOIMHAMUKI TAKUMU, KAKUMI OHU JIOJI?KHBI OBITH HA OCHOBAHWH U3BECTHBIX
dakToB. ecjin Obl B 3TH YpaBHEHUSI BXOIUIO Obl TOJBKO 3JIEKTPUUIECKOE T10JIe, TO
BCe OBLIO OBbI MPOCTO U HIKAKOI'O Pa3phbiBa ¢ HHIOTOHOBCKO# MEXaHUKON He ObLIO
ob1. OiHako B ypaBHeHmns MakcBesiia BXOJUT BEKTOP MarHuTHOTrO 11oJist. Cyjis 1o
MHOI'MM IIpu3HakaM, MaKcBeJlJI BOCIPUHIMAJ ero Kak MOMEHTHOe BO3JIeiicTBue.
B HBIOTOHOBCKOII MeXaHHMKE MOMEHTBI ITOPOXKJIAIOTCS CUJIAMU: €CJIM HET CUJI, TO
1 HET MOMEHTOB. B 3jieKTpojiuHaMuKe JIeJI0 OOCTOUT WHAYE: 3JIEKTPUIECKOe U
MArHUTHOE T0JIs B OOIIEM CJIydae He CBOAUMBI OJIHO K JIPYTOMY, MarHUTHOE T10J1e
MOXKeT CYIIECTBOBATH IIPU OTCYTCTBUU SJIEKTPUIECKOIO I0JsI U HaobopoT. Bor
NMEHHO B 9TOM ITIyHKTe MaKcBe 1 1 BCTYIN/I B BOIHUIOIIEE IIPOTHBOPEYNe C HbIO-
TOHOBCKO#I MexaHuKOil. BujiuMo, 910 ObLI 1epBbIii TPEBOXKHBINH CHUTHAJ, KOIJA
peaJibHble (aKThl YKa3bIBAJIU Ha IPUHIUINAIBHYIO HEIOJHOTY HbIOTOHOBCKOIL
MexaHukn. OHaKO HUKTO, KpoMe MakcBeslia, He yCblIiaJ 3TOro curnaJa. Bro-
pudHO OH 1po3Bydas B 1918 roay, korja O.Herep mokaszaga, uro OajaHC CHI
BBITEKAET U3 OJHOPOJIHOCTHU IIPOCTPAHCTBA, a DajlaHC MOMEHTOB CJIEJlyeT U3 U30-
TpornHocTu npocrpancrBa. Teopema .Herep obparuma. Ilosromy, ecim jorry-
CTUTh, YTO DaJlaHC MOMEHTOB €CTh CJIeJICTBUE DaslaHca CUJI, TO CPa3y MPUXOINM
K a0Cyp/IHOMY BBIBOJLY, UTO M30TPOIUsSI IIPOCTPAHCTBA (CHCTEMbI OTCUETA) €CTh
CJIEJICTBUE €r0 OJIHOPOJTHOCTH.

Mexanuka Ditjepa I0Jy4dnjia CBOE pa3BUTUE TOJBKO B XX BeKe, I'VIAaBHBIM
obpazom, B nocieanne 40 jier. B Hacrosiniee Bpemsi oHa obpesia BIOJIHE 0dOp-
MUBIIYIOCSA CTPYKTYPY B MEXaHHUKE CILIOMHBIX cpeji. OJIHAKO TOIBITOK 00be -
HEHUsI MEXaHUKHU U 9JIEKTPOJNHAMUKN B paMKaxX MeXaHHKH Jiljepa 10 CUX 0P
HE TIPEITPUHSITO.

Kaxme ke 9epThbl MeXaHUKN Diljepa MO3BOJISIIOT HAJIEATHCA, UTO PAa3PbIB MEK-
JIy MEXaHUKON 1 3JIEKTPOIMHAMUKON MOKeT OBITh yeTpanen? IIpex e Bcero, 3To
MOJIEJIb “9JIeMeHTapHO’ YacTUIlbl, KOTOPasl B MeXaHUKe JDiljiepa aHaJorndaHa ab-
COJIIOTHO TBEPJIOMY TEJIy B TOM CMBIC/IE, 9TO €€ KHHETHIeCKasl SHEPIusl SBJIsIeT-
cd KBaJIpaTuIHoi popMoil uHeiinoit m yriioBoit ckopocteit yactunnsl. Kosdpdu-
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IIUEHTHI 3TOI KBaJAPATUIHON (POPMbI HA3bIBAIOTCS TEH30PAMU HMHEPINH, a ‘‘pas3-
MepHOCThL  dacTuiibl paBHa 10. B 3aBucumocTi oT cTpoeHUsi SHEPIUU JacCTHUILbI
pas/IMJaloTcsd 10 copraM. ¥ HefTpaJibHbIX YacTUIl OTCYTCTBYET IHEePEeKpPeCTHBI
YJIeH B SHEPIUU: 3TU YaCTUIILI BIIOJIHE aHAJOIMYHBI aOCOJIOTHO TBEPIAOMY TEJIy
B MaKpOMEXaHHUKe, a TPAHCJSINOHHBIE U BpalllaTe/IbHbIe JBUKEHUsT Y HUX Kak
Obl He B3aMMOJIEHCTBYIOT MEXKJy cO0Oit. ¥ “MOJOKUTETbHBIX U ‘OTpHUIATE b
HbIX YaCTHUIl IPUCYTCTBYET II€PEKPECTHBIN YIeH B SHEPIUU, IPUIEM OJUH COPT
YaCTUIL OTJIMYAETCA OT JIPYIoro CTPOCHUEM IIEPEKPECTHOI'O WJeHa, T.e. Yy 00CYyK-
JIAEMbBIX YaCTHUIl B3AUMOJICHCTBIE TPAHC/ISIITUOHHBIX U BPAIATeIbHBIX JIBUZKEHUI
HeycTpaHuMo. [IpsgMoil aHaJIorum 9TUX JacTUIl ¢ aDCOJIOTHO TBEPIBIM TEJIOM B
MaKpOMeXaHUKe He CYIIECTBYET, a KOMIIO3UIUS “TIOJIOKUTEIbHBIX U ‘OTpHIla-
TeJIbHBIX  YaCTHIl MPUBOJNT K HelTpasbHoil dactuie. JI100omnbITHO, YTO ecin
9T YaCTUIIB! JEHCTBUTEIHLHO MOYKHO OTOYKJIECTBUTD C 3apPsizKEHHBIMU YaCTUIA-
MU, TO HHU 3JIEKTPOH, HU IIPOTOH HeJIb3sl IIPeJCTaBUThL cebe B BHJE MaJIeHbKUX
mapukoB. BoJjiee Toro, nx BoobIIIe HEb3sT BOOOPA3UTH B BUJE OOBITHOT'O MAJIEHb-
KOI'O TBEpJIoro Tesa. MMeercs ere ojiHa 0COOEHHOCTD, OT/IMYAIONIAS DJIEKTPOH
OT MaJICHHLKOI'0 abCOJTIOTHO TBEPJIOTO Tejla: OYeHb [TOXOXKe Ha TO, YTO He CYIIle-
CTBYeT MHEPIUAJILHOI CHCTEeMbI OTCUYEeTa, B KOTOPOil TpaeKTopus ‘‘IeHTpa Macc’
JIBUZKYIIETOCS 110 MHEPIUH “3JIeKTpoHa’ Oblia Obl psiMostnHeiiHoi. Bripouem, 6e3
dopmys1 Bece 310 00bACHUTE JI0BOJIbLHO TPy iHO. Crienndudna B MexaHuke Jiijie-
pa aKCHOMAaTHKA /I BO3/IeCTBII, HO BO MHOIMX OTHOIIEHUSIX OHa, JIazKe IIPOIIIE,
YeM B HbIOTOHOBCKOI MexaHuke. Ecjm /s ciJIoBbIX 1 MOMEHTHBIX BO3JeiCTBHIl
BBECTH IIOTEHIIMAJIbI, TO OHU OYeHb IOXOXKHU Ha ITOTEHIINAJBI B 9JIEKTPOINHAMU-
Ke, 1 HaJIM4Ine ITPON3BOJIHBIX 110 BpEMEHU B ypaBHeHusix MakcBeJiia cynecTBeHHO
CBsI3aHO C HAJMYMEM IIePEKPECTHOI'O 4jieHa B KMHeTHUecKoil sHeprun dactuil. K
COYKAJICHWUIO, B JIAHHBIII MOMEHT aBTOpP HE MOXKET YTBepXKJaTh, YTO B PaMKax
MeXaHUKHN Diljepa pa3pblB MeXK/ly MEXaHUKOH U 3JIEKTPOIMHAMUKON J1eiicTBI-
TeJIbHO MOYKeT OBITh ycTpaHeH. BolpocoB moka 0oJibllie, YeM OTBETOB Ha HUX.
3aT0 COBEPIIEHHO SICHA HEOOXOIMMOCTh PEIeHUsI CJIeIYIOIIe JIMJIeMMBbI.

JInbo mexaHUKa cymMeeT BKJIIOUUTb B CBOM CTPYKTYPbI 3JIEKTPOJIUHAMUKY, U
TOI'JIa OHA ITOJITBEP/IUT CBOE IPABO CUUTATHCA (DYHIAMEHTAJILHON HAayKOii, JIin-
00 MexaHMKa JOJIXKHA [PU3HATH CBOIO IIPUHIUIINAIBHYIO OIPAaHUYEHHOCTb U CO-
IJIACUTBCS C POJIBIO BayKHOW IPUKJIaHON Hayku. [IpaBja, B 1mocjejiHeM ciydae
JIOJIZKHA, OBITH ITOCTPOEHA KaKasl-TO Jpyras HayKa, KOTopasi MOrjia Obl 3aMEHUTH
MEXaHUKY U KaKOBOIl ITOKa YTO HE ITPOCMATPUBACTCS.
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2. OcHOBHbIE TI0JI0KE€HHUS 9UJIEPOBOM MEXaHUKHU

2.1 Bsenenue

OCHOBOH KJ1acCHYECKOW MEXaHUKH, JiexKalleld BHe JJOTUUeCKUX CTPYKTYP, SABJS-
eTcs ybexXneHre B BO3MOXKHOCTH OOBbEKTHBHOIO OMUCAHUS OKPYZKAIOLIEro Hac
mupa. [1aBHOW 0COOEHHOCTBIO TPEXThICSYEJIETHETO Pa3BUTHUS MEXaHUKHU $IB-
JISETCS ee 3BOJIIOIMOHHBIM XapakTep, MPU KOTOPOM BCE OCHOBHBbIE CTPYKTYpHI
MEeXaHUKH (DOPMHUPOBANUCH U YIJyOJAJUCh MHOTMMH IOKOJEHUSIMU YUYEHbIX.
Korzpa Tomy U/ UHOMY YTBepPKAEHUIO MeXaHUKH MPUMUCBIBAIOTCS UMEHA yue-
HBbIX, TO 3TO, KaK MPaBUJO, He UMeHa €UHOJUYHbIX aBTOPOB, a NaHb BEJUKHM
3acJiyraM 3THUX yueHbiX. [loaToMy coBpeMeHHble (DOPMYJIHUPOBKU MHOTUX MPUH-
LMIIOB 3HAYUTEJbHO OTJIHYAIOTCS OT MEePBOHAYaJbHBIX, HO ellle 3HAUUTeJbHee
OTJIMYAIOTCS COBPEMEHHble (POPMBI UX MPUMEHEHHUS. 3aMEeTUTb 3TH U3MeHEeHHUS
ylnaeTcsl TOJbKO Ha 60JIbLIKMX HHTepBanax BpeMeHu. PeBostouns B pu3uKe, npo-
u3olealias B Hadyase XX Beka, He U3MEHHUJa IBOJIOLIMOHHOTO XapakTepa pas-
BUTHUS MeXaHHUKH, HO pPe3KOo 000CTpHU/a BHUMAHHE K ee JIOTUYECKHUM OCHOBAM.
BmecTe ¢ TeM Haua/J CTpeMHUTeJNbHO PacTH pa3pblB MexXAy HOBeHlled (hH3u-
KOH M KJlacCuuecKol MexaHUKOU. [loc/ienHsis He MpUHS/Aa MHOTMX KOHUEMUUH
HOBeHIleH (PU3UKK HM3-3a UX JIOTMUEeCKOH HemocJenoBaTesbHOCTH. C Opyroi
CcTOpOHBI, K KOHLY XIX Beka yxe OTYETJIMBO MPOSIBUJIOCH, UTO KJACCUUECKOH
MeXaHHKe 4ero-to HepocTtaeT. Hukakoe joruyeckoe coBeplleHCTBO, KOTOPOE K
TOMY 2Ke HeIOCTHUKMMO, He MOIJIO 3aTyllieBaTb TOTO, UTO CYLIECTBOBAJ LieJbli
psin (hakTOB, KOTOpbIE KJacCUUecKasi MeXaHHWKa He MOTIJIa He TOJIbKO OOBSCHUTD,
HO JlaXKe U MOJIHOLUEHHO ONUcaTh. [JIaBHBIMHU 31eChb ObLIU SIBJEHUS 3JeKTPO-
MarHeTu3ma, KOTOpble He BIIUCBIBAJUCh 0€3 OUeBHUHBIX HATSXKEK B CTPYKTYPHI
MexaHUKH. Jlpyrum ¢akToM sIBJASJIOCH “TledasbHOe MOBelneHHe” (BbIpaKeHHe
A 1O Nmnunckoro) Mepkypus. beinu, pasymeercs, u apyrue ¢gaktel. CkazaH-
HOe, OJIHAKO, He MPHUBEJO HU K KPU3UCY MeXaHWKH, HU K ee 3acTow. Hamnpo-
TUB, ¢ KoHIa XIX Beka Haua/i0 pa3BUBATbCSl HEKOE pacClIMpeHHe KIacCHYeCKOH
MeXaHUKH, CBSI3aHHOE C BKJIOUeHHeM B cdepy AeWCTBHUS MeXaHHUKU He TOJb-
KO TPAHCJSILUOHHBIX (OObIUHBIX) NBHXKEHHWH, HO U TaK Ha3blBaeMbIX CIHHOP-
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HbIX NBUXKeHUH. Des mocnenHux, mo Bo33penusiMm Jlxx.MakcBeJJa, onucaHue
3JIEKTPOMAaTHUTHOT'O MoJisi HeBO3MOXKHO. HoBelas ¢gusuka noiusa no gpyro-
My MNyTH U TPaKTyeT MarHUTHOe MoJie KaK UYHUCTO PEJATUBUCTCKUH 3P ]eKT,
4YTO HeyIHWBUTEJbHO, UOO B HOBeHlleld (PU3NKe WU 3JEeKTPUUeCKOe U MarHUT-
HOe TI0JIS1 BBOASATCS Uepe3 MOHsATHE CUJbL. JIpyrodl BaxKHOW 0COOEHHOCTBIO, He
YUYHUTBIBAEMOU KJIaCCUYECKOU MEXaHUKOH, SIBJSAETCH OTCYTCTBHE B HEU IMOHATHS
U3JyUeHHUS, C MTOMOLIbI0 KOTOPOTO OMHUCHIBAETCS B3aUMOAEUCTBUE 3JeKTpoMar-
HUTHOTO MoJisi ¢ BellecTBOM. OmnHcaHHble U HEKOTOPble APyrue OCOOEHHOCTU
KJAaCCUYECKOW MeXaHUKU OBl MOUeMY-TO OOBbSIBJEHbl OPraHWYeCKHMHU IOPO-
KaMH KJIAaCCHUYECKOH MeXaHWKU U HOBeHllas (hU3uKa 3asiBUJA O “PellnTebHOM
OTKa3e OT BO33PEHHUU KJACCHYECKOW MeXaHUKU NPU ONHUCAHWUU SIBJEHUH MHU-
Kpomupa’. 3leCb He MeCTO BAaBaTbCsl B AUCKYccUU. OTMETUM TOJbKO, YTO
UCTHHHbIE BO3MOXKHOCTH MeXaHUKH HAMHOro 00Jibllle TeX, 0 KOTOPbIX FOBOPSIT
¢usuku. Llenb naHHOro KpaTKoOro cooOLIeHHUs KaK pa3 U COCTOUT B TOM, YTO-
Obl 1aTh HAOPOCOK B3TJ/ISIIOB COBPEMEHHOH palHOHaJbHOU MeXaHUKU. Orpom-
HBIA BKJaJ B (DOPMHpOBaHHE 3TUX B3IsAA0B BHec JleoHapn Diisnep, KOTOpHIH
BIIepBble yKa3aJ HAa NPUHLMUIIHAJBHYIO HENOJHOTY HbIOTOHOBCKOH MeXaHUKH.
[TokasatesnbHO, 4yTO posb JI. Dilsepa nosnroe BpeMsi ocTaBaacb HEOCO3HAHHOM.
Hanpuwmep, I'. Tepu [8] numer: “...rsaBHBIEe BexH (pa3BUTHS MeXaHHKH) 000-
3HayeHbl WMeHaMu Apxumena, [anunes, Heiotona, Jlarpanxka.” Kak Bumum,
umsi DiJepa B 3TOM mepeuHe naxke He (urypupyet. [logobuas nosuuusi npu-
Cyllla ¥ MOAABJSALIEMY OOJBIINHCTBY COBPEMEHHBIX PaboT M0 TEOPeTUUeCKOH
¢usuke. ABTop nosaraer, uto ecau 6ul Jxkx. Maxcses, I'. JlopeHu u npyrue
KpynHedmre ¢pusnku XIX-ro Beka OblJIM OCBEIOMJIEHBI O pe3yJbTaTax MO37-
Hero JI. Diinepa, To 06/MUK COBpeMeHHOH (PU3UKKU MOT Obl ObITb COBEPILIEHHO
npyruM. K coxasneHuio, pe3Ko HeraTHUBHYIO pPOJib ChirpaJja 3[ech TaJaHT/A1Bas,
HO KpalHe JlerkoBecHasi, KHUra 3. Maxa [9].

B 3akJ/toyeHue 3TOro myHKTa Mog4YepKHEM, UTO, HECMOTPS Ha 00UJIHe aKCH-
OM, U3JI02KEHHOE HHUKe HU B KOEM CJly4yae HeJib3sl pACCMATPUBATh KaK MOMBITKY
AKCMOMaTHYECKOro MOCTPOEHUS] MeXaHWKU. BroJsiHe 04eBUAHO, UTO TakK Ha3bl-
BaeMas wwecTas npodaema [MabbepTa NpUHLUUNIHUAIBHO He NOMYyCKaeT pelleHHus .

2.2 IIpocTpaHCTBO, BpeMs, IBUIKEHUS

2.2.1 Tena orcuera. Bpemsa. Cucremsbl orcuera

Haub6osee FJIy6I/IHHbIMI/I NpeacTaB/JeHUSIMHU B MEXaHHKe ABJAITCA IIpeacTaB-
JIEHHA O MPOCTPAHCTBE U BPEMEHH. ,[[OJII‘OG BpeMd 3TH NpPeACTaBJIEHHA OIIU-
pPaJ/suCb Ha YUCTO MHTYHUTHBHOE BOCIIPHUATHE 3THUX NMOHATHUH. B HYACTHOCTH, 006-
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111eU3BECTHbl HbIOTOHOBCKHE OMpeleseHnsi abCOMIOTHOTO NMPOCTPAHCTBA U Bpe-
MeHH [1]. OCHOBHBIM B HHX SIBJISIeTCSl MOCTYJaT 00 0OBEKTHUBHOM XapakTepe
npocTpaHcTBa U BpeMeHH. OQHAKO HCIMOJAb30BaTh HbIOTOHOBCKHE OTpefeseHHs
B pallMOHAJbHBIX MOCTPOEHHUSIX HEBO3MOXKHO, UOO B OJHOPOAHOM, JIMILIEHHOM
BCSIKUX METOK, MPOCTPAHCTBE HEBO3MOXKHO O0OHAPYKHUTb IBUXKEHHE, PAaBHO KakK
HEBO3MOXKHO JaTh pallMOHAJbHOE UCTOJKOBAHME DPAaBHOMEPHOMY XOIy BpeMe-
HU. Bce 310 moapo6Ho oObsicHsercss camuM HpioToHoMm. [lo 3Tol mpuuunHe
B pallMOHA/JbHOM MeXaHUKe BBOASITCS HEeKHe PYKOTBOPHblE KOHCTPYKIHH, Ha-
3biBaeMble TesaMu oTcuyeTa. [l 3TOro B pacCMOTpeHHe BBOAUTCS pernep C
BepIIMHON, 0003HayaeMod MeTkod O, W TpeMs HEKOMIlJIaHAPHBIMU “BeKTOpa-
MU~ €y, TO eCTb TPeMs CTpeJKaMH, CleJlaHHbIMH, HallpuMep, U3 JepeBa. DTOT
periep HUKAaK He MPHUBSI3aH K HEMOABHUXKHOMY a0COJIOTHOMY MPOCTPAHCTBY, HOO
y Hac HeT BO3MOXHOCTH CHesJaTb 3TO. ‘BekTopel” €y HeJsb3s Ha3BaTb HACTO-
SIIMMHA BeKTOpaMH, HOO HEBO3MOXHO OMNpeNeNUTb WX HampaBJeHHs B abco-
JIOTHOM (HEMOJABMXKHOM) TPOCTpaHCTBe. DBojiee TOro, HEBO3MOXKHO CKasaTh,
OCTaIOTCS JIU 3TU HampaBJieHUs] (PUKCUPOBAHHBIMU OTHOCUTEJNbHO abCOJIIOTHO-
TO MPOCTPAHCTBA UJIH OHH KaK-TO MeHSII0TCsl. 3aTO CYyIleCTBOBaHUE “BEKTOPOB”
ey T03BOJISIET BBECTU B PACCMOTPEHHE UCTHHHBbIE BEKTOpPBI, HallpaBJieHUE KO-
TOPBIX OTHOCHUTEJIbHO “BEKTOPOB” €y ompefeJsiseTcsl ofHO3Ha4HO. MTak, BBeJu
perep {O, e, e, e3}. BozbMeM DOMOJHUTENBHO TPH ONHOMEPHBIX MHOXKECTBa
—00 < x* < 00, (k =1,2,3), rae uncaa x* GespasmepHbl, ¥ BBeleM BEKTOP
TIOJIOXKEHHU S

1

r=xe,=x'e; +x’e;+x’e;3, —00 <X < 00, (2.1)

ByneMm cuuTaTh, 4TO BEKTOp r, OTBEUAIOUIMN HEKUM (DUKCHPOBAHHBIM 3HAUEHU-
IM umces XX, onpenessieT TOUYKy, (GUKCUPOBAHHYIO OTHOCHTE/LHO perepa pernep
{O, ex}. Onpenenum ckaJisipHOe IPOU3BeNeHHE “BEKTOPOB” €y

Omn = €m * € = lem||en| cos (em> en)> (22)

TIe YUCJIA mp ONPENEeJIeHbl, €CJU Mbl yMeeM U3MepSATh AJUHBL U YIJIBl, TO €CTh
UMeeM COOTBETCTBYIOIIMe UHCTPYMEHTHI, U 00pa3yloT CUMMETPUUYHYIO MTOJIOXKH-
TeJbHO OINpelleJIeHHYI0 MaTpuly. B ofimeM ciaydae, 4UClad Qmn ONPEAENSIOT
MaciiTabbl JJUH W yIJbl B TeJe oTcyeTa. Ecau yucaa gmy 3afaHbl, TO MOXHO
ONpele/IUTh PACCTOSIHHE MexXAy To4ykKaMu A U B mo dopmyJe

A — 5% = g (X — X5) (X3 —x3) . (2.3)

Uncna x% HasblBalOTCsS KOOpAMHATAMH Toukd A. BepiuuHe pemepa oTedarot
KoopauHathl x§ = 0.
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Onpenenenne 2.1: penep {O, ey} ¢ npucoedurerrnovim K Hemy MHOMECMBOM
mouex (2.1) nasviBaemcs meiom omcuema.

Cam penep {O, ey} HasbiBaeTCsi OTCUETHBIM, a YHC/IA X% HA3BIBAKOTCS OT-
CUETHBIMU KOOpAMHaTaMHu. Hu oTcueTHbIH pernep, HU OTCUETHbIE KOOPAHWHATHI
HUKOTIA He MeHSI0TCSl, 160 HMEHHO OHH W MOPOXKAAIT TeJio oTcyeTa. KoHeuHo,
B TeJjle OTCYeTa MOXKHO BBOJIUTb CKOJIBKO YTOMHO APYTUX CUCTEM KOOPAMHAT, HO
00 3ToM OyzeT cKa3aHo rnosjaHee. 31eCh BaXKHO MOJYEPKHYTh, UTO TEH30PHI JII0-
60ro paHra JMilIeHbl BCSIKOI0 CMbIC/Ia BHE TeJja OTCYeTa, U HUKAKHe Oornepaiuu
MeXIy TeH30paMH, 3aJlaHHbIMHU B Pa3HBIX TeJaX OTCUeTa, HEBO3MOXKHBI. JIerko
MOHSITh, UTO TEJIO OTCYeTa eCThb TPeXMepHOe eBKJHUA0BO NMpocTpaHcTBO. HeBos-
MOXHO OOHApyKUThb NBHUXKEHHe TeJjia 0TCUeTa OTHOCUTEJbHO BOOODPaXKaeMOTro
(MM MCTMHHO CYIIECTBYIOIIEro) abCOJNIIOTHOrO MPOCTPAHCTBA, HO ABHKEHHE
Pa3HBIX TeJ OTCcueTa APYT OTHOCHTEJbHO Apyra OOHapYy»KHTb MOXHO. JIerko
0OHApYKUThb U JBHUKEHHE KAKOro-aubo Tesaa OTHOCHUTEJbHO Tesa oTcyeta. [o-
BOpS1 O IBUXKEHUH, Mbl M0J]pa3yMeBaeM, UTO BEKTOP IMOJ0KEHUS] MaTepUaabHOH
TOYKH B JAHHOM TeJie OTCUeTa ornpefessieTcss Kak (PyHKUHS He3aBUCHUMOU Tie-
peMeHHOH t, HasbiBaeMoil BpemeHeM. [l/isi U3MepeHUsI BPEMEHH UCIMOJb3yeTcs
npubop, HasbiBaeMblil yacamu. [loHsiTMe BpeMeHH — OQHO U3 HauboJiee TPY.-
HBIX B Haykax o [lpupome. M.Hetoton nucan [2] (c. 45): “Takum oGpasom,
MOBCIOAY, IJie B JaJibHellleM BCTPeYaeTcs CJI0BO “BpeMs” ... TOA HUM HYXKHO
MOHUMAaTb He BpeMsi B ero (opMajbHOM 3HAU€HWUM, A TOJbKO Ty OMAUUHYHO
om 8pemery BeJIMUUHY, MOCPEACTBOM PAaBHOMEPHOTO POCTA UK Te€UeHUs] KOTO-
poll BblpaxKkaeTcss U u3MepsieTcss BpeMs’ . [IpUHATH 3TO BbICKa3biBaHUE MOXKHO
TOJIBKO Ha TJy6OKO UHTYUTUBHOM yYPOBHE, HO HUKAK He Ha yPOBHE JIOTMUeCKO-
ro mbiisieHus. [Tostomy kK koHuny XIX Beka B MexaHWKe yTBepAuJach TOUKa
3penus, 3acdukcupoBaHHas JI.boabimaHoM: “Barsisg Ha XpoHOMETp naeT HaM
3HayeHUe TOW HEe3aBUCUMOH I[epeMeHHOW, KOTOpyK Mbl Ha3Ba/Ju BpeMeHeM~
[3] (c. 8). KoHeuHo, HeynoB/ieTBOPEHHOCTh MONOOHBIM OTpefieleHHEM BpeMe-
HU ocTaBajachb. Hanpumep, B mpouwioM cyllecTBOBasa TPaguLMs 3aBeplliaThb
aucceprauuu cnuckoM HepeleHHbIX npobsaem. B 1900 r. I[1.boab cpenu Tako-
BbIX MpobseM yKazan cjenyroulyto: “2KesmateqpHo Obljio Obl BBECTH BpeMs B
MeXaHUKYy 6oJjiee yIOBJETBOPUTEJNbHBIM 00pa3oM, 4eM 3TO JesaeTcsl Ternepb’
[4] (c. 198). AnanornuHoe TpeGoBaHHe TPO3BYYasJO U B 3HAMEHHTOM JOKJa-
ne I.I'nnp6epta Ha II MexnyHaponHoMm KoHrpecce no mateMmatuke B [lapuxe
npu GopMyJaUpOBKe UM 6-# mpobJembl. TpynHOCTH, BO3HUKAIOIIME MPU OIpe-
NieJIeHUU BPEMEHHU, 1a U MHOTUX APYTUX MOHSATUH MeXaHWKH, HauboJjiee MoJHO
OblIM TpOaHaJU3UPOBaHbl BO MHOrHX pab6oTtax A.Ilyankape (cm., Hampumep,
[5]). ¥YnuBUTesbHO, YTO 3TH HCCJENOBAHHUSI IO CHUX MOp JubGO BOOOILIE HIHO-
pupytoTesi, JuOO CyLIeCTBEHHO HCKa)KaroTcsi. Ecau roBopuTh 0 BpeMeHH, TO,
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cornacHo A.IlyaHkape, riaBHasi mpo6jiemMa B TOM, UYTO OTCYTCTBYeT TapaHTHS
NeUCTBUTENbHOTO PAaBEHCTBA IBYX PaBHBIX MO BbHIOPAHHBIM UacaM HHTEPBAJIOB
BpeMeHH, T.e. 3TO NpobJjeMa HbIOTOHOBCKOIO PAaBHOMEPHOTO TeUYeHUs] BPEMEHH.
OnHO U3 ryIaBHBIX HHTYUTUBHBIX MPEACTABJAEHHUN O CBOUCTBAX BPEMEHH 3aKJIIO-
yaeTcs B MPUHATHH 00BbEKTUBHOIO XapakTepa MOHSITHH MPOLIJIOro U GynyIlero.
MHorue y6exneHbl B HEOOPaTUMOCTH TeUeHHs BpeMeHH, T.e. B TOM, 4TO IpO-
uoe U ynyuiee HUKOTIA He MEHSIIOTCS MecTaMu. B 3TOM M COCTOUT MpUHIMIM
MPUYUHHOCTH, MPUHUMAaeMbIH SIBHO HJIM HeSIBHO B MexaHuKe. [IpaBna, B HOBel-
meld (H3UKe MOHATHS TPOILJIOT0 U OYAYIIEro y»Ke OTHOCHUTEJbHBl U 3aBUCST
OT BbIOOpa cHUcTeMbl oTcueTa. [Io3TOMy NpUHUUN NPUUYHMHHOCTH B HOBeMlleH
¢usuke He paboraer. He BraBasicb B AUCKYCCHH 10 3TOMY BOMPOCY, OTMeYaeM,
4yTO NaHHas paboTa cjenyeT KJaCCUUeCKUM TPAAULHSM.

Onpenenenue 2.2: meso omcuema, cHabiyceHHnoe yacamu, HA3bl8aemcs
cucmemou omcuema.

Mo2KHO BBECTH CKOJIBKO YT'OJHO CUCTEM OTCUeTa U MOKa YTO BCe OHU PABHO-
npaBHbl. [lycTh Hekasi MaTepuasbHasi TOYKA NBUXKETCS B BHIOPAHHOU CHCTEME
OTCYeTa, T.e. €e BEKTOp TOJIOXKEHUS ra 3alaH KaK (PyHKIHUS BpeMeHH ra(t).
[TocsienHsis mMoMHOCTBIO OmMpenessieT NBHUXKEHHe YacTHULbl OTHOCHUTEJbHO TeJa
orcueta. OnHAKO Takoe OMHCaHUE He HOCUT OOBEKTUBHOTO XapakTepa, HOO
MBbl HE B COCTOSIHHUH TMOHSITh, UTO UMEHHO JIBHKETCS: YACTUIlA, TeJO HWJH U TO
u apyroe Bmecte. [IpuueM cTeneHb Hallero He3HaHHUs MMPOU3BOJBHO BeJHKA:
Jqr0b6asi PyHKUHUSA ra(t) MOXET TPaKTOBAaTbCS Kak JBHKEHHe JII0OOH UaCTHIII
OTHOCHUTEJIbHO Kakoro-aub6o tejna orcuera. [loHATHO, 4TO mogo6HOe omUcaHUe
IBUXKEHUS] HUKOro He uHTepecyeT. He MMel0T 00beKTHBHOrO xapakTepa CKO-
poCThb Ta(t) ycKopeHHe fa(t) JacTHIIBI, TTOCKOJbKY, TOMHMO HeOIpene/eHHO-
CTH B HCTOJIKOBAHUM BeKTOpa ra(t), 3mech nobGaB/sieTcss HEONpenesIeHHOCTh
B BbIOOpe BpeMeHH, UOO BpeMs, BBEJEHHOE BbILIE, ONPEeEeJEHO C TOYHOCTbHIO
no npeo6paszoBanus t — @(t), rue @(t) — n060e MOHOTOHHO BO3pacTarllee
otobpaxxenue. M3 ckazaHHOro cjenyer, 4TO BBeIEeHHble BbILIE CUCTEMbI OT-
cyeTa — 3TO COBCEM He Te MOHSITHS, Ha KOTOPBIX GasupyeTcs (IO CYIIECTBY)
KJjaccuueckasi MexaHuka. Hy»XHbl Kakue-TO HOMOJNHUTENbHBIE MOCTYJIAThI, HO-
csll[Me He JIOTUUeCKHH, a (pr3uuecKHidl (MHTYUTHBHBIN) XapakTep. B kaudecTBe
TAKOr0 MOCTYJaTa B KJACCHUYECKOH (PU3UKe HCIIOJNb3YyeTCs TMPUHIMIT WHEPIUH
[anunes.

2.2.2 HHepuuajbHbIE CUCTEMBI OTCUETA

dyHaaMeHTaNbHbBIM MPUHLUIIOM KJIACCHYECKOH (DHU3UKH, JieXKAlIUM B OCHOBE
OyKBaJIbHO BCeX ee TOHSTHH, siBaseTcs npuHuun uHepunu [amunes (GPI).
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OTKa3 OT 3TOro NpUHLMNA pa3pyllaeT BCe 3[JaHUe KIaCCHYECKOH (DU3HKH.

IMpuaunn wuHepumu lanunes: scsakas usosuposawwas (odunoxkas 80
8Cem mupe) mamepuasbHas mouka 08uxcemcs 8 abCONOMHOM NPOCMPAH-
cmee NPAMONUHEUHO U PABHOMEPHO.

Canenyet sicHo nmoHumatbh, yto GPI He fBjseTcs HU NPUHUMUIOM, HH aK-
CUOMOH, HU TOCTYJAaTOM B CTPOTOM CMBIC/IE€ 3THUX MOHATHH, UOO HCIOJb3yeT
He omnpeliesieHHble 3apaHee MOHATHSA: a0COMIOTHOE MPOCTPAHCTBO, MPSMOJUHEH-
Hoe W paBHOMepHoe nBHxeHHe. PakTuuecku GPI naer onpeneneHue mnoHs-
THS1 IPSIMOJINHEHHOTO U PAaBHOMEPHOTO [BUXKEHUS: 08UNEHUE U30AUPOBAHHOU
yacmuyvl 8 abCONOMHOM NPOCMPAHCMEE HA3bIBAEMCA NPAMOAUHEUHbIM U
pasromeproim. IIprn 3TOM He HMMeeT 3HAUeHHUs KAaK Ha CAMOM [eJie IBUXKEeT-
Cs1 U30JIMPOBAHHAsA YacTHIla B aOCOJIOTHOM MPOCTpaHCTBe. BaxkHO ToJBKO TO,
4YTO 3TO NBHUKEHUE SIBJSIETCS MJsl HAc 3TaJOHOM, MOCPENCTBOM KOTOPOro Oy-
IYT OLIEHUBATbCSl BCe OCTaJibHble NBHKeHUsi. OOpaTUM BHUMaHHE Ha TO, UTO B
abCOJIIOTHOM MPOCTPAHCTBE HeJb351 BBECTHU MOHATHE NMPSIMOH JUHUU. B Tese oT-
cyeTa MOHSATHE MPSIMOH JIMHUHU yKe onpeneseHo. [loaToMy U3 Bcex MbICIUMBIX
TeJ OTCYeTa MOXKHO OTOOpaTh KAaHAMOATOB Ha POJib aOCOJIIOTHOTO MPOCTPaH-
CTBA.

Onpenenenne 2.3: meso omcuema Ha36.8aemMcCs UHEPUUALLHLIM, €CAU
mpaekmopus 40060 UB0AUPOBAHHOL YACMULbL eCMb NPAMASL AUHUS 8 IMOM
meae omcuema.

MHuepunanbHeix Tes oTcyeTa 6€CKoHeUHO MHOr0. OHU IBUXKYTCS APYT OTHO-
CUTEJIbHO JpyTa U pas3jnyaroTcs MacliTabaMd PacCTOSHUH (MAaTPULAMH Jmn).
BaxHo, 4To npu oTOOpE HHEePLUUAJIbHBIX TeJ OTCUYETA He UCIOJb3yeTCs MOHSATHE
BPEMEHHU.

Onpenenenne 2.4: mMHOMECMBO UHEPUUAAbHLLX MeA OMCY4ema Ha3bl8a-
emcs abCOAOMHBIM NPOCMPAHCMBOM.

Onpenenenne 2.5: uaco. Ha3vl.8arOMCA OMMAPUPOBAHHLIMU 8 COOMBeEN-
cmeuu ¢ GPI, ecau 3a odunaxkosvle no amum wacam uHmMepsasb. BpEMer
U30AUPOBAHHAA wacmuya npoiemaem 0OUHAKOBbLE PACCMOAHUS 8 UHEepUL-
albHOM mene omcuema.

Jlerko y6enuTbcs, 4TO BpeMsl, U3MepsieMoe 0 Pa3JUYHbIM 4YacaM, OTTapu-
poBaHHBIM 10 [anuinero, onpeneseHo ¢ TOYHOCTbIO 10 JIMHEHHOro mpeobpaso-
BaHus: t — kt + tp, rne k onpenesnsier macwitad u3MepeHUs: BpeMeHH, a tg —
HauyaJ/o0 OTCYerTa.

Onpenenenne 2.6: urnepyuasoroe meso omcuema, CHAbHEHHOE LACAMU,
ommapuposarHoimu no laaunero, Ha3viBaemcsa UHEPUUAAbHOL CcuUCmeMOUl
omcuema.

Onpenenenne 2.7: MHOMECMBO UHEPUUANbHLLY CUCMEM Omc4yema Ha3ol-
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saemcs abCONOMHBIM NPOCMPAHCMBOM-BPEMEHEM KAACCUUECKOL QUIUKU.

M3 ckazaHHOrO BbIllle 0YEBHUOHO, UTO B KJacCHUeCKOH (pU3KKe MPOCTpaH-
CTBO U BpeMsi 00pa3yloT eQuHOe YeTbipeXMepHOe IMPOCTPAHCTBO, T.e. B HeEM
MPOCTPAHCTBEHHO-BPEMEHHbIE OTHOLIEHUS] He SIBJSIOTCS HE3aBUCHMBIMH, Kak
3TO YTBepXKAaeTCs B HOBeHILIeH (PU3MKe.

3ameuaHue. AKcHoMaTHYeCKOe BBeleHHEe BPeMeHU JeTabHO 00CYXKIaeTcsl
B pa6ote C.3apemObl [7]. Bosee neTanbHOe H3JI0XKEHHE CONEPKAHHUS ITOrO H
CJIe[YIOLEr0 TMYHKTOB MOXKHO HalTH B padote [l1].

2.2.3 Cucrembl oTCcUeTa U CUCTeMbl KOOPpAUHAT

Bce Touku Tesa oTcueta HAEHTU(HULUPOBAHBI OTCUETHBIMU KoOopAHHaTaMu. [Ipu
KeEJaHHUKU MO2KHO U3MEHUTL CUCTEMY I/II[eHTI/ICpI/IKaI_[I/II/I TOYEK TeJia OTCYeTaA.
Onpenenenue 2.8: cucmema udenmugukauuu mouex meiq omcuema Ha-
3vleaemcs cucmemori KoopouHam.
Cucremon KOOPpOMWHAT B Ka}KI[OIL/’I TOUKe OTCcyHeTa CTAaBUTCA BO B3dUMHO OU-
HO3HAUHOe COOTBETCTBHE TPOHKa uHces yX:

Y =y, 3 ) = YRy, t) = X =x{y 1. (2.4)

3[L€Cb HCIIOJb3YyeTCA MOABH2KHAA CUCTeMa KOOPAHHAT. CucTeMHl KOOpAMWHAT
MOZKHO 3aM€EHATDb

v =y ly,t) = ym=y™y,tb). (2.5)

rIe Kak Obl 3a0BITO O CylllecTBOBaHUH Gopmya (2.4).

3aKoHbl MpeoOpa3oBaHUsl KOOPAMHAT TEH30POB OMPEAEsSIOTCS HMEHHO 10
OTHOIIIEHWI0 K 3aMeHaM (2.5), HO HH B KOeM cJjydyae He I0 OTHOIIEHHIO K
3aMeHaM cucteM otcyeTa. [IockonbKy BbIOOP CUCTEMbl KOOPAHWHAT COBEPILIEHHO
NPOX3BOJIEH, TO BbIABUraeTCsl creldajbHOoe TpebOoBaHHUE.

IIpuHuUN 00BEKTUBHOCTHU: 8Ce Pu3uuecKue 8eAUduHbl U 3aKOHbL 00DeK-
MusBHbL U He 3asucam om svlbopa cucmemovl KOOPOUHAM.

O6paTuM BHUMaHHe, UTO MHOTHe (hH3HYeCKHe BeJHUYHHBI (CKOPOCTH, KHHe-
THYeCKast SHEPTHSI U T.J.) 3aBUCST OT BbIGOpa cucTeMbl oTcyeTa. HemomyeTumo
MO3TOMY CMelleHHWe TOHATHH CUCTEM OTCYETa U CHUCTEM KOOPAMHAT. 3aMeHbl
CHUCTEM OTcYeTa noapobHO obcyxparoTcsi B pabote [11], rme Tak»ke BBoAsITCS
MHBapUaHTHble AudepeHHaabHble ONIEPATOPHI.

2.2.4 TpaHCASLIMOHHbIE 1 CIUHOPHbIE IBHIKEHUS

CYU_IGCTBYIOT ABa MNPHHUOHUIIKMAJBHO PA3JHWYHBIX BUA4d ABHU2KEHHA: TPAHCJAALLHOH-
Hbl€ WU CIIMHOPHLIE. HepBble OIpeneJsiaioTCd 3adaHueM BEKTOPOB MOJIOXKEHUH H
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OMKMCHIBAIOT MepeMelleHHs1 (TpaHCasIuK) Tesa B cucteMe otcuera. CIHHOPHBIE
NBHXKEHUS OMpeAesioTCs 3afiaHueM (YHKIHH BpeMeHH, 3HAueHHSIMH KOTO-
DBIX SIBJISIIOTCSI COOCTBEHHO OPTOTOHAJbHblE TeH30pbl pasMepHocTH Tpu. Co-
MyTCTBYIOIIME CIUHOPHBIM JIBHXKEHHUSIM XapaKTePUCTHKH (BEKTOPHI MOBOPOTA,
YIJIOBblEe CKOPOCTH H T.[A.) OMHCHLIBAIOTCS C IMOMOIILbIO TOHSTHS aKCHaJbHOIO
BEKTOpa, MPooOpa3oM KOTOPOTro SIBJSIIOTCS 0ObEKThl, Ha3biBaeMble HHXKe CITHH-
BeKTOpaMH. IMEHHO CMHH-BEKTOPHI SIBJSIIOTCS MPSIMBIMH HOCUTENSIMU (hU3HyYe-
CKOTO COMEPXKaHUsI TOTO MJHM HHOTO CIIMHOPHOTO MOHSATHS. UTOOBI ONpPEeneSHTh
CMHUH-BEKTOP HEOOXOAMMO B TeJjie OTCYeTa 3aJaTh MPSIMYI0, Ha3bIBAEMYIO OChIO
CIMH-BEKTOPA, U B IJIOCKOCTH, OPTOrOHAJIbHOM OCH, 3aaTh KPYTOBYIO CTpeJi-
Ky, OXBaThIBAIOILYI0 OCb. J[JIMHA 3TOH KPYroBO# CTPEJKH Ha3blBA€TCS MOAYJIEM
CMIMH-BEKTOpPA, a HalpaBJeHHe CTPeJKH [MOKa3biBaeT HalpaBJ/ieHHe MOBOPOTa
unn BpaieHusi. CIUH-BEKTOPbl OYeHb YAOOHBI AJsi paboThl Ha HHTYUTHBHOM
YPOBHE, HO Ha (popMaJibHOM ypOBHe ynoOHee paGoTaTh He C HUMH, a C TaK Ha-
3bIBaeMbIMU aKCHaJIbHBIMH BEKTOPaMH, COTOCTaBJISIEMBIMH 110 OINpPeNeJeHHOMY
MpaBUIy CHHH-BeKTOpaMm. [IpHHSTHE 3TOro mpaBu/a HasbiBaeTCsl OpHEHTAallM-
ell cucTeMbl oTcueta. Ka)KIoMy CIHUH-BEKTOPY a, COMOCTaBJsieTCsl “OOBIYHBIE”
BEKTOp a:

1) a pacrmosiokeH Ha OCH CITHH-BEKTOPA a,

2) MoLyJib @ paBeH MOAYJIO a,,

3) a HampaBJieH Tak, YTOObl NpH B3IJsiIe C €ro KOHLA KPyroBasi CTpeJKa
CIMH-BEKTOpPA MOKasbiBaJja JBHXKEHHe JHOO0 MPOTHB XOfa YaCOBOH CTPeJKH
(MpaBOOpHEHTHPOBaHHAsT CUCTEMa OTCUeTa), JUOO MO XOAYy 4acOBOH CTPENKU
(1IeBOOPHEHTHPOBAHHAS CHCTEMA OTCYETa).

BekTopbl, comocraBJisieMble MO yKa3aHHOMY MPAaBUJy CIIMH-BEKTOpaM, Ha-
3bIBAIOTCS aKCHaJbHBIMHU. BHIHM, 4TO aKCHa/bHble BEKTOPbl He 3aBHUCSAT OT
BbIOOpA CHCTEMbI KOODAMHAT M HE MEHSIOTCSI NIPH 3aMeHe MPaBOd CHCTEMBbI KO-
OpAMHAT Ha JIeBYI0 ¥ Hao6opoT. Takum o6pa3oM B OPHEHTHPOBAHHOH CHCTEME
OTCUeTa AEHCTBYIOT JBa THMa BeKTOpa (HAmpaBJIEHHBIX OTPE3KOB): ONHH H3
HUX He pearupyioT Ha H3MeHeHHe OPHEeHTallMHM CHCTEMbl OTCYeTa W Ha3bIBAIOT-
csl MOJIIPHBIMM, @ JPyrHe MPU H3MEHEHUU OpHEeHTalMKu YMHOXKaTcs Ha (- 1) u
HasblBalOTCs akcHasbHbBIMUA. CIHHOPHBIE ABHXKEHHUs OMPENeJSIOTCS 3alaHueM
COOCTBEHHO OpPTOrOHaJIbHOrO TeH3opa P(t):

P-PP=P'.P=E, det P(t) = +1. (2.6)

Tenszop P(t) Huke OyneT HasbiBaThCsl TeH30poM noBopoTa [12]. CorsacHo Teo-
peme Disepa J0OOH TeH30p MOBOPOTA, OTAWYHBIM 0T E, onHO3HauHO npencra-
BHM B BHJIE

Pt)=(1T—cosO)m®m+cosOE +sinfm x E, (2.7)
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e eIMHUYHBIE BeKTOp M = m(t), siBJsSIeTCS HEMOABHXKHBIM BEKTOPOM TEH30pa
P(t), t.e. P(t) - m(t) = m(t), a yron 6 = O(t) Ha3bIBaeTCs1 yIJIOM MOBOPOTA.

Bektop ®@ = 0O(t)m(t) HasbiBaeTcs BekTOopoM moBopoTta. CrnpaBenjuBO
npeaCcTaBJeHHe
P(t) = exp [® x E], R=0OxE, (2.8)
rne Tensop R = —R" HasblBaeTcs JorapudMHUuecKUM TeH30pOM MOBOPOTA.

[IpencraBnenue (2.8) yacTo okasbiBaeTCsi HEOOXOMUMBIM MPU UCCJIEI0BAHUH,
Hanpumep, YCTOMYHUBOCTH.

VisMeHeHMe TeH30pa MOBOPOTA BO BPEMEHM XapaKTepH3yeTcsi TeH3opoM P,
HO ynobHee paboTaTb He C P, ac TEH30paMH CMHHA: § = P.-P' — nesuil
TeHsop cruHa U S, = P+ P — npassiii Tensop crnuHa. O6a TeH3opa CIIHHA KO-
COCHMMETPHUYHBI U UMEIOT COMyTCTBYoLMe BeKTopel: S = w X E, S, = Q X E.
AxcuasnbHble BeKTOPbl (W U ) HA3bIBAIOTCS J1E€BOH (MCTUHHOM) U MpaBOU yr-
JIOBBIMH CKOPOCTSIMH COOTBETCTBEHHO. YI0OHO MOJb30BAThCS JIEBBIM U MPABBIM
ypaBHeHusiMU [lyaccona

P=wxP, P=PxQ, w=P.Q. (2.9)

B nuHaMuKe TBepHOro TeJjia BEKTOP (L MPUHATO HA3bIBATb YIJIOBOH CKOPOCTbHIO
B MPOCTPAHCTBE, a BEKTOP L) — YIJIOBOH CKOPOCTBIO B TeJe€.

[lonpoGHee ¢ TeH30pOM MOBOPOTA W €ro MPeACTaBJAEHUSIMH MOXHO 0O3HAKO-
MHTbCS 10 pabotam [8,9].

2.3 Tena n nx IMHaAMU4YECKHUE CTPYKTYPbI

2.3.1 Tena-Touku M UX Pa3MepPHOCTH

B HBIOTOHOBOH MexXaHHKe HUCXONHBIM OOBEKTOM SIBJISIETCS MaTepuaJjibHas TOU-
Ka, KOTopasi HajessieTCsl eIMHCTBEHHBIM CBOMCTBOM — MAacCOH. Y>Ke OIHO 3TO
00CTOSATEILCTBO HE MO3BOJISIET BKJIOYHUTh, HATIPUMED, IJeKTPOAUHAMUKY B pa-
[IMOHAJIbHYI0 (HBIOTOHOBY) MeXaHHKY, TaK KaK MaTepHaJsibHYI0 TOYKY HeJb3sl
HalleJUTh 3apsinoM. B sijiepoBoil MexaHHKe CHTyallUsl Pe3Ko MeHsieTcsl. B Ka-
yecTBe MCXOAHOTO O0O0BbEeKTa B HEH BBONUTCS TeJO-TOUKA, KOTOPOE pearupyer
He TOJIbKO Ha TPaHCJSIUOHHBIE, HO U Ha CIIMHOPHBIe NBHKeHHS. OTHOCHUTEb-
HO TeJjla-TOUKH CUMTAeTCs, YTO OHO CYIIEeCTBYeT W 3aHUMaeT HYJeBOH 00beM
B TeJsie oTcyeTa. J[BHKeHHe Tesa-TOUYKH ONpefiesieHO, eCsd 3aJaHbl ero BeK-
Top moJoxenuss R(t) u tensop mosopora P(t). TpaHcasiuuoHHas U yrioBas
CKOPOCTH TeJia-TOYKHU HaXOAATCS Mo popMyJiaMm

v=R(1), w(t):—%(P-PT)X (a@b), —axb).  (210)
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Axcuoma TI1: kunemuueckas anepeus meaa-mouKku ecmo K8AOPAMUUHAA
Gopma eco ckopocmeli:

K:m<%v-A-v—|—v-B-w—|—%w-C-w>, (2.11)

rae TeHsopbl BToporo panra mA, mB, mC Ha3biBawTCs TeH30paMU WHEPLUU
TeJa-TOYKH, CKaJSPHbIA MHOXKHTEJNb M BbIAeJeH NPoCTo A5 ynobcTBa. TeH-
30pbl MHEPUHU He 3aBUCAT OT CKOPOCTEH, HO 3aBUCAT OT TEH30pa MOBOPOTA.
[IpencraBnenue (2.11) 3HaYUTEJBHO CJIOKHEE, UEM MOXKET MOKa3aTbCs Ha Iep-
Bbli B3rssig. Hanpumep, KaxkeTrcs, 4TO €ro MOXKHO YNPOCTUTb CJEYIOLIUM
paccyxnaeHveM. PaccMOTpPUM 4MCTO TPAHCASILUOHHOE NBUXKEHHE TeJa-TOUYKH.
Torna (2.11) npunumaer Bup 2K = mv - A, - v. [losoxkuM 31ech Vv = vn
v noayuuM 2K = mv’n - A, - n. IlpuMem Tenepb BO BHMMaHHe, UTO CHCTe-
Ma OTCYeTa H30TPOIHA, T.e. TeJy-Touke Oe3pasjhyHO, B KaKOM HalpaBsJie-
HUW eMy ABUTraTbecs. Tak OymeT TOJMbKO TOTrAa, KOTJAa BBINOJIHSAETCS PABEHCTBO
n-A,-n=m-A,-m,Vm,n. ITo paBeHCTBO, B CBOI0 OUepe/lb, BbIMOJHSETCS
TOJIBKO [/ 1IapoBoro TeHsopa Ag = «E, rae MHOXUTENb ¢ MOXKHO MOJOXKHTb
pPaBHBIM e[WHHIE, TaK KAK y HAC yKe BblJeJeH CKaJspHbld MHOXHUTEJNb M.
K coxaneHuio, 3T0 paccykieHre HeNpaBUJbHO, U paBeHCTBO Apg = xE Mox-
HO TMOCTYJHUPOBaTh, HO HeJb3s AO0Ka3aThb. [IpuMeM Temepb BO BHHMaHHeE, 4YTO
TE€H30pbl UHEPLIUH NOJI)KHBI YIOBJETBOPSTh OYEBHUIHBIM pPaBEHCTBAM

(A,B,C) =P(t) - (Ao, Bo, Co) - P (1), (2.12)

rne Ay, By, Cy — 3HaueHUs1 TEH30POB WHEPUHU B OTCUETHOM IOJIOKEHUH, T.€.
MpH TexX 3HaueHHsx to, mpu kKotopbix P(ty) = E.

Dopmynbl (2.12) crenyeT MoOHUMATb Kak TPH (POPMYJbl OJST KaXKAOTO M3
TEH30POB B OTHeJbHOCTH. C yueTOM BBILIENPUBENAEHHBIX paccyxaeHnil u (2.12)
MoJiy4aeM, 4TO T€H30p HHepLUHH A paBeH eIMHUYHOMY, a npeacTaBsenue (2.11)
NPUHUMAET BUJL

1
K:m<zv-v—|—v-B-w—|—%w-C-w>, (2.13)

TIe CKaJsipHBIH MHOXXUTEJb M Ha3biBAaeTCSl MacCOM TeJia-TOUKH.
[IpencraBienue (2.13) ob6aanaet 6osbllol cTeneHblo obmHocTH. Ho Hesb3st
YTBEPKIATh, UTO OHO SIBJASETCS MaKCHUMaJbHO 0OmuM. JlomycTum, Hampumep,
4TO TeJIO-TOUKa MOJEJUPYeT 3JeKTPoH. Torma Bce Hallle pacCyXIeHHe Tepsi-
eT CUJy, MO0 3JIeKTPOH HEBO3MOXKHO 3aCTaBUTb COBEpILATb UHWCTO TPaHCJS-
[IMOHHbBIE JIBUXKEHHWS, y HEro w BcCeraa, BUAMMO, OTJH4YHA oT Hyas. [IpaBna,
3MeCb HUKTO B HacToOsllllee BpeMsl He MOXKeT CKa3aThb HUUEro OIpe/esIeHHOTO.
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Heobxonumbl nomosHUTEbHBIE HCCJeNoBaHUs. BeposiTHO, OJs TsXKeJblX da-
CTHI npenctaByeHue (2.13) siBaseTcs MpUeMJeMbIM, HO AJs JIEFTKHX YacTHII,
HarpuMmep, AJs HEUTPHUHO, BUAMMO, HEOOXOMUMO T0JIb30BAThCS MOJHBIM BbIpa-
eHueM (2.11), rme MHOXKHTeNb M Jydllle y»Ke He BbAeJAThb. [Ipu ucnosb3o-
BaHuu (2.11) mMaccoii Tesa-ToukH ymoOHee HasbiBaThb BeqnyuHy 1/3 tr(mA). K
COXKaJleHU1o, 3/leCb He BpeMs U He MecTO 006Cy»KAaTb MHOTOYMCJEHHbIE HIO-
aHCBI, 3aKJIOUeHHble B npenctaBjenuu (2.11). B nmpuHuune, Ha BbIpakeHHe
11 KHHeTHUeCKOH 3Heprud HaJaraloTcsl o4eHb cjadble Tpe6oBaHus: A = AT,
C = C" u (2.12). Bce ocTa/bHble TPeGOBAHUS YKe HE OUYEBMAHBI M [OJKHBI
NIPUHUMATbLCSI ¢ OroBopkamMu. Hampumep, Kasajoch Obl eCTeCTBEHHBIM MOTpe-
6oBaTh oT (2.11) mosokuteabHOH ompeneseHHoCTH. ONHAaKO, BO3MOXKHO, UTO
MO>KHO TpeOOBaThb BBHINOJHEHUS TOJBKO OoJsiee C/j1a00ro HepaBeHCTBA

t+A
JKdtZO, Vv,w: [v|#0, |w|#0, (2.14)

t

1
A

rne A — MaJblid HHTepBaJ BpeMeHH Mopsiika repuona obpalleHusl 3JeKTPOHa
no opbuTe BOKPYT siapa.

[ns uenelt naHHO# paboOThl HET HEOOXOAUMOCTH B NasibHEHIIHUX 0OCyXK[e-
Husax (2.11), n60 Hac UHTEPECYIOT TOJBKO OCHOBHBIE CTPYKTYPHI.

Onpenenenue 2.9: 4uci0 He3a8UCUMbBLX NAPAMEMPOB, ONPEOeAIIOUUX KUL-
HEeMUYeCcKyro 3Hepeuro meaa-mouKku U He 3a8UCAULULL Om OB8UNEHUS mea-
MOUKU, HA3blBAEMCS PA3MEPHOCMbIO MEeAA-MOUKU.

PasmepHocTs maTepuasnbHOH Toukd paBHa ennHulle A = E, B = C = 0,
MpUYeM eIUHCTBEHHBIM MapaMeTpoM SIBJseTCsl Macca. PasmepHOCTb abCOJIOT-
Ho TBepaoro Tesa paBHa yeTbipeM: A = E, B =0, C — ueHTpanbHbIN TEH30p
MHEPLINH; TTapaMeTpaMHU SIBJSIIOTCS Macca U TPH TJIaBHBIX LIEHTPaJbHBIX MOMEH-
Ta UHepUKH. Pa3sMepHOCTb YacTHUIl, HEOOXOAUMBIX /I TOCTPOEHUS JIEKTPOIH-
HaMHUKH, 3aBeoMO OoJiblile yeTbipex. B o61ieM ciaydae, pa3aMepHOCTb YACTHULLBI
(2.11) paBna 12, a tena-touku (2.13) — 10.

Onpenenenue 2.10: koauuecmsom dsumxcenus Ky mesa-mouku Hasvisa-
emcsa AuHetnas gopma ckopocmetl

0K

K =—
] ov

—m(A-v+B-w). (2.15)

Onpenenenue 2.11: xunemuueckum momeHmom K? meanq-mouKu, 8blulc-
AEHHbIM OMHOCUMENbHO OonopHou mouku Q, 3agukcuposarnHoil 8 daHHOM
meae omcuema, HA3blBAEMCS AUHeUHas Gopma cKopocmell, 8bl4UCAIeMAs.
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no gopmyre

9K 9K
Q _ _ R
K7 = (R(t) — Ro) x =~ + =—

m [(R(t)—Ro) x (A-v+B-w)+v-B+C-w]. (2.16)

31ech MepBoe cjaaraeMoe HasblBaeTCs MOMEHTOM KOJHYeCcTBa NBUXKEHHS TeJa-
TOYKH, a BTOpoe cJsaraemoe, T.e. BequuuHa m(v-B + C: w), HasbiBaeTcs
COOCTBEHHBIM KMHETUUECKUM MOMEHTOM HJIM, KOpoue, AMHAMUUECKUM CIIHHOM
TeJIa-TOUYKH.

B 3akJjioueHrWe 3TOro MyHKTa MpUBEleM MpuMep BooOpaxkKaemoro TeJa-
TOUKH, KHHETHUYECKasl SHEPTrUsi KOTOPOro 3aJaeTCsl BbipakKeHUeM

K:%mV-V—i—qV-w—i—%]w-w, (2.17)

TIe M — Macca Tesa-TOYKH, ] — MOMEHT MHEepIHH,  €CTh HOBBIH MapaMmerp,
KOTOpBIH He BCTpeuaeTcsl B TeJax-TOYKaX, UCIOJb3yeMbIX B KJaCCHUECKOH Me-
xaHuKe. IHBIMH cJIOBaMH, NapaMeTp ( ONpeleJsisieT HeKoe HOBOe CBOMCTBO dYa-
CTHIIbI, KOTOPOE YCJIOBHO OYIeM Ha3blBaTh 3apS0OM. DTHM MPUMEPOM Mbl XOTHM
MOMYEPKHYTb, UTO HOBbleé CBOHCTBA YAaCTHI[ HeJb3si BBOAMUTb TOJIOCJOBHO, HO
OHH JIOJI)KHBI OTMCHLIBATBCS TEMH WJIM UHBIMH NapaMeTpaMH B AMHAMHUECKHX
CTPYKTypaX, KOTOpbIe OINpeiessioT TeJo-TOUYKYy. Hampumep, ecqd Mbl XOTHM
BBECTHU TaKHe CBOMCTBA YacTHIbI, Kak “mapm”’, “oyapoBaHue”, “3apsin” W T.Q.,
TO 3TO HOJDKHO OBITh OTMEUEHO B TUHAMHUYECKHX CTPYKTypaX uacTHIlbl. KuHe-
THYeCKast SHEPrUsi, M0 ONpeeJIeHHI0, SBJSETCS MOJOXKUTEJbHO ONpeneeHHOH
(byHKIHeH cBOMX apryMeHTOB. [losioxkuTebHAS onpeaeeHHOCTb (hopMbl (2.17)
obecrneynuBaeTCsl yCJIOBUIMH

m>0, mJ—q%>0.

KosruecTBO NBHXKEHHUS] U KHHETHUECKHE MOMEHT Tesia-Touku (2.17) onpenesi-
IOTCSI BbIPAXKEHUSIMHU

Ki=mV+qw, K)y=Rx(mV+qw)+qgV+]Jw. (2.18)

Kak BUAMM, U 3TH CTPYKTYpbl He BCTPEUAIOTCS B KJIACCUUECKOH MeXaHHKe.
3abexKaB HEMHOro BIlepell, PACCMOTPUM JBH2KEHHe 3TOH YaCTHLBbI 110 HHEPLUU
B nyctoTe. [Ipy 3TOM KOJMIMYECTBO ABHXKEHUS U KUHETHYeCKUH MOMEHT YaCTHILBI
JOJI2KHBl COXPAHATH IIOCTOSTHHbIE 3HAUEHUS

mV+qw =mVo+qwo=a=ae, Rxa+qV+Jw=qVo+Jwy=h.
(2.19)
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3neck npuHATO, yTo R(0) = 0. YnoGHee paccMaTpuBaTh MOCJAeIHEE YPaBHEHHE,
nponudpepeHIIUPOBAB €ro Mo BpeMeHH W UCKJIOUHB U3 HEr0 TPAHCJSIIUOHHYIO
CKOpPOCTb. B pesynbrate mosyyum ypaBHeHUe

2
(]—q—>£w+%exw20, a=uae, |e/=1. (2.20)
m/ dt m

PellleHne 3TOro ypaBHeHHS HIIEM B BHJE MpPeLEeCCUPYIOLIEr0 BEKTOpa

w(t) =Q(ep(t)e) - wo, @(0)=0. (2.21)

[ToncraBnsisi aTo Bhipaxkenue B (2.20) u ucnosb3ysi ypaBHeHue [lyaccona, mo-
JydaeMm

do qa

Wuterpupys ypaBHenusi (2.19), HeTpyHO HalTH BCe UCKOMBIE XapaKTEPUCTUKH
IBHKEHUS:

mR(t) = (a— qwy-e)te+qa'e x Q(ate) - [wy — (wo-e)el.  (2.23)

Bektop R(t) mokaseiBaeT, 4To yacTHIla ABUXKETCS MO cnupanau. Ecjau Hauasb-
Hble YCJIOBUS MOA00paTh Tak, 4YTOObl BBIMNOJIHSJIOCH PABEHCTBO

a=dqwoy:-e,

TO JBUJKEHHE YaCTULBl 10 MHEePUUH OyAeT MPOUCXOAUTh 10 OKPYXKHOCTH, KaK
3TO yTBepXKIaJd ApeBHUE U, B yacTHocTH, [Iudarop. a5 BeKTOpa CKOPOCTH
UMeeM BBbIpakeHHe

mV(t) = Q(xte) - (ae — q wy). (2.24)

Bunum, 4To TpaHCASIMOHHAS U YTJI0Basi CKOPOCTH YaCTHIIbl TIOCTOSTHHBI MO MO-
NYJI0, HO TIepeMeHHbI M0 HalpaBJeHHIo, T.e. IBHXKEeHHEe YaCTHIIbl 110 WHEePIUH
OCTaeTcsl paBHOMepHbIM. B 3TOoM npumepe cienyer o6paTUThb BHUMaHHE, UTO
B MHePIHAJbHOH CHUCTEMe OTCUeTa JNBHKEeHHEe H30JUPOBAHHOU UacTULBI (TeJa-
TOYKH) MO WHEPIHH He 00s13aTesIbHO SIBJsIeTCS MPsIMOJHMHEHHbIM. Pasymeercs,
peub HIET He O Kjaacchyeckod yactuue. Ho Beib HUKTO He H0KasaJ, 4To, Ha-
TIPUMep, JEeKTPOH SIBJSETCS KJacCHYeCKON YacThled (MaTepuasbHOU TOYKON).
DTOT MpUMep TOKa3bIBaeT, YTO B KJIACCHUECKOH MeXaHHKe TasiTCs OTPOMHBIE,
ellle He H3y4yeHHble, BO3MOXKHOCTH. 31eChb BO3MOXKHBI CHUTYyallMH, KOTOPbIE C
MepBOro B3IJIsia MOTYT MOKAa3aThCsl HEMpaBAONoAOOHBIMU. TeM He MeHee, OHH
He 6oJlee HeMpaBAONONOOHKI, YeM Te “yyneca”, KOTOpPble MPOUCXOAST B MUKPO-
MHpe. 3aMeTHM, KCTaTH, YTO 4eM TJyHKe Mbl MOrpyKaeMcsi B MUKPOMHUP, TeM
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BaXKHee CTAHOBUTCSl POJib CIMHOPHBIX ABUKeHUH. [locsenHue B paccMOTpeH-
HOM MpUMepe NpeNcTaBJeHbl He TeH30poM MoBopoTa Q, a BEeKTOPOM YyTIJIOBOM
CKOPOCTH.

KrHeTuueckass sHeprusi, KOJU4YeCTBO NBUKEHHUS U KHHETUUYECKUH MOMEHT
MCUEpIbIBAIOT CIIUCOK NHHAMHUYECKUX CTPYKTYP TeJsa-TOUKH.

2.3.2 Tesna u ux AUHaAMUYECKHE CTPYKTYPbI

B mexaHuke J1060e TeJ0 pacCcMaTPUBAETCS KaK COBOKYIHOCTb HEKUX MepBUY-
HBIX TeJs-TodeK. Hamprmep, B HbIOTOHOBCKOUM MeXaHHKe BCSIKOe TeJI0 paccMmar-
pHUBaeTCsl KaK COBOKYMHOCTb MaTepuaJsibHbIX TouyekK. HeT ocHoBaHHiI OTKa3bl-
BaTbCs OT 3TOoM Tpaguuuu. OnHAKO 3[4eCh HMMeITCs MpoOJeMbl, KOTOPble M0
CUX TIOp He MOJIyYWJIM SICHOTO paspelueHUs. Bce Obl1o Obl OUeHb MPOCTO, €CU
Obl OblJ1a BO3MOXKHOCTb OTPAHUUUTBHCH MEPBUYHBIMH T€JAMHU-TOYKAMU TOJBKO
OIHOTO THIMA, Kak 3TO W JeJiaeTCsl B HbIOTOHOBCKOH MexaHuke. Ha camom ne-
Jile CUTyauus cjoxkHee. Bo-nepBbIX, COBpEMEHHOE COCTOSIHHE HAyKH MO3BOJISET
YTBEPXKAATh, UTO OT AEWCTBUTE/bHO MEPBUUHBIX TeJ-TOUEK, eCJU OHU BOOOIIle
CYILLECTBYIOT, Mbl €llle OUeHb fajeKu. Bo-BTOpbIX, MepBUUHbIE TeJa-TOUKH, U3
KOTOPBbIX COBPEMEHHAasi MeXaHHUKa COCTaBJISIET TeJa, CYLIeCTBEHHO Pa3JhyHbI.
B-TpeTbux, v 3T0 rnaBHas npobJema, NepBUYHbIE TeJa-TOUKU B IMpollecce B3a-
UMOAEUCTBUH MOTYT He TOJIBKO MEHSATb CBOI CTPYKTYPY, HO MOXKET MeHSTbCS
¥ UX yucgo. Hampumep, 2n atomoB Bomopona (MepBHYHBIE TeJja OIHOIO THIIA)
MPH B3aUMOJAEUCTBHH C M aTOMaMH KHcJopona (ImepBUUYHBIE TeJa-TOYKH APY-
rOro THUMa) o0pa3ylT B pe3yJbTaTe . MOJIEKYJ BOABI (TIepBUYHBIE TeJa-TOYKU
TpeTbero THmna). Takum o6pa3oM, BMECTO 31 MEPBUYHBIX TEJN-TOYEK MBI MOJY-
YUJM N MEPBUUYHBIX Tes-ToueK. O TOM moyeMy MOJIEKYJY BOABI HeJb3sl CUYUTATD
IPOCTO COCTOSILLIEH U3 TpeX TeJs-ToueK OyneT HEMHOr0 CKa3aHo Mpu o6Cyxae-
HUHW MOHSITUSl BHYTpPeHHeH 3Hepruu. MoryT Bo3pasuTh, UTO PacCMOTPEHHUE M0-
NOOHBIX TpaHCc(hOpMalMK YaCTHIL BBIXOAUT 32 PAaMKU pallMOHAJbHOW MeXaHUKH
U COCTaBJsIeT MpeaMeT XUMHHU. TakK 3TO W OblJIO A0 HelaBHero BpeMmeHH. Opn-
HAaKO COBPeMeHHble TeXHOJIOTUU TAKOBBI, UTO MHOTHE CJIOXKHBbIE (PU3NUeCKHUe,
XUMHYECKHEe U MeXaHHWUYeCKHe SIBJIEHUS YyxKe HeJib3sl u3yudaTb pasnenbHo. [lo-
3TOMY [JIsi UX COBMECTHOTO PAacCMOTPeHUs1 HeOOXONHUMbI Takrhe (POPMYJIHUPOBKHU
(yHIOAMeHTaJIbHBIX 3aKOHOB, KOTOpble JOMYCKAIOT CYILIeCTBOBAHHUE CJIOXKHBIX
SIBJIEHUU, MONOOHBIX YKa3aHHBIM Bblllle. TeM He MeHee, B JaHHOW paboTe Mbl
OyneM NpUIepKUBATHCS TOUKU 3peHHst, OJHU3KOH K TpaguuroHHOH. bynem cuu-
TaTh, 4YTO BcejeHHas palMoHa/ bHOW MEXaHUKHU €CTb MHOXKECTBO TeJ-TOYeK,
CTPYKTYpa KOTOPBIX OmNpenesieHa Boille. BoibepeM B cucTeMe OTCYeTa MPOCTYIO
3aMKHYTYI0 MOBEPXHOCTb JIfimyHOBa S¢, KOTOpass MoxeT Ne(OPMHUPOBATHCS U

93



mepeMeliaTbCsi OTHOCUTEJbHO Tesja oTcueta. CuuTaercs, 4YTo Ha S; HET HUKa-
KUX TeJI-TOUeK, XOTSI MOXKHO U OTKA3aTbCsl OT STOr'O YCJOBHUS.

Onpenenenne 2.12: urnoxncecmso M mes-mouex, HaX00AULUXCA BHYMPU
St, Hasvisaemca meaom A, a mHodxcecmso MG men-mouek, HAXO0AUUXCS
sHe Sy, Ha3vieaemcs okpyxceruem mesa A u obosnauaemcs A°.

O6bemom Tesa A HasbiBaeTcss 00beM, 3aKJIOYEHHBIH BHYTPH St, MO3TOMY
oO6bem Tesa A He siByisieTcsl puU3NUeCKOH (0ObeKTHBHOM) XapaKTePUCTUKOU Te-
aa A.

Onpenenenne 2.13: meao A HasviBaemcs 3aKpoimolm, eCAl OHO He obme-
HUBAEMCA MEAAMU-MOUKAMU CO CBOUM OKDYHEHUEM: 8 NPOMUBHOM CAYyUYae
meno A Ha3vieaemcs omKpoimoLM.

Axcuoma T2: kunemuueckasn snepeus, Koauuecmso 08UNCECHUSA U KUHEMU-
yeckuil momenm mesa A adoumusHol N0 MeAAM-MOUKAM, COCMABALIOUUM
meno A.

[TycTb Bce XapakTepUCTHKH i-I'0 TeJa-TOYKH CHabxkawTcsi HHaeKcoM i. To-
ria B COOTBETCTBUM C¢ akcuomoi T2 umeem

KA =) my <%V1'A1'Vi‘|‘vi'Bi'wi+1wi'ci'wi> =

: 2
1EM 4

= Z miKi, (225)

rae Ki Ha3bIBAaeTCs MAaCCOBOM MJAOTHOCTbIO KUHETHUECKOH 9HEPruu. KosnunuectBo
ABHU2KEHUSA OIlpenessdeTCsd BbIpaXE€HHUEM

0 K;
K; (.A) = ; miKH, K = a— =A;-vi+B;-w;. (226)

Vi
IL.HH KHHETHUYECKOIro MOMEHTAa MMeeM aHaJOTHM4YHO€ BbIpaxKe€HHE
oK; 0Kj
+ =
aVi awi

K3 (A) = Z miKR, K} = (Ri—Rig) x

= (Ri—Riq) X (A; - vi+B; - w;) +vi - Bi+C; - wi. (2.27)

B kauecTBe mpocreiiliero mpuMepa BBIYUCIUM AUHAMUUECKHE CTPYKTYPHI
abCOJIIOTHO TBEPIOrO TeJsia, PACCMAaTPHBAEMOr0 B TEOPETHUECKOH MeXaHHKeE.

Onpenenenue 2.14: cosokynrocmo mea-mouek Hasvieaemcs abCOAOMHO
meepOdoim meaom A, ecau soinoiusomcs ciedyroujue 0sa ycaosus. llepsoe:
oas a0bovlx nap mouek Ay u Awm, npunaosexcaujux mery A u Oas 11066Lx
momenmos spemenu t1 u ty cnpasediussl pasercmsa

Ri(t1) — Rm(t1)] = [Ri(t2) — Rin(t2)]. (2.28)
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Bmopoe: mMeH30pblL nosopoma 8cex men-mouexk 00UHAKOBbL
Pi(t) = Pr(t) = P(t), (2.29)

npuuem P(t) naseisaemcs mensopom nosopoma mera A.
M3 (2.28) u TpeGoBaHHUSI HENPepPBIBHOCTH [BUKEHHSI BBITEKAeT OCHOBHAS
TeopeMa KHHEMAaTHKHU aOCOJIIOTHO TBEPAOTO TeJa

Ri(t) =Rx(t) + P(t) - (ri —rx), 1ri = Ri(0), rx = Rx(0), P(0) = E, (2.30)

rie Rx(t) — BekTOp MOJIOKEHHS TPOU3BOJIbHO BEIOMpPaeMol ToUKH X, Ha3biBae-
MO TI0JII0COM, 3apUKCHPOBaHHBIM B TeJie A. [IpuHuMas nsis Te-Touek Momesib
MAaTepPUaJIbHOM TOYKHU

A=E, B=0, C=0 <=> Ki:%miRi(t)'Ri(t)>a

MoJIydyaeM KHHETHYECKYI0 3HEPrHio, KOJHUECTBO IBHXKEHHSI U KMHETHUECKHH
MOMeEHT Tesia A B BUIe

1 . . . 1
K(A):szX'Rx-l—Rx'Bx'w-l—zw'Cx'w,

Ki(A) =mRx+Bx-w, (2.31)
K3 (A)=(R(t)—Rq) x K;(A) + Ry - Bx + Cx - w,

rie Rx — ckopocTb mositoca, W — yrJioBasi CKOPOCTb, OTBeYarollas MOBOPOTY
P(t), Bx u Cx — TeH30psl uHepuuu Tena A, onpenesseMble 1o Gopmysam

Bx =m(Rx —Rc) x E=P(t) - [m(rx —rc) x E] - P'(t),

Cx =P(t)- {Z my [(I'x —1rc)°E — (rx — rc) @ (rx —I'c)] } - P'(1).

(2.32)
B (2.31) — (2.32) uepe3 m o603HauyeHa Macca Tesa A, uepe3 Rx(t) = P(t)-ry,
Rc(t) = P(t) - rc — BeKTOpBI MOJIOXKEHHS MOJIOCA U IeHTPa Macc Tesja A

m:Zmi> RC(t):%ZmiRi(t):P(t)' (LZ”MH)-

JI7s1 CHJIOIIHBIX cpel BCe CYMMBbI 3aMeHSIIOTCSI COOTBETCTBYIOIIMMU HWHTETpa-
ngamu. Eciu nosroc X BeiOupaercs B meHTpe Macce teqaa A, To B =0, a teH3op
C HasbiBaeTcs LieHTpPasibHbIM TeH30poM uHepuuu. B nocnennue 30 — 40 Jger
CJOXKHJIOCHh MHEHHe, YTO MeXaHWKY CIJIOLIIHBIX Cpell HeJb3s TMOCTPOUTH Ha
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OCHOBe “MOJIEKYJISIPHBIX  TMpeAcTaBJJeHUH. DTO MHeHHe 0OOCHOBBIBAeTCs pas-
JudHbIMH aprymeHTamu. B uvactHoctH, K. Tpycnenn u P.Tynun [14] cuurator
3TO HEBO3MOXHBIM, IOCKOJIbKY Ha MUKPOYPOBHe NEHCTBYIOT 3aKOHBl KBAaHTO-
BOW, a He KJacCH4eCKOW MexaHHWKH. MoxeT ObITb, 3TO U B CaMOM JeJie Tak.
Ho aBTop nosiaraet, 4uTo BO3MOXKHOCTH KJIaCCHUECKOH MeXaHHUKHU J1aJIeKo He UC-
yepnianbl. Ecau /s Tesi-Touek paccMatpuBath popmy obmiero Buga (2.11), to
MIOBeJIeHUe 3TUX TeJI-TOUEK COBCEM He I0XO0XKe Ha TO, K KOTOPOMY MbI IPUBBIK-
Jau. He nckJ/roueHo, 4TO UCMOJb30BaHUE TeJ-TOUEK 00ILero BUAa BOCCTAHOBUT
[eecroCcoOHOCTh KJIACCHYECKOH MeXaHUKU M Ha MHUKpOypoBHe. UTo Kacaercs
nepexofia K CIJIOLIHOH cpefie, TO 3[eCb HEOOXOAMMO HCIOJb30BaTh TAK HA3bIBa-
eMbli HeCTaHJAPTHBIM aHaJ/u3, T.€. BEPHYTbCS K S3bIKY, KOTOPBIM M0JIb30BAJICS
J1.Dhnep.

2.4 Bo3geucreusa

2.4.1 Cuabl ¥ MOMEHTBI

[leHTpasbHOM Heell B MeXaHUKe SIBJIsSIeTCS MPeACTaBJeHne O TOM, 9YTO B HHEp-
[IHaJbHBIX CHCTEMaX OTCUeTa 3aKPbIThle TeJla MEHSIIOT XapaKTep CBOEro JBHXKe-
HHS TOJIbKO B pe3yJibTaTe BJAUSHUS Opyrux Teja. OcoOeHHO OTYETIHBO 3Ta Uest
npencrasJjena y Jl.Dunepa [15]. [lng peanusauuu 3Tod HjeHd B MeXaHHKe BBO-
ASTCSl CTelHalbHble CTPYKTYPhI, Ha3blBaeMble BO3JEHCTBUSIMHU, U SIBJISIOILIHECS
MepBUUHBIMH MOHATUSIMHM. MHOrma aymaroT, 4TO TMepBHYHbIE TMOHSITHS He Tpe-
OyIoT omnpeneeHus. DTo 3abayxaeHue. Ha camMom nese mepBUUYHBIE MOHATHS
BBOJISITCSI OTpe/ie/iIeHHeM X CBOUCTB. BBeneHne Bo3elCTBYS onKupaeTcs Ha ak-
CHOMY, KOTOpasi SIBJISIETCS HEKHUM JIOTOJHEHHEM K TIPUHIUITY WHepUuH [anues,
MPOIOJKasT ero Ha TeJsa OOIIero BHAA.

OcHoBHasl aKkCcMOMa MEXaHUKH: 8 UHEPUUALbHOLL cucmeme omcuema U30-
AUpoBarHHOe 3akpoimoe menro A 0sudxcemcs mak, umo e2o KOAu1ecmso 08u-
HEHUS U KUHeMmUUecKuiL MOMeHM COXPAHAIOMCS HeUu3MeHHbLMU.

OOBbIUHO 3Ty aKCHOMY MpPENNOYHTAIT N0KAa3blBaThb KaK TeOpPeMY, HO TpH
5TOM BBeJIeHHE BO3JIEHCTBHI CTAHOBUTCS PACIJILIBYATHIM H BEIET K HESICHOCTSIM
B TPaKTOBKE CHJ ¥ MOMEHTOB.

Akcuoma F1: 8 unepyuarvroil cucmeme omcuema npuvuHa USMEHEHUS
Koauwecmsa 08udxcenus 3akpoimoeo meara A 0byciro8ieHa UCKAOUUMENLHO
Haauduem Opyeux men, 8olpaANIAEMC NOCPeOCmBOM NOASAPHOCO 8EKMOPa U
nasvisaemcs curoti F (A, A%), deticmsyroweti Ha mearo A co cmoponel eeo
okpymcerus A
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Axkcuoma F2: 8 unepuyuaisvroil cucmeme omcuema npuuuHa uU3MeHeHUs
KUHemuueckoeo mMomMeHma 3aKpovimoeo meaa A, 8oluUCIeHHOEO OMHOCUMENb-
HO onopHoil mouku Q, 006ycA08AeHA UCKAHOUUMEAbHO HAAULUEM OpYeUuXx mea,
golpascaemcs nocpedcmeom AKCUAAbHO2SO BeKMOpPa U HA3bl8AeMCs MOMEH-
mom MQ (A, A®), deiicmsyrowum na mero A co cmopous. e2o OKpynHceHus
AS.

I[Ipu stom MomeHT MQ (A, B), meHicTBYIOLMH cO CTOPOHbBI Tesa B Ha TeJo
A, BbIUHCJISIETCS 110 MTPaBHJIY

MR (A,B) = (Rp —Rg) x F(A,B) +LF (4,B), (2.33)

rie Rq onpenessier nosoxxenre onopHod Touku Q; BekTop Rp — ompenenser
MPOX3BOJILHO BBIOWpaeMylo TOYKY B, Ha3blBaeMyl TOYKOH NPHUBENEHHS; BeK-
top LP (A, B) HasbiBaeTcss COOCTBEHHO MOMEHTOM — OH 3aBHCHUT OT BHIOOPa
TOYKM TNpUBefeHUs1 P, HO He 3aBUCUT OT BbiOopa omnopHoH Touku Q. [lonHbIH
momeHT MQ (A, B) no omnpeseseHHI0 He 3aBHCUT OT BhIGOpa TOYKH MpHUBeje-
Husi. CUJIbl 1 MOMEHTHI CJIOXKHBI /151 BOCIIPUATHUS HAauWHAKOIMIUM. TPyAHOCTH B
TOM, YTO CHJIBI U MOMEHTHI BBbIPaXKatOT COBEPILIEHHO KOHKDPETHble (hH3UUECKHe
HJIeH, SIBJSIOIIMECS TEePBUYHBIMH TOHSATHSMHU U He MOAJAAloIIHecs MaTeMaTH-
yecKOou (hopMasiM3allfy, HO BIIOJIHE JOCTYTHble HAaM Ha HHTYUTHUBHOM yDPOBHE.
KrouoM K MOHHMAHHIO CUJl 1 MOMEHTOB SIBJISIIOTCS CJIENYIOLIHe YTBEPKIAEHHS:

a) cura F (A, B) — amo peakyus meaa B Ha usmenerue noL0HEHUS MeLq
A,'

6) momenm LP (A,B) — amo peaxyus mesa B na nosopome. mesa A
B80KpYye mouku npusgedenus P.

Jlsist Toro, 4TOoOBl HHTYUTHUBHO OILYTHThH Hajauuue cujbl F (A, B) Heob6xonu-
MO TIPOJieJIaTh CJENYIOUIYI0 MBICJeHHYIO npouenypy: 1) ynaauts u3 Bcenennoit
Bce Tesa 3a HcKJwoueHueM teq A u B, 2) MbicjeHHO “3amopo3uTh’ Teso A
¥ TIPEBPATHUTb €ro B aOCOJIOTHO TBepioe, 3) MBLICJEHHO MPHAaBaTh BCEM TOY-
KaM A BCeBO3MOXXHble 6€CKOHEUHO MaJible CMelleHUs £, TIe €, TPOU3BOJIbHbIN
eNMHUYHBIH BeKTOp. Ecsu Teso B Kak-TO MPensTCTBYeT OMHCAHHBIM CMelle-
ausam tena A, to cusna F (A, B) orauuna ot Hyns. Ecau cyuiecTByer Takoe
HamnpaBJIeHHE €,, YTO TejJo [B He TPensiTcTByeT cMelleHHWio Tejga A B 3TOM
HanpasseHuu, to npoekuus F (A,B) Ha e, paBHa Hymo. g Toro, utoObl
OLLyTUTh Haauuue cobcTBeHHO MoMeHTa LP (A, B), HeoGxomumo: 1) u 2) kak
IJIsl CHJIBI; 3) 3aKPelHUTh TOYKH NMPHUBENEHHUS B TeJie OTCUETa U OTHOCHUTEJNBHO
tena A, T.e. Teso A 1 Touka P [10J2KHBI COCTaBJISATh aOCOIOTHO TBEPAOE TEJO
C HEMOABHXKXHOW TOYKOW P; 4) MbicjeHHO moBopauuBaTh Teso A BoKpyr P Ha
BCEBO3MOXKHbIE OE€CKOHEUHO MaJjible BEKTOpHI TMoBopoTa e, rae e/ = 1. Ecan
Te10 B Kak-TO NMPEeNnsiTCTBYeT ONUCaHHBIM noBopoTaM tesa A, To LF (A, B) or-
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JIMUEeH OT HYJIeBOro BekTopa. Ec/iu cylecTByeT Takasi 0Cb, MPOXOAsiiias yepes
P 1 HaTsHyTasl Ha €,,, YTO TeJO B He MPEnsiTCTBYeT MOBOPOTY Tesa A BOKDPYT
sToii ocH, To npoekuus LP (A, B) Ha e,, paBHa Hymo. U3 akcuomel F2 cae-
JYeT, UTO MpPU H3MEHEHHH TOYKH IMpPUBEJEHHS] COOCTBEHHO MOMEHT MeHSIeTCsl
TaK, 4To6bl noaHbi MomeHT M@ (A, B) ocranca HeusmeHHbIM. Ilycth P u S
NiBe pa3Hble TOUKH MpuBeaeHus. Torna nMeem

L (A,B)=(Rs—Rp) xF(A,B)+L"(A4,B). (2.34)

Onpenenenne 2.15: napa sekmopos {F (A, B):MQ (.A,B)} Ha3bLBAEMCS
so3deiicmsuem mesa B na meso A.

Onpenenenue 2.16: sozdericmsue mesa B Ha meso A Ha3vieaemcs 4ucmo
curosoim (UAU NPOCMO CULOBBIM), €CAU CYLeCmBYyem maKkas mouka npuse-
denus Rp(t), umo npu arboix dsuxcenusx mera A sosdeticmsue mera B Ha
meno A onpedessiemcs 3adarnuem napv. 8eKmopos

{F(A,B); (Rp(t) — Rq) x F(A,B)}, (L? (A,B) =0), (2.35)

npuuem maxkas mouxa P Has3vieaemcs ueHmpom cui08020 8030eLiCmBUs.

Bo MHOrMX KHMrax Mo MexXaHHKe LIEHTP CHJIOBOrO BO3IEHCTBHS Ha3bIBAIOT
Touko# npusoxenusi cunasl F (A, ). Crporo rosopsi, 3To HempaBUJIbHO, HOO
sektophl F (A, B), MQ (A, B), L? (A,B) — cyTb cBO6OIHEIE BEKTOPH M HH K
KaKMM TOUKaM TeJja He MPHJararTcs, a LEeHTP CHUJIOBOTO BO3IAEHCTBHS MOXKET
HaxonuTbcsd BHe Tesna A. OTmeueHHAs HETOUHOCThL He TakK 0e300MIHA, KakK
Ka)keTcsl Ha MepPBbIE B3IVISIA: TOBOPST O TOYKAaX MPUJIOXKEHHsI, Mbl BHYIIaeM
YUEHHKY MPHUHLHKIHAJBHO HEBEPHOE Ha HHTYUTHUBHOM YPOBHE MpeACTaBJieHHe
0 CHJIe, UTO TIOMelllaeT eMy, eCJIH OH 3aX04eT M3ydaThb HETPUBHUAJbHBIE CJYUYaH.
CkasaHHOe faeT HHTYHTHBHO sICHOe MpeaCTaBJeHHe O MPUPOJEe MOHSATHE CHJI H
MOMeHTOB. K cokaJ/ieHHI0, 3TOr0 HeJib3sl IPOCTO BBIYYHUTh, TOJIbKO HAaCTOHUHBAsI
MpakTHKa MPUMEHEHHsI 3THX MOHSITHH BeIeT K yCIexy.

Onpenenenne 2.17: sozdeticmseue mesa B na mero A nasvisaemcs uucmo
momenumnuoim, ecau F (A, B) = 0.

Jl/isi MepBUYHBIX MOHSTHH HEBO3MOXHO IaThb ONpeieseHHsi. B Takux ciay-
yasix JAlOTCsl He OMNpeiesieHHsl CaMHX MOHSITHH, a Mepeurc/sioTCs CBOUCTBA,
OpraHUUYeCKH MPHUCYIIHe ITUM MOHATHSAM. BakHeHIlIMM CBOHCTBOM CHJ H MO-
MEHTOB, TOATBEPKAEHHBIM BCEM XOIOM Da3BUTHSI MEXAaHHKH, SIBJSETCS UX ajl-
IUTHUBHOCTbL KaK IO TeJiaM, COCTAaBJISIOIIMM TeJso BB, TaK U I10 TejaM, COCTaB-
JSTIoIUM teJso A.

Axcuoma F3: cuna F (A, B) u momenm MQ (A, B) addumusro. no omde-
sernoim meaam C u D, cocmasasrowum meso B: B =CVD

F(ACVD)=F(AC)+F(A D), CAD=g; (2.36)
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MQ (A,CVD) =MR (A,C)+ MR (A, D), CAD=2. (2.37)

Boiuncsienne momenta MQ (A, B) nonpasymeBaer BEIGOP ONOPHOH TOUKH H
TOoukHW npuBefeHus. OmopHas Touka J0JKHA ObITh OQHA W Ta XKe B 00erx ya-
cTsix (2.37). Boibop TOUKM TPUBENEHHS OCYLIECTBJISETCS TPOU3BOJIBHO U IS
Kaxjoro 13 Momentos M@ (A,CVD), MQ (A,C), MQ (A, D) MoxKeT NpoH3Bo-
IUTbCSI HE3ABUCHUMO.

Axcuoma F4: cusa F (A, B) u momenm MQ (A, B) addumusrs. no omoe-
neumoim meaam C u D, cocmasaarowum mero A: A=CV D

F(CVvD,B)=F(C,B)+F(D,B), CAD=g; (2.38)
MR (cvD,B)=MR (C,B)+ MR (D,B), CAD=2. (2.39)

[TprBeneHHBIMH Bbillle aKCHOMaMH MCUePIbIBAIOTCSI BCe MOCTYIaThl, OTHOCS -
Mecs K BO3[eHCTBUSIM B 00llleM cjaydae. BBeneHHble aKCHOMBI He OMpeesis-
FOT KOHKDPETHOTO BHA CHJI U MOMEHTOB, OHH TOJIbKO (PUKCHUPYET WX OCHOBHBIE
CBOMCTBA.

IIpumeuanus.

1. B nurteparype yacTo BcTpeuaetTcs TepMUH “cuna uHepuuu’ . [locaenHsis,
COTJIACHO CKa3aHHOMY BbIIlle, MOXKET Ha3blBAThCSl CHJIOH TOJbKO BeCbMa yCJIOB-
HO, 60 “cuJsibl’ UHEPLUU He YIOBJETBOPSIOT IJIaBHOMY TPeOOBAHUIO — OHHU He
MOPOXKAEeHbl IPYTUMH TeJaMH, a U BOoOlle He CYIIEeCTBYIOT B HWHePLHAJbHOU
CHUCTEMe OTcYerTa.

2. AKCHOMBI aiJUTHBHOCTH B KHHUrax 10 MeXaHHKe 4YacTO IOAMEHSIOTCS
TaK Ha3blBaeMbIM “TIPUHLMIIOM He3aBUCUMOCTH cuJj’ . CjenyeT UMeTb B BHULY,
YTO aJJUTHUBHOCTb BO3IEUCTBHH BceoOllla, a He3aBUCUMOCTh BO3JIeHCTBUH, KaK
MPaBUJIO, HE UMEEeT MeCTa.

2.4.2 Craruka a0COJIOTHO TBEPAOIro TeJa

B kauecTBe MPOCTOH WJJIOCTPALIMK TPHMEHEHHs] TMOHSTHH CHJI W MOMEHTOB
cchopMmyspyeM HeoOXOMUMble YCIOBHS PaBHOBECHSI aOCOJIIOTHO TBEPAOro TeJa.

YrBepxaenue: eciu abcoisromro meepdoe meao A Haxodumcs 8 noxkoe (8
pasHosecul), mo BHeUlHUe CULQ U MOMeHm, OeliCmByroujue Ha He2o, PABHbL
HYAIO, M.e.

F(A,A%) =0, MX(A,A°) = (Rp— Rg) x F(A,A%) + L7 (A, A%). (2.40)
HpI/I BBITIOJIHEHHUHU 3THUX YCJIOBI/II'/JI a6COJIIOTHO TBepILOG TeJO MOZKET COBepU.IaTb

ABHU2KEHHUE, COXPaHdALlee ero KOJIM4eCTBO ABHU2XKEHUS U KUHEeTUYEeCKHUH MOMEHT.
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YUTOoOBl UCKJIOUNUTD 3TH IBUKEHUS, HEOOXOAUMO MPHUHSATDH JOMOJHUTEJbHOE Tpe-
6oBaHHe 00 OTCYTCTBHUHU JIBUKEHHUS Tesa B KaKOU-JIHO0 MOMeHT BpeMeHU. [Ipu
NPaKTUYECKOM HCIOJb30BAHUU YCJOBUU PaBHOBeCHS lieseco00pa3Ho MpUMe-
HAATb aKCHOMBI aJIUTUBHOCTH.

Ilpumep: darno abcorromno meepdoe meso A, kK moukam B u C komopoeo
npukpeniens. monkue Humu, nepedarowue curol ¥Fg u Fc; soiachume, npu
Kaxkux oepanuderusax na cuarvl Fg u Fe meso A naxodumcs 8 pasrosecuu.

BosnelicTBUS MepenalTcsi HA TeNO TOJBKO MOCPEACTBOM HHUTEH, KOTOpbIE
NpUMeM 3a TeJia OKPYKeHHsSI U 0003HAUUM TeMH ke OyKBaMH, YTO U TOUKH HX
npukpensenus K teny A. Takum o6paszom, umeem A® = BV C. [lepBriii 3aKoH
craTuku Tpebyet, utobnl cuna F(A, A®) ob6pamanacsk B Hysb. [loaTomy umeem
pPaBEHCTBO

F(A,A°) =F(A,BVC)=F(A,B)+F(A,C)=Fzg+Fc=0. (241
HpI/I BBIUHMCJIEHHUHU MOMEHTAa I/ICHOJIbsyeM aKCHOMy alIuTHUBHOCTHU
MR(A,A%) = MY(A,BV C) =MYA,B)+M?(A,C), (2.42)

rae Q — BbIOpaHHAsl OMOpPHAsA TOYKA.

J11s1 IPOCTOTEI COBMECTUM €€ C HayaJoM B CUCTeMe oTcyeTa. B TakoM ciiy-
yae OyfeM OINycKaTb CUMBOJI OMOPHOH TOYKHU B 0O03HayeHusix. [Ipu Bblumc-
nenny MomeHTa MQ(A, B) Heo6xoaMMO CHaya/la BeIOPATh TOUKY NPUBENEHMS.
BeiOrpatbh ee MOXXKHO NMPOU3BOJIBHO. Ec/M B KayecTBe TOUKH NPHUBENEHHUS Bbl-
OpaTh KaKyo-Jau00 TOUYKY P, He COBIaAAIOILYIO C TOYKOH 3aKpelJseHUs HUTH B,
10 coOcTBeHHbIH MomeHT LP (A, B) Gymer otmden oT Hyss. JleHCTBHTENBHO,
ec/M Mbl OyleM MOBOpayMBaTh TeJ0 A BOKPYT TOUKH P, To HUTH B Oyner mpe-
NATCTBOBATh 3TOMY MOBOPOTY. DTO U 03HadaeT, 4to L7 (A, B) otamuen ot Hyass.
Ecsu ke B KauecTBe TOYKH NpPUBeJEHUS BHIOPaTh TOUKY B, TO cCOOCTBEHHO MO-
ment LP(A, B) Gymer paBeH HyJI0, NOCKONbKY HUTb HE CONPOTHBJISETCSH H3TH-
6y. AHaJOTHYHBIE PacCyXKIeHHsl HY»KHO MpoBecTH M aisi MomeHnta MY(A, C).
OKoHUaTesJbHO MOJyuyaeM PaBEHCTBO

MO(A,A¢) =M°(A,B) + M°(A,C) =Ry x Fg+Rc x Fc =0.  (2.43)

Breuine Boipaxkenue (2.43) He coBmanaet ¢ (2.33), HO OHO JIETKO MpeoOpasy-
ercsl K Buay (2.33). Ilpu sToM Jierko yOemuThCsl, UTO HE CYIIECTBYET TaKOH
TOYKH NPUBeeHHs, uToObl co6cTBeHHO MoMeHT LP (A, A¢) paBHsasca Hya0. DTO
03HayaeT, 4TO B PaCCMaTPUBAEMOM TPHMepe BHEIIHEee BO3JIEHUCTBHE OKPYKEHHS
A€ Ha TeJio A He FIBJISETCS YHUCTO CHUJIOBBIM, XOTSI BO3NEUCTBUS OT KAXKIOH U3
HUTEH SIBJSIOTCS YHUCTO CHUJIOBBIMHU. Pemas cuctemy (2.41) — (2.43), nosydaem

FB = _FC) FB = }\(RC - RB)) (244)
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rIe BeJUUYMHA A OCTaeTcs MPOM3BOJIbHOU. Ecan BesnurMHa A MOJNOXKHTEJbHA,
TO TOJIO)KEHWEe pPaBHOBeCHsI YCTOWYMBO. Ec/au BequuuHa A oTpullaTesbHa, TO
MOJIOXKEHWE PABHOBECHSI HEYCTOWUMBO, UTO, pa3dyMeeTcs, HY>KHO J0Ka3blBaTb
OT/EeJIbHO.

2.5 IlonHas v BHyTpeHHSAS IHEPruu

DHepruss — OJHA M3 BaxKHEHIIMX W HauMeHee Pa3pabOTAHHBIX CTPYKTYp B
pauroHa/bHOH MexaHuKe. Jlaxke MOHSITUE KUHETHYECKOW 3HEPrHU, BIIE€pPBbIE
BBeleHHOe B HeoTueT/MBOU (hopme ['.B.JlefibHuuem, naneko He cpasy yTBep-
OUJI0Ch B MexaHuKe. [lo3nHee moHATHe 3Hepruu ObLIO PACLIMPEHO BKJUEHU-
eM B Hee MOTEHLIMAJOB BHYTPEHHHUX W BHeWIHUX cuja. OnHaKo 3TO pacliupe-
HUe HOCHUJIO (popMaJjibHBbIA XapakTep, a ypaBHeHHe OajlaHCa HEePruu SIBJSAJIOCDH
cJenCcTBUeM 3akoHOB HbloTOHa, T.e. He OBIJIO CAMOCTOSATEJNbHONU CTPYKTYypol. B
MeXaHHUKe CIIOLIHBIX cpel Aeso obcTtosiyio uHade. B 1839r. JIxk.I'pun Bnepsbie
BBeJI NOHSITHe BHYTPEeHHEH SHePTruM, KOTOPOe MPOYHO YTBEPAUIOCh B MeXaHHUKE
CIJIOILIHBIX Cpel, a ypaBHeHHe OajiaHCa SHePTHM CTaJ0 He3aBUCHUMbIM OT 3a-
KOHOB JBUKeHHU$ mnocTtynatoM. HauboJsee nosHOMYy aHalu3y MOHSATHE SHEPTUU
noaBeproch B paborax ['.Tenbmrosbua [16] u A.llyankape [5]. OnHako utor
3TOr0 aHaJ/Mu3a He BIIOJIHE yNOBJETBOPUTEJEH M3-3a OTCYTCTBHUS SICHOHU (DU3HU-
yecKoH upeu. Her sicHOoro moHUMaHUs KOHLENLMH 3HEPTMH U B HACTOSIIEe
BpeMsi, XOTs1 yKe MHorue (DakThl YKa3blBalOT Ha LEHTPAJbHYIO POJb SHEPrUH
(He cBomslIEHCS K KMHETUUYECKOW HEPTHH) MPU HCCJAeNOBAHUM MHOTHX TPO-
6sieM, 0ocoOeHHO Ha MHUKpoypoBHe. [lesb naHHOro MyHKTa He B MPOSICHEHWUU
KOHUEMUWU SHEPTUU, a B MOAUEPKHUBAHHUU POJIU IHEPTHUU, KaK CAMOCTOSITENb-
HOU CTPYKTYpPbl MEXaHUKH.

Kunetuueckast sneprusi Tena A ecTb ckajspHas Mepa IBUKEHUS Tesa OT-
HOCHTeJIbHO BblOpaHHOro Tesa orcyera. Cama mo ce6e OHa He HOCUT OObeK-
TUBHOTO XapakTepa U B 3TOM CMBICJe MaJjio YTO ompenesser. fcHoO, 4TO KH-
HeTHYeCKasi SHepPrusl Najeko He IOJHOCTbIO XapaKTepudyeT 3HepreThuecKoe
COCTOSIHME TeJa. YXKe caMO CylleCTBOBAHMe Tes B BHUIE He pacnajaioliuxcs
00BEKTOB yKa3blBaeT HA MPUCYIlee UM “HEUYTO , YTO MOXKET BbIAEJSATbCS WU
MOIJIOLWAThCS MPU pacnajie Tesa Wau ux gedopMauuu. ATo “HeYTo” MOXKHO Ha-
3BaThb BHYTpeHHeH 3Heprued, a MoJHym 3Hepruio E Tesa A mpenctaBuTh B
BUJIE CYMMbI

E(A) =K(A) + U(A). (2.45)

dynkuns K(A) nonmHocTeio onpeneneHa. Baytpennsis sneprus U(A) ecTb
HOBasi xapakTepucTuka Tesa A u TpebyeT ompenenenus. Ecau BHyTpeHHSs
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JHeprus onpejiesieHa, TO U MOJIHAS YHEPrus TeJja onpeneseHa. Hacto pasnuuue
MeXAy KWHEeTHYeCKOW M BHYTpeHHel 3Heprusimb Tesaa A cBOOAT K IMPOCTO-
MY YTBEpPXAEHMIO, UTO KHHETHYeCKasl dHeprusl eCTb 4acTb IOJIHOW SHEpPruH,
3aBUCAILAs OT CKOPOCTEH Tes-TOYeK, COCTABJSIOIMX Tesao 4, a BHYTpeHHsS
JHEeprusi ecTb 4acTb MOJHOH 3HEPryH, 3aBUCALLAS OT MOJOXKEHUH TeJs-TOYeK,
coctaBJsitolnx Teso A. Bo MHOrux ciaydasix nogo6Hoe pasfesieHUe OKa3blBa-
eTcsl IpUeMJIeMbIM U He BefleT HU K KaKuM HenpusitHocTaM. OnHaKo NpHUHATHE
3TOW TOUKHU 3peHUs pe3Ko cyxKaeT 00/1acTb NPUMEHUMOCTH MEXAHUKHU U NTOTOMY
COBEpLUEHHO HelpueMJseMO B (pyHOaMeHTaJ/ bHOM NaHe. KayecTBeHHOe pasJiu-
yhe MOHATHH KUHETHUYeCKOW M BHYTPEHHEH 3HEPrUH COCTOUT B CJEAYIOLIEM.
KrHeTHyeckas sHeprusi — 3TO Ta 4acCTb MOJHOM HEPrUH, KOTOpas 3aBUCHUT OT
BBIGOpA CHUCTEMbI OTCUETA U TOTOMY He siBjisieTcsi (hu3ndeckod (0ObeKTHBHOK)
XapaKTepUCTUKON Tesa. BHyTpeHHss1 9Heprusi — 3TO Ta YaCTb MOJHOW 3HEPrUH
TeJia, KOTOpas He 3aBUCHUT OT BbIOOpA CHCTeMBbl OTCYETa M CBSI3aHA C CAMHUM
TejoM. O6pasHo roBopsi, BHYTPEeHHSIs1 9HepPrust Kak Obl BMOpOXKeHa B TeJo U
nepeMellaeTcss BMecTe C HUM. BaKHO MOAUYEpPKHYTb, UTO 3/eCb peub HJEeT O
JIOOBIX CHUCTEMax OTCYeTa, T.e. HHePUHAJbHOCTb CUCTEMBl OTCUETA He IMojpa-
3ymMeBaeTcsl. BHyTpeHHss 3Heprus xapakTepusyeT CIOCOOHOCTb TeJa 3anacaTthb
JHEepru BHYTpU camoro cebsi. Hanpumep, BHyTpeHHsIS 9HepPrusi MaTepualib-
HOH TOUKH MOCTOSIHHA U He MEeHSIeTCsl NIPU ee IBHXKEeHHUSIX. To XKe caMoe MOXKHO
cKa3aTb 00 aOCOJIIOTHO TBEPIAOM TeJje. BHYTpeHHSS 5Heprus Tesa, COCTOSLLEro
U3 JIBYX MaTepHaJ/bHBIX TOYeK, COeIHHEHHbIX O€3bIHePLUOHHOH MPYKHUHOH, C
TOYHOCTBIO 10 TIOCTOSIHHOM BeJIMYMHBI paBHA 3HePruu AeopMalluu MpPYKUHBL.
DTO mpocThie TMpuMepbl. UTOObI MPOSCHUTH (WMJH 3amyTaTh) OoJiee CJI0KHYIO
CUTYyalHI0, PaCCMOTPUM CJeNyIOIHUHA UAeaJu3UpOBaHHbIN NpuMep. omycTum,
Tes0 A COCTOMT M3 2n aTOMOB BOAOPOAA M M aTOMOB KHCJOpPOAA, MpHYeM
aTOMBI PacCMATPUBAIOTCS KAaK MaTepHasibHble TOUKU (B 3TOM M COCTOUT Hiea-
auzauus). Mexnay aroMmaMu OeHCTBYIOT HEKHE CHJIbI, KOTOPble TOTEHLHAJNbHBL.
[TosiHas sHeprus aToro TeJsa ecTb CyMMa KMHETHYeCKUX HEPTUH BCeX aTOMOB
U MOTeHllMaJja BHYTPeHHUX CUJ. FIHBIMM c/0BaMH, BHYTPEHHSISI SHEPTUs 3TO-
ro TeJia paBHA MOTeHLWaJy BHYTPeHHHUX cus. C Opyrod CTOPOHBI, U3BECTHO
4TO ABa aTOMa BOJLOPOAA OOBEAMHSIOTCS C OJHHMM aTOMOM KHCJIOpPOZa U 00-
pasyroT MOJEKyJy BOIbl, KOTOPYIO, B CBOK Ouyepelb, MOXKHO PacCMaTpPUBATb
KaK MaTepuasbHyI0 TOYKY (elle onHa naeasnusdauusi). [losromy tesno A M0OXKHO
paccMaTpUBaTh KaK COCTOsIIIee U3 N TeJ-ToueK (MOJIEeKYs BOAbI), MEXKAY KOTO-
PBIMM JEUCTBYIOT NMOTEHUHAJNbHbIE CUJBL. B 9TOM ciy4ae noJHas Heprus TeJa
A ecTb cyMMa KUHETHUYECKUX HEPTUil MOJEKYJ W MOTeHLHaJjsa BHYTPEHHHUX
cuJs. [loHaTHO, 4TO MOJHBIE SHeprUHu Tesa A B 060MX cayydasix JOJIKHbBI COBIA-
[aTb, XOTS U KMHEeTHYeCKHe IHEPTUH, U BHYTPEHHHE 3Hepruu tena A B 3TUX
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IBYX ToOAXomax OyAyT pas3/juyaTbCsl CaMbIM CYIleCTBEHHbIM o6pa3oM. B stom
npyuMepe Mbl BUAUM, YTO pasfesieHHe MOJHOHM 3HEePrHh Ha KUHETHUYeCKYI0 U
BHYTPEHHIOIO HE HOCUT aOCO/IOTHOTO xapakTepa. OTciofa U MHOrOYHUCJEHHbIE
npo0OJieMbl, CBI3aHHbIe C MPUHATHEM (DOPMAJIbHBIX ONpefeeHUud [/ SHEPTUU.

He BnaBasice B nanbHeine o0CyXaAeHUs, CPOPMYyaHpPyeM HECKOJIbKO aKCH-
OM OTHOCHUTEJIbHO 3HEPrhM, KOTOpble MOKAa3blBAIOT HAMpaBJeHHe CYLIeCTBYIO-
LIUX HUCCJIeNOBAHHUU.

Axkcuoma El: snympennsn anepeus mera A 3asucum mosvbKO Om KOH-
Queypayuu meara A, m.e. mosoko om sekmopos noroxcerus R u mensopos
nosopoma P; men-mouex Ai, cocmasaaroujux meao A,

U(A) = U(Ry,P;;Ry, Py s RN, P (2.46)

Axkcuoma E2: suympennss snepeus mesra A addumusna no napam men-
mouex, cocmasasrouiux meso A,

N 1 &
ua = u( Va) = S oo, el AN =0 @47

Axcroma E2 yacTo cTaBUTCS 10N COMHEHMe, HamnpuMmep, I/ HOHHBIX B3a-
umonecTeui. OnHako Ha caMoM feJe B (PU3MKe HUKOTAA He aHaJHu3HupoBa-
JIUCh TMoTeHUHManbl Buaa (2.46). He nokasano, HO 1o Bcell BUAMMOCTH aKCHOMa
(2.47) HeobGxomuMa HJisT COTJIAaCOBAHHS C AKCHOMAaMH aIJAUTHBHOCTH BO3JeH-
ctBui. CyenyeT oOpaTUTb BHHMaHHe Ha TOT (PAKT, UTO BHYTPeHHSSI HepPrus
Tesa A, B OTJIMYHE OT €r0 KUHETHYeCKOW SHepPruH, He aidUTHBHA MO TeJjaM,
COCTaBJISOIIMM TeJo A.

Axkcuoma E3a: snympennss anepeus mera A ssasemcs unouggpeperm-
HbLM CKAASPOM, m.e. OHQ He 3asucum om svlbopa cucmemovl. omcuema.

Axkcuoma E3b: snympennsns anepeus mera A He usMeHumMcs, eciu Ha
dsuscenue mesa A Haromcume donoinumenvHoe Osuscenue mesa A, Kak
HCECMKO20 UeN02o.

Akcuombl E3a u E3b skBuBasentHnl. Caenctsuem akcuom El — E3 aBas-
IOTCS YTBEPKAEHUS:

a) BHYmMpeHHAs AHepeus mera A, ABAH0ULE20C CUCMEMOL MamepuaLbHbLX
moueK, no Heobxoodumocmu umeem 8uo

N
UA) =5 Y i (R~ Ry)). 2.4
i,k

0) sHympennss anepeus mesa A, cocmosweeo us mea-mouek obweeo suoa,
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no Heobxodumocmu umeem 8u0
1 o T T
U(A) = 7 Zk @ix (Pi - (Ri—Ry);P{ - Py). (2.49)

HMonHble B3anMONeHCTBUS JOJKHbBl OMUCHIBATbCS BHYTPEHHEH dHepruei Tu-
na (2.49), KoTopblil HUKOTA He MpHBJEKaJjcs IJs 3TOH Leau. B kadecTme
nprMepa Bo3MoXHOH (pyHKuHH Wiy B (2.48) npuBenem Takylo:

v =ve ()= (2)], r=R-Rd,  (250)
T T
roe Yo, To, T1, M, N — NOCTOSIHHbIE, pa3JiMyHble, BOOOILIE TOBOPSI, /51 Pa3HbIX
nap 4acTHll, eCJid NocjaeHHUe HEOAHOTHUITHBI.

[ToctosHHBIe 0 < Ty < T7 MOJIOXKUTEJbHB U 00e BecbMa MaJibl. Ecau 19 = 0,
to (2.50) mepexonut B nmoreHuuan JlenHapna—Jxonca. [TocTossHHas 1o ©MeeT
MOPSIIOK pagryca OopoOUTHI 3/eKTpoHa B atoMme. [loatomy mpu 1o > 11 (2.50)
BHOBb COBIAJaeT C MoTeHLHUaJ oM Thna JleHHapaa—IxoHca. Ha nepBbiil B3rasz
noteHnuaJs tuna (2.50) KaxkeTcsl CTPaHHBIM, TaK KaK OH JOMYyCKaeT “caunaHue”
TeJsi-ToueK. Ho HMeHHO 3TO 06CTOSATEILCTBO B LEJOM Psijie CJAyUaeB CHUIBHO MO-
moraet. [IpuHuMnbl BbI6OpPa KOHKPETHOTrO BUA MOTEHIHMAAa JOBOJbHO CJOKHBI
IJ151 KPAaTKOTO OMUCaHHsl, TaK KaK OHU CBSI3aHBI C BONPOCAMH CYIIeCTBOBAHUS
YCTOWYHBBIX COCTOSIHWH TeJl W JaJjeKkd OT OKOHUaTeJbHbIX pellieHUH. [loaTomy
3[1eCb Mbl OTPAaHUUYUMCS MPUBEJAEHHBIMH Bblllle HAMEKAMHU.

B 3akJ/toueHHe 3TOro myHKTa NpuMeM

Onpenenenne 2.18: mouinocmoro sHewiHux 8o3deticmsuil Ha measo A, co-
cmosuweeo us mea-mouex Ai, Hasolsaemcsa buaruneiinas opma ckopocmeil
u so3delcmeulti

N(A) = Y [F (A, A9 - Ri+ L (AL A% - i (2.51)
€M 4
O6partuM BHMMaHHe Ha TO, UTO 3/€Ch BKJIOUEHBI CHJIBI U MOMEHThI, NE€HUCTBY-
IOIIME Ha TeJO-TOYKY CO CTOPOHBI OKPY»KeHHs1 Bcero teja A, a He CO CTOPOHBI
Af, T.e. okpyxeHue i-ro Tesna-touku. Kpome toro, nox L (A;, A¢) nonumaer-
csi COOCTBEHHO MOMEHT, KOTJla B KaueCTBe TOYKH TPHBeIEeHHs] BbIODAH BEKTOP
nosioxkenust R; tena-rouku Aj;, npuuem, HanmomHuM, L (A;, A®) He 3aBHUCHUT OT
BbIOOpa OMOPHOU TOYKH Q.

2.6 PyHpamMeHTaJbHble 3aKOHbI MEXaHUKHU

[Ton pyHnameHTa/BHBIMM 3aKOHAaMH MeXaHUKH MOHUMAIOT [Ba 3aKOHA AUHA-
MUKW Diisnepa (ypaBHeHHe OasaHca KOJHWYeCTBA [BHUXKEHHS U ypaBHeHHe Oa-
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JaHCca KHHETHUeCKOr0 MOMEHTa) M JiBa Hauaja TePMOAWHAMHKH, K KOTOPBIM
OTHOCATCS ypaBHeHHe OajlaHCa 3HEPTUM U BTOPOE HA4yalo TEePMOAUHAMUKH,
He MMelollee APYroro OOLIeNpPUHATOIO HAUMEHOBAaHUS. Bce 3TH 3aKOHBI CYThb
HeKHe JIOTUYeCKHe yTBepXKIeHHUsI, KOTOPble He BBITEKAKT U3 OIbITa U II0TOMY
He MOTYT OBbITb OMPOBEPTHYTHI ONBITHBIM NyTeM. MIHBIMU cjoBamu, pyHIaMeH-
TaJibHble 3aKOHBI OTHIOAb He fBJsOTCH 3akoHaMmu [Ipuponbl Thna 3akoHa Bce-
MUpHOro TiroteHus. PyHpaMeHTaNbHble 3aKOHBl — CyTb MeTOA U3yueHust [Ipu-
ponbl. [Ipu nasnbHelleM pasBUTUU MeXaHUKH CYIIeCTBYIOLIHE (POPMYIUPOBKH
(pyHOAMEeHTaJIbHbIX 3aKOHOB MOTYT U3MEHHUTLCS, HO He MIOTOMY 4YTO HENpPaBUJb-
HBI, 2 IOTOMY YTO MOTYT ObITb HalaeHbl UX OoJjee 3(h(PeKTUBHbIE BbIPAKEHHUS.
MoxXHO yTBepXKaaTh, UTO (PyHIAMEHTaJ/ bHble 3aKOHBl MEXaHUKH JE€HCTBYIOT Ha
BCEX YPOBHSIX OT aTOMHOH (PU3UKH 0 KOCMOJIOTHMH. BeTpeuatolirecs npu 3ToM
npobJeMbl CyTh CJAEACTBUAS HENMPABUJIBHOIO UJIU HEMOCJ/el0BATEJbHOTO MpUMe-
HeHUs (pyHIAMEHTAJbHbIX 3aKOHOB.

2.6.1 YpaBHeHuUe OajlaHCa KOJUYECTBA JBUIKEHUS

PopmMyJHPOBKA MEPBOro 3aKOHA IMHAMMKU JUaepa: CKOPOCMb USMEHEHUS.
koauuecmsa dsusxcenus meara A pasna cure F(A, A¢) naroc ckopocmov noo-
goda rkoauuecmsa Osuxcerus ki(A) 8 mero A

Ki(A) = F(A, A% +ki(A). (2.52)

Jlnst 3akpoiThiX Tes BennuuHa Ki(.A), kak npasuio, paBHa HyJwo. [as matepu-
aJbHOU TOUKH ypaBHeHHe (2.52) ecTb BTOpoH 3akoH HetoToHa. 1/ 3aKPHITHIX
TeJl ypaBHeHHe (2.52) Ha3bIBAIOT MEPBBIM 3aKOHOM THHAMHUKH DiJjepa, OTKPbI-
TeIM UM B 1750 ropy. M3 (2.52) v aniuTUBHOCTH 110 TeJjlaM KOJHUeCTBa JBHKe-
HUSI ¥ CUJI HeMeJJIeHHO cyenyet Tpetuit 3akoH Heiotona F(A,B) = —F(B, A).
O6paTUM BHUMaHHe, UTO 3TO PaBEHCTBO HHWYETO He T'OBOPUT O HaIpaBJIeHHH
cunsl F(A,B). YpaBuenue M.B.Merepckoro ectb npocTo 3anuch ypaBHEHHS
(2.52).

3ameuaHnue: B (pU3rKe BeCbMa IMOMYJSPHO MHEHHE, UTO CHJIOH Ha3bIBaeTCs
TO, 4TO CTOUT B MPaBOH YacTH ypaBHeHHSs (2.52). DTo 3abyyKIeHUE SBJSETCS
UCTOYHUKOM MHOTHX Hemnopasymenuil. Hanmpumep, MHorve (DU3WKH MoJararor,
4yTo TpeTHH 3akoH HbioToHA He BhIMOJHSIETCS B MUKpoMupe. OnHako B 3iJe-
DPOBCKOH MexaHHWKe TpeTHUH 3akoH HbloTOHa yxKe He akcuoMa, a JO0Ka3aHHas
TeopeMa, U OHa He MOXKeT Hapyiatbes. [IpoTHBOpeure BO3HMKAeT HM3-3a TOTO,
4TO B MHKPOMHpPE YaCTO HeJib3si UTHOPUPOBAThH CKOPOCTDb MOABOAA KOJUYECTBA
nBuXeHus B Teso. [loaToMy mpaByto yacTb ypaBHeHHUs (2.52) Heslb3si HA3bIBATh
CHJION.
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Y HauuHaOLIMX YacTO BO3HUKAET 3aTpyAHEHHe C TeM, KakK CJelyeT Bh-
YUCJSTh CKOPOCTb MOABOAA KOJHMUECTBA NBUXKeHHs B Teso. K coxaneHwio,
B o0lleM cJ/ydae 3TOT BONPOC He pa3pelleH Ha (hOPMaJbHOM YPOBHE, XOTS
Ha MHTYUTUBHOM yPOBHE OH BIOJIHE oueBHIeH. [IoaToMy orpaHuuuMcs OBYMS
MPOCTHIMU TIPUMEPAMH.

Ilpumep: norpy3ka ABUIKYLIEUCS TeJeXKKU

[IycTb mo pesnbcam OBHKETCS TesiexkKa co ckopocTbio V(t). Ilpu stom Ha
TeJIe’KKY Hacbllaercs, Hampumep, necok. [lostomy macca m(t) Tesexku c
MecKoM MeHsieTcsi BO BpeMeHH. CuMTaeM, 4TO Ha TeJeKKY HUKAKHUX CHJ He
JeHCcTBYyeT. DTO, B YaCTHOCTH, O3HAUYAET, 4YTO KoJes MPsIMOJIMHEHHA, a Tpe-
HHUe B MOALIMMHHUKAX KoJec OoTCyTcTBYyeT. Hy»KHO HalTH CKOPOCTb JBHIKEHHS
TeJIEXKKH.

[lepBBili 3aKOH AMHAMHUKH 3aMUCBIBAETCS B BUIIE

d _dm(t)

E[m(t)V(t)] = Tu(t)» (2.53)

rne dm(t)/dt — ecTb CKOpoCThb MoOABOMA Macchl, a u(t) — abcosoTHAsT CKO-
POCTh, C KOTOpPOH Macca dm(t) MOABOAMUTCS K TeJIEXKKe.

3anayy MOXKHO HEMHOTO yCJOXKHHUTh. [IycTh Ha Te/IeXKKY HaChIaeTcs Mecok

nByx coptoB. Torma Bmecto (2.53) GymeM MMeTb Cjenyiollee ypaBHEHHE:

Shmvt] = pi(tw(6) + pa(thuft), TN g spy (@254)
Tze P1, P2 — CKOPOCTH MOJABOJA MACChl [TeCKa MEPBOTO U BTOPOTrO COPTA COOTBET-
CTBEHHO; U1, Uy CyTh CKOPOCTH, C KOTOPBIMHM YTIOMSIHyTble MAacChl TOJBOASITCS
K TeJIeXKe.

JIBrKeHMe TeJIeXKKH CYIIeCTBEHHO 3aBHCHT OT MOABOAMMOTO K Hed KoJinde-
cTBa ABHKeHUs. Hanpumep, ecsu mecok nopaetcss U3 HEMOABHXKHOTO (Mamaer
CBEpXYy B TeJIeXKKYy) UCcTOUHHKA, To u = 0. Ecau nmecok mopaercs ¢ BepToJera,
JIETSIIero Hall TeJeXKKOM ¢ TOH »Ke CKOPOCThio, TO U = V. B nepBom cjyyae cko-
pOCTb TeJieXKKH OYyeT yMEHbIIAThCsl C POCTOM €€ MacChl, 8 BO BTOPOM CJiyuae
OymeT coXpaHsITbCsl HeM3MeHHOH. MOXKHO, pasyMeeTcs, U PAa3rOHATb TeJeXKY,
cOpacbiBasi C Hee MECOK C MOAXOISIIEH CKOPOCTbIO (pPeaKTUBHOE IBUKEHHE).

Ilpumep: 3apaua Keian

YroO6bl ellle HEMHOTO MOSICHUTh 0COOEHHOCTH PaboOThl ¢ OTKPBITHIMU CHCTe-
MaMH, paccMoTpuM 3anauy Ksiau (1857) o manatomieii nernoyke — cm. c. 114
yueObHuKa [10]. B 3amaue Tpebyercs Wcc/enoBaTh NBHXKEHHE HEPACTSXKUMOH
TSIJKEJIOH LieNH, KOHell KOTOPOH CBELIMBAETCs ¢ TOPU30HTAJBHOIO CTOJA, TOrAa
KaK He BCTYTHBILIAS ellle B IBHKEHHE YacTb LIeMH CBEPHYTAa B KJAYOOK y camo-
ro kpas croja. [lyctb p = const u L cyTh moroHHasi macca ¥ ajauvHa uenu. B
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KauecTBe Tesa A BblOMpaeM CBHUCAIILYIO YACTh LeNH, a yepe3 x 0003HAYUM ee
OJUHY. 3anuileM ypaBHeHHe NBUXKEHUSI CBUCAIOLIEH YaCTU LIeMH

d dx\ d(px) dx
a(pxa>—pgx F+ 1t dt’ (2.59)

T7le B JIEBOH YaCTH ypaBHEHHS] CTOMT CKOPOCTb U3MeHeHUs] KOJHUUeCTBa JIBHXKe-
HUS CBHCAIOIIEH YacTu Lenu. B mpaBoil yacTu: mepBoe cjaraemMoe — BeC CBHU-
carllell yacTH, BTOPOe cJaraemMoe — CHJIa, NMPUJIOKEHHasi K BeEPXHEMY KOHILY
CBHCAIOIEH YacTH, TOCeHee CAaraeMoe eCTb CKOPOCTh MOABOAA KOJWYECTBA
IIBUKEHHUSI B CBUCAIOILYIO YacTh Lend. OTMeTHM, 9YTO B YPAaBHEHHH, UCIIOJb3Y-
eMoM K»3Jiu, IBa MocJieIHHUX CJlaraeMbIX B MPaBOM 4acTH OTCYyTCTBYIOT. [loka-
K€M, UTO TaK U JOJKHO ObiTh. YpaBHeHHe (2.55) CONepKHUT JBe HEM3BECTHBIX
¢yHKUMH. B KauecTBe MOMOJNHUTENBHOIO YpaBHEHHS 3amuileM ypaBHeHHe 6a-
JJaHCca KOJIMYeCTBa ABHXKEHUS JJIsi YacTH LeMH, JiexKalled Ha CToJje

d do (L —x) dx dx\ 2
LN (8

FR [p(L—x)0] =F+ m s m (2.56)
[ToncraBasis mosyueHHOe BbIpaXkeHHe IJisi cusbl F B ypaBHeHHe (2.55), mpH-
XOIMM K YpaBHEHHIO, UCNOJb30BaHHOMY K3Hau 6e3 moKHOrO 0O0CHOBaHHS.
[IpumeM, uTO B HauaJbHBIH MOMEHT BpeMEeHH LeMb HaXOAWJAAChb B TOKOe U
cBUcasa ee GECKOHEYHO MaJjas 4acTb, T.e. MPUMEM CJeaylollre HauajbHble
YCJIOBHSI

t=0: x=0, x=0 = x=gt?/6. (2.57)

31ech OMylleHbl HeoOXOAHWMble BBIUHMCJAEHHUS, MOCKOJAbKY MUX MOXKHO HalTH B
[10]. YueOHHKH O MeXaHHKe OCTaHABJIHBAIOTCS Ha BLIBOJAE 3aKOHA JBUXKEHHS
(2.57), HO MOOUTENM MapamoKCOB MAYT HaJblie. BbIsiICHUM coxpaHsieTcs JiH
sHeprus y auxyiueics uenu. [Ipu t = 0 uenp obsanana ToJabKO NOTEHHANb-
HOH sHeprueil Py = p g 2. PaccMOoTpUM MOMeHT BpeMeHH t, Korma x = L, T.e.
t; = 4/6L/g. B 3T0T MOMeEHT BpeMeHU HMeeM

Py=pgl?/2, Ki=pgl?/3 =Pi+K =5pgl?/6#Py=pgl”

(2.58)
CrpaiuyBaertcs, Kyjaa npornana sHeprus pgl?/6? VMeHHO B 9TOM ycMaTpH-
BaeTcsl mapanokc. OTBeT O4YeBHIEH: 3Ta YaCThb YHEPTHHM 3aTpaueHa Ha MTHO-
BEHHbIH pasroH 0eCKOHEYHO MaJblX 4acTed LEeNH OT HYJEBOH CKOPOCTH M0
KOHEUHOHM CKOPOCTH X, T.e. B NAaHHOH 3amade 6eCKOHEYHO MaJible YacTH IeMH
UCTBITHIBAIOT O€CKOHEUHO OOJblliMe yCKOpeHUsi. MeHee TpHBHaJieH BOIMPOC O
NpaBUJAbHOW 3aMUCH ypaBHEeHHUs OaJjiaHca 3Hepruu B 3Toi 3agade. CoOCTBEHHO,
MMEHHO B 3TOM MyHKTEe U BO3HHUKAIOT HAWOOJbILINE PACXOXKIEHUS U, KaK CJlel-
CTBHUe, Mapaaokchl. Mbl HacTauBaeM, UTO ypaBHeHHe OajaHca SHEPTUH NOJKHO
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BBITIOJIHATBCS BO BCEX CJyYasix, HO ero NpaBUJbHOE HanucaHue TpebdyeT ompe-
nejeHHoW mnpakTukU. [IpoBepuM ero BeimoJHeHHe B 3agadye Kauau. Hepes U
0003HaUUM MacCCOBYIO MJOTHOCTb BHYTPEHHEH 3HEPruM Lemnu, T.e. OECKOHEYHO
MaJias 4yacTh uenu dx obsanaet BHyTpeHHel sHeprued dU = p dx U. [Tockonb-
Ky Lelb HepacTsxKKWMa, TO MaccoBasi MJOTHOCTb BHYTPEHHEH JHEPTUH IMOCTO-
siHHA. 3aMulleM ypaBHeHHe OaJjlaHCca SHEPTruM AJs1 CBUCAOLIEH YacTH Lenu

d |1 dx\* dx dx d(px) [T [/dx 2

el = _ et ctheth i Wbt LA I (et

dat [277 (dt) rextl=eo gy P T T |2 (dt) U
(9.59)

31ech TMepBble Ba CJaraeMblX B MPAaBOH YacTH ONPENeNsIOT MOILHOCTb BHELI-
HUX CHJI, NEUCTBYIOLUIMX Ha CBUCAMOIIYI0 YaCThb IIENH, a MOCJe[Hee cjaraeMoe
omnpeJesisieT CKOPOCTh MOABOAA SHEPTHH B cUcTeMy. HeTpynHo y6eauThbes, UTo
ypaBHeHHe (2.59) nns pemenus (2.57) TOXKAeCTBEHHO BHIMOJHSETCS. UTOOHI
siCHee OIILYTHThb TOHSITHE MOABOAA HEPTrHH B CHCTEMY, 3alHIIeM ypaBHEHHe
6ajlaHCa SHEPTUM I/ BCEH LEMOYKH

d |1 dx\” dx
o sz (E) +pLU _pgxa—l—é. (2.60)

3aech d eCcTh CKOPOCTh MOABONA SHEPTUHU B LenouKy. [lo/HBIA TOABOA HEPrUH
B CHCTeMYy Ha UHTepBaJsie BpeMeHH [0, t;] ecTb MHTerpas

A—fédt— ! x X* "t ! x? h——l 2 (2.61)

TIe HCIoJb30BaHO peleHde (2.57). B maHHOM cJjiydyae BHYTPHU CHCTEMBI IPO-
UCXOIUT MOTEPS] IHEPTUH, NPUUYEM Heprusi “He MeXaHUUeCKOro MPOUCXOXK[e-
HUSI” MMeeT YUCTO MeXaHUUYeCKylo NMpUpoAy. TeM He MeHee, Mbl TOBOPUM, UTO
sHeprus (2.61) paccessnach B okpyKarwllyio cpeny B dopme Tersa. Hencky-
IIEHHOMY B MeXaHHKe OTKPBITBIX CUCTEM YHUTaTest0 OyIeT Moje3Ho o6ayMaThb
3Ty 3alayy BO BCeX AeTassx. B yacTHOCTH, cjefyeT Mpoc/equTh IPOUCXOXK/Ie-
HUe U CTPYKTypy mnoaBona sHepruu. [lo aHasoruu ¢ paccCMOTpeHHBIM BBbILIE
MPUMEPOM TI0JIE3HO BBECTH TeMIepaTypy M SHTPOMHIO, a TakkKe AaTb UM HC-
TOJIKOBaHHe. B 3ajayax Takoro popa oyeHb TPYyAHO C(HOPMYJIUPOBATH KECTKHUE
npaBusa. ToabKO HaCTOHUMBAS MPAKTHKA TO3BOJHUT HU3YyYaIOLIUM C JIETKOCTbIO
MPeooJieBaTh BCe BO3HUKAWIIMe MpobseMbl. K coxaneHno (MM K C4acTbio),
MeXaHUKa BOOOlle U MeXaHWKa OTKPBITBIX CUCTEM B UYAaCTHOCTH Bcerna OyneT
BKJIOUaTh B ce0s1 3JeMeHThl WCKYCCTBAa U HUKOrga He OyaeT MpUHANJEXKAThb
cepe YUCTOU MaTeMaTHKH, KaK 3TO BUIEJOCH JlarpaHxy.
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2.6.2 YpaBHeHue OanaHCa KMHETHUYECKOTO MOMeEHTa

PopMyJIHMPOBKA BTOPOr0 3aKOHA IMHAMUKH JUJepa: CKOpOCmb UBMEHEeHUs.
KuHemuueckoeo momenma meara A, 8ol4UCAIeHHO20 OMHOCUMENbHO ONOPHOLL
mouxu Q, pasna momenmy MR(A | A¢) naroc ckopocms nodsoda Kuremue-
CKO20 MOMEHMQ k?(A) 8 meso A

K (A) = MQ(A, A°%) + kJ(A). (2.62)

DTOT 3aKOH [IJsl 3aKPBITBIX TeJl (k?(A):O) BIepBble OblJ  OTKPBIT

JI.DWnepom B 1776 rogy M HOCHUT Ha3BaHHWe BTOPOTO 3aKOHA NWHAMHUKH JU-
Jepa. B meHee oTuersinBol dopme JI. Diijep MCMoNb30Bal 3TOT 3aKOH ellle
B 1758 romy npu (opMyJHUpOBKe ypaBHEHHH AMHAMHKU TBepmoro Tesja. Kak
HU CTPAHHO, HO M B HacTosillee BpeMsi BTOPOH 3aKOH NMHAMHUKH JDHJjepa, Kak
(pyHOAMeHTaJIbHBIH OCTYJIaT MEXAHUKH, He (DOPMYJIUPYETCS B CYLIECTBYIOIIUX
yueOHUKAX (PU3UKKH U MexaHHKH. OTHOCHUTb 3TOT 3aKOH K paspsily TeopeM,
Kak 3TO cuuTtas Jlarpanx, pasymeercss Hesb3si. Eciu nBa 3akoHa AUHAMUKU
diinepa MPUMEHUTb K CHCTEMe MaTepHaJibHbIX TOYEK, TO OHHU MO3BOJSIOT J0-
Ka3aTb, UTO BHYTPEHHHUE CHUJIbl B TAKOH CHUCTeMe M0 HEOOXOAUMOCTH SIBJSIOTCS
LEeHTPaJbHBIMU, T.€. HANpPAaBJEHbl MO JUHUSAM, COEJUHSIOLIUM MaTepHUaJjbHbIE
Toukd. [I03TOMYy B HBIOTOHOBCKOH MeXaHHWKe CUCTeM MaTepuaJsibHbIX TOUEK HH-
KaKUX CHJ, KDOMe LEHTPaJbHbIX, HE CYLIECTBYeT. DKCIEPUMEHTANbHO N0Ka-
3aHO, YTO CHUJIbl MEXAY HOHAMU B KPHUCTa//Jax He SBJASIOTCH LUEHTPaJbHBIMU.
ITO O3HayaeT, UTO HOHbI, B 00lleM cJyudae, HeJb3s MOAENUPOBATH MaTepu-
aJIbHbIMH TOYKaMU. B KayecTBe UJIIOCTPALIMU UCIIOJIb30BAHUSI BTOPOr0 3aKOHA
OMHAMHUKHU PACCMOTPHUM IPOCThIE MPHUMEPHI.

IIpumep: nBuKeHHEe aOCOJIOTHO TBEPAOro TejJa B LIEHTPAJBHOM IIOJIe
tAroreHusa. [lycTb B HayaJje WHepLUMUAJIBbHON CHUCTEMBI OTCYETA PACMOJOXKEHO
ToueyHoe TeJio ¢ Maccod M. IlycTb B moJie TATOTEHHUS 3TOrO TeJa ABHUXKETCS
abCoJIIOTHO TBepaoe Teso A ¢ Maccod m. LleHTpasnbHBIA TeH30p MHEPUHUHU TeJsa
A cudTaeTcs TPAHCBEPCANbHO U30TPOMHBIM U B OTCUETHOM IOJIOKEHUHU HMeeT
BH T

C=2e®Re+u(E—e®e), (2.63)

rme 7\, W CYyTb 0CeBOH U SKBaTOpI/IaJIbeIIjl HEHTpPaJbHbIE MOMEHTBI HHEPLUHUH TeJd
A cooTBeTcTBeHHO. KoJsnuecTBO JIIBUXKE€HUS] U KHHEeTHYeCKHMH MOMEHT Tesaa A
3a1al0TCsA BbIPpa2KEHHUAMH

K =mR(t), K;=R(t)x mR(t)+P(t)-C-PT(t)- w(t), (2.64)

rie R, P cyTb BekTop moJioKeHUs1 LEeHTpa Macc Teja A U TEeH30p MOBOPOTA
TeJia A COOTBETCTBEHHO, (I €CThb YIJIOBasi CKOPOCTh TeJsa A, KOTOpast CBsi3aHa C

69



TEeH30pOM ToBOpoTa Tesa A ypaBHeHueM [lyaccona (2.9). B kauecTBe onopHo#

TOYKU TIPH BHIYHUCJEHUU KHHETHYECKOrO0 MOMEHTAa BBIOPAHO Hayasio B CHCTEME

oTcYeTa. 3aMuIleM Telepb MepBble IBa 3aKOHA ITHHAMHUKH JJs Teja A.
YpaBHeHue GasaHca KOJHUYECTBA JBHUKEHHUS

d ( R) __gMmp (2.65)
dt R3

rne G ecTb yHHBepcaJsibHasi TPAaBUTAllMOHHAsI MOCTOsIHHAs. YpaBHeHHe (2.6D)
MMeeT UeTblpe WHTerpasa ABHXKeHWs (ONMH CKaJspHBIH W OAWH BEKTOPHBIN).
CK&JIHprIfI I/IHTeraH HAa3bIBAETCH HHTeraJIOM SHepFI/II/I TpaHCﬂHHHOHHOFO
ABHU2KECHUA. OH HOﬂyqaeTCH IIoCJie CKaﬂHpHOFO YMHO}KGHI/IH O6€I/IX I-IEICTeI‘/JI ypaB-

HeHus (2.65) Ha BEKTOP R 1 uMeeT BUJI

1 .. M
SmR-R- GmT — & = const, (2.66)

rne &t OyneM Ha3biBaTb dHEPrHed TPaHCJSLHMOHHOIrO NBHXKeHHs Tesa A. Bek-
TOPHBIH HHTerpaJj, HasblBaeMbld 3aKOHOM COXPaHEHHs MOMEHTa KOJHUYecTBa
JIBUKEHHSI, TTOJydaeTcsl MocJe BEKTOPHOTO YMHOXKEHHsSI 06erX yacTed ypaBHe-
Hus1 (2.65) Ha BekTOp R M HMMeeT BUI

RxmR=H=const = R-H=0. (2.67)

13 nocyienHero paBeHCTBa BUHO, UTO TPAEKTOPHS LIEHTPa Macc Tesa A JIEXKHUT
B MJIOCKOCTH, OpTOTOHaJbHOH BekTopy H ¥ HasbiBaeMo¥ MJIOCKOCTBIO 3KJIUIITH-
Ku. Pemenuve 3anaun (2.65) — (2.67) mMoxeT ObITb HalJIEHO BO BCeX yueOHHKaX
MeXaHHUKH M 3JIeCb OMYCKaeTcs.

YpaBHeHHe GajlaHCA KUHETHYECKOTO MOMEHTA HMEET BMI

d
dt
OTcrona ¢ yuetoM nHTerpaJa (2.67) mosydaem ellle OOUH BEKTOPHBIA HHTErpadJ,

(pUKCUpYIOLLUIA COXpaHEHHWEe NUHAMHUYECKOTO CIHMHA Tesa A. DTOT HHTerpal
NAeTCsl BbIpaKeHUueM

(R(t) « mR(t) +P(t)-C-PT(t) - w(t)) —0.

P(t)-C-P'(t)- w(t) = L = const. (2.68)

CoxpaHeHHe TUHAMHYECKOTO CITUHA 3J/eMEHTAPHBIX YaCTHII, OUEBHUIHO, H0JKHO
UTPaTh OTPOMHYIO POJIb B KBAHTOBOH (PU3HKe, eCJii Obl OHA YUUTHIBAJa B IBHOM
BHJle CIHHOPHBbIe ABMKeHHs. Ho, K coxa/sieHuo, B HAaCTOsIIlee BPEMS 3TOTO HeT.
PaBenctBo (2.68) MoxXKHO nepenucaTh B 00palleHHOH hopme

w=Pt)-C"-P'(t) L. (2.69)
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PelieHue sToro ypaBHeHUsI COBMeCTHO ¢ ypaBHeHHeM [lyaccoHa mnosBoJisieT
HaWTH YIJIOBYIO CKOPOCTb U MOBOPOTHI Tesia A. PasyMmeeTcs K 3TUM ypaBHEHUSIM
IOJIKHBI ObITb N00aBJIeHbl HauaJbHbIE YCJI0BHUS

PO)=E, w0)=w, = L=C-w,. (2.70)

31ecb Mbl MPUHSIJIK, YTO B KayeCTBe OTCUETHOrO MOJIOXKEHHs TeJsa A Bblbpa-
HO ero HadaJjbHOe moJiokeHue. Pemenve 3amauu (2.69) — (2.70) paccmorpum
HeMHOro nonpo6Hee. HerpynHo y6enutcsi, uto ypaBHeHue (2.69) momyckaet
MHTErpaJs, KOTOPbIH BbIpaXKaeT 3aKOH COXPaHeHHUs HePrud CIUHOPHOTO JBH-
xkeHus. [loguepkHeM, UTO ero HeJsib3sl Ha3blBaTb 3aKOHOM COXPAHEHHs Bpalla-
TEJIbHOT'O JBUXKEHHS, MOCKOJbKY 4YacTb SHEPTUM BpallaTebHOrO ABUKEHHS,
T.€. SHEPTHUS TPAHCJSILHMOHHOTO ABHXKEHUS Tesa A BOKPYT LEHTPa MPUTSIKEHHS,
y>Ke BoIlJIa B UHTerpaJs (2.66). DHeprus CIHHOPHOTO JBHKEHHS BbIUHCJ/ISETCS
no gopmysne
1 T 1 1. pT

Es = zw(t)-P(t)-C-P (t)-w(t) = zL-w(t) =L-P(t)-C -P'(t)-L. (2.71)
Beruuc/isis mpousBOAHYIO MO BpPeMEHM OT 3Hepruu Es U YUWUTbIBAsl ypaBHe-
HUe (2.69), HeMenJIeHHO yOeXKaaeMcsl, UYTO SHEPTHUS] CIIMHOPHOTO JBHKeHHUS Eg
cOoXpaHsieTcsl HeM3MeHHOH. BcakUi TeH3op MmoBopoTa, KaK XOpOLIO HM3BECTHO,
BbIpaxKaeTcs yepe3 Tpu napamerpa. Hanpumep, depes yribl dinepa. Obuias
TeopeMa O TMpeACTaBJEeHHUH TeH30pa MOBOPOTA yepe3 TPU MapaMeTpa JoKaszaHa
B pabore [12]. 3akoH coxpaHeHHSs HEPTHU CIHUHOPHOrO ABHXKeHUs Eg = const
MOKa3bIBaeT, UTO TPH BHIIIEYIIOMSHYTbie MapaMeTpa AOJKHbI yIOBJETBOPSThH
OIIHOMY CKaJIipHOMY paBeHCTBY (2.71). B pesysbrate, TeH30p MOBOpOTA, TOXK-
NIECTBEHHO YIOBJETBOPSIIOUIMNA 3aKOH COXPaHEHHUs SHEPrUH CIIMHOPHOTO [BH-
JKEHHsI, MOXKeT ObITb BbIpakeH 4yepe3 1Ba MPOU3BOJbHBIX MapaMmeTpa. Beenem
0003HaueHue

Q(e(tim(t)) = (1 —cosp)m@m+cos@E +sineom x E (2.72)

0JIs1 TIOBOPOTA HAa yroJl ¢ BOKPYT BeKTopa m. Toraa UCKOMBIH AByXmapamer-
pUUYeCKHH TEeH30p MOBOPOTA MOXKeT OBbITb BbIPAXKEH B BHUIE KOMIO3WLHHU NBYX
[IOBOPOTOB

P(t) =Q((t)m) - Q(¢(t)e), m =L/[L|= const, (2.73)

rae yrosa coOCTBEHHOrO BpallleHUsl (@ 3a4aeT BpallleHUe BOKPYT OCU U30TPOIUHU
e Tesa A, a yroJ npereccuu \p 3anaet npeLeccuro Teaa A BOKPYT MOCTOSHHOTO
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BeKTOpa nuHamuyeckoro crnuHa L. [ToncranoBka (2.73) B (2.71) maer

8s=%L°w(t)ZL-Q(ll)m)-Q(qDe)'C_] - Q' (pe) - Q' (Ym) - L =

=L.C'.L =const. (2.74)
31L€Cb YUTEHbl O4HEBHAHBIE TOXKAECTBA
L-Q(ym)=L, e-Q(ye)=ce.
Brruncaisisi yriaoByo CKOPOCTb KOMIIO3HUIMH MOBOPOTOB (2.73), mosydyaem
w=19Pm+ @Q(Pm)-e=Q(Ppm)- (pm+ ¢e) =Q(pm)- w,. (2.75)

[ToncraBasis Beipaxkenue (2.75) B ypaBHeHue (2.69) u ymHoXkas obe uacTu
nosy4mslierocsi ypasHeHus Ha Q' (\pm) cseBa, mosydaem

YL+ 1lpe=1C" - L=1lw,, 1= \/uzw% +(A2—p2) (e w)’, (2.76)

rie L ectb Monysb BeKTopa L. Pelienue ypaBHenus (2.76) HaxomuTcs a/eMeH-
TApHO U MMEET BU
tl t(n—A) o
b=—, ¢o=——I(e-wo)=—1—(e-L). (2.77)
1 1 Ap
Takum obOpasom, Mbl BUAMM, UTO OCb Tesja A MpeLeccUpyeT BOKPYT BEKTOpa
JUHaMHU4YeCKOI'O CIIMHAa

€ =Q(t)m)-Q(o(tle)-e=Q(P(t)m)-e = € -L=e-L (2.78)

C TIOCTOSIHHOM CKOPOCTbIO MpeLeCcCUH 1|) W BpalllaeTcsl ¢ MOCTOSSHHOH YTJIOBOM
CKOPOCTbIO () BOKPYT COOCTBEHHOH OCH, MPUYEM YroJ MexXIy OCblo Tesja U
BEKTOPOM €ro AMHAMHYECKOrO CIIMHA COXPaHSEeTCs1 HEM3MEHHbBIM.

[TpyMeHUM Tenepb MoJydyeHHbIe Pe3yabTaThl K OMMCAHUIO BpallleHUs1 3eMJIH.
ITO crnpaBenJuBO B NPU NpeHeOpeKeHUH BJAHSHHUEM JIyHbl U TPaBUTALIMOHHOTO
moMeHTa 0T CosiHua. Kak W3BeCTHO, MOMEHTHl MHEPUHUH 3eMJU pasanyaroTcs
BecbMa He3HAUHTEeJbHO

A~ 1,0033 .

K coxaJsieHuto, aBTOp He 3HAKOM C AeTassiMU HaOJIOAeHHUH 0 U3yYEeHHIO Bpa-
lleHUs1 3eMJId U MOTOMY He B COCTOSIHUM CYIOUTb O CTENeHHW HUX TOUHOCTH.
MHOro noJie3HbIX CBEIEHHH O NBHXKEHHWH 3eMJH MOXKHO HaWTH B KHHUre [13].
[locKo/IbKYy BEKTOp AMHAMHYECKOTO CIIMHA MOCTOSIHEH, TO OH (DMKCUPOBAH OT-
HOCHUTEJIbHO MMJOCKOCTH 3KJIUNTHKH. CumTaercs [13], uTo och 3eMsu Takxe
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(UKCHPOBaHA OTHOCHTEJBHO MJIOCKOCTH SKJIHUITHUKH H COCTABJsIET C HEH yrod
66°33’. Corsiacto (2.78) ogHoBpeMeHHasi (PUKCALUS U IHHAMHUECKOTO CIIHHA,
¥ OCH 3eMJIM BO3MOXKHA TOTJa U TOJBKO TOTAA, KOTAa BEKTOP AMHAMUYECKOrO
CMIMHAa HalmpaBJieH CTPOro Mo ocH 3eMJH. B TakoMm ciyuae nMeem

L=Aw, w=wy=woe=const, [=|L=Awo, (2.79)

U pasjuyde Mexkay yTJaMu npelieccHd P U cOOCTBEHHOro BpallleHHs @ Teps-
eT cMbicsl. PU3UYEeCKU HUHTEpIpeTHpyeMa TOJbKO CyMMa 3THX YIJIOB, paBHas,
KOHEYHO, BesuunHe twy. C Opyro#l CTOPOHBI, UMEIOTCS CBEIEHHS O TOM, YTO
CKOPOCTb BpallleHHs] 3eMJIh He TMOCTOSIHHA, a OCb 3eMJId CJierka KoJebJseTcs.
OOBIYHO 3TO OOBSICHAETCS TeM, 4YTO 3eMJsl He MOXKET CUHMTaTbCs abCoJIIoT-
HO TBepabM TesoM. Ho, B momosiHeHHe K 3TOMY OOBSICHEHHIO, CYIIECTBYeT U
apyrasi mIpUuMrHa, Mo KOTOPOH 0oChb 3eMJH MoXKeT KosebaTbes. JleHCTBUTEBHO,
IOMYCTHM, UTO HarpaBJieHHe NTHHAMHYECKOro ClMHA HEMHOTO OTJMYaeTCs OT
HarpaBJeHUs ocd 3eMmJd. B 3ToM caydyae ocbh 3eman OyneT MpeliecCHPOBATH
BOKPYT BEKTOpa NTHHAMUUECKOTO CIIMHA U, CJeN0BaTe/bHO, OyIeT HEMHOIO Me-
HSIThCS YTOJ MEXJY OCb0 3eMJIM U MJOCKOCTbIO 3KJAUNTUKU. Moay/nb BeKTopa
YIJIOBOH CKOPOCTH OyleT OCTaBaThCs MOCTOSIHHBIM, HO CaM BEKTOpP YIJIOBOH
CKOPOCTH OyJleT TaKxKe MpPelecCUPOBaTh BOKPYT BEKTOpPa MHHAMUUECKOTO CITH-
Ha. [Ipn 3ToM cMmeHa cyTOK Ha 3emJje OyneT OMNpPeNessiTbCs He BpalleHHeM
3eMaM BOKPYT COOCTBEHHOH OCH, a MpeleccHed ee OCH, KaK 3TO BHUAHO M3
dopmyn (2.77).

IIpumep: peakuus B onope cBOOOIHO Bpauiaiomerocs teaa. PaccMotpum
abCoOJIIOTHO TBepAOe TeJso, OJHAa TOUKa KOTOPOTO HEMOABHKHO 3aKperieHa U
HUKAKHX CHJ, KpOMe peaklMU B Orope, Ha TeJO He AeHCTByeT. DTa 3ajaaya
MaJio OTJHYaeTCsl OT PAaCCMOTPEHHOMU BbIllle, HO Mbl XOTUM 0OpPaTUTb BHUMaHHE
Ha OIHY ee 0COOEHHOCTb. 3aluileM YPaBHEHUS IBHKEeHHS.

YpaBHeHUe GajlaHCa KOJMUECTBA JBUXKEHHS

d ( R) —F, (2.80)
dt
rae BeKTOp R OHpeI[eJIHeT ITOJIOZKEHHE ueHTpa MacCC OTHOCHUTEJIbHO HEIIOJABH2K-
HOH TOYKH, cujJa F ecTb peakuus B HeMOABHXKHOH TouyKe. ¥YpaBHeHHe (2.80)
CJHY2KHUT OJId HaXO0XKAECHUA peaKU,I/II/I B Onope. HO OCHOBHOﬁ TeopeMe KHUHeEMATHu-
KN UMeeM

R(t) = P(t)-r, (2.81)

rae BEKTOp r 3aAd4eT II0OJ02KEHHE HEHTPAa MAaCC TeJa B OTCHETHOM I10JI0O2KEHHH.
ILJIH HaXO0xXXJI€HHA TEH30pa IMOBOPOTA P HGO6XOLLI/IMO 3dlIuCaTb BTOpOIjI 3dKOH
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nuHaMuku. Umeem
(P-C-P"-w)’ =0 = P-A-P'.w=L=const, (2.82)

rie TeH3op HHepuuu C BbIUKC/IEH OTHOCHTEJIbHO HETONBUXKHOH TOUYKH H SIBJISI-
eTCsl TPaHCBEPCaJbHO U30TPOIHBIM.

Pemennve 3anauu (2.82) npu 3agaHHBIX HayaJbHbBIX YCJOBHSX HHYEM He OT-
Juuaetcs ot pertenus (2.73) — (2.77), NOCTPOEHHOTO B MPEBIAYIIEM MTPUMEPE.
Hcnosab3oBas (2.80), BHIUKCIUM peakiHio B OMOpe

F=mQ(Ym)-[woxEXxwy+ple®@ wg—wo®e)-Q(pe)-r. (2.83)

B Bhipakennu (2.83) ucrosb3oBaHbl 0003HAUEHHs], IPUHSTHIE B (2.73)-2.77).
Kak BUAMM, peakuusi B OMOpe BBIYHCJSETCS M0 JOBOJBHO CJ0XKHOH opmyie,
NpUYeM ee HalpaBJ/eHHe MeHSeTCs BO BPEMEHH U He COBMAJaeT C HaMpaBJieHU-
eM BekTopa R, ompenessioniero nosoxeHue LeHTpa Macc. BooOpasum Teneps,
4YTO Mbl B COCTOSIHUU HU3MEPSITb PEAKILMI0 ONOPbl U HAOJI0AaTh BpallaTeJsbHOe
IoBUXKeHHe Tesa. J{omycTUM TakxKe, UTO Mbl HUYEro He 3HaeM O BTOPOM 3a-
KOHe TUHaMUKHK DuJiepa. BosbMeM nasee nBa Tesa ¢ OIMHAKOBBIMU TE€H30paMH
UHEPLMH U 3aaUM JIJisT HUX OMHAKOBbIe HauaJbHble yC/JA0BUS. B 3TOM cayuae
HaOJ/IofaeMble IBUKEHHS 3TUX ABYX Tes OyAyT COBeplIeHHO ONMHAKOBbBIMHU. B
TO K€ BpeMs U3MepsieMble peaKIMH OMOop y 3TUX TeJ MOTYT ObITb COBEPLIEHHO
pa3HBIMHU, IOCKOJIbKY PeaKL MU 3aBUCAT OT MOJIOKEHUS LieHTpa Macc B TeJjie. Ho
LEHTPBl Macc y TeJ C OAUHAKOBBIMU TeH30paMHU WHEPLUH MOTYT HAXOAUTbCS
B Pa3JIMYHBbIX TOUKaX TeJsa, MPUYeM ABHKEHHE LEHTPOB MAaCC HEKOHTPOJUPY-
eMo. Ecau MBI CTOMM Ha MO3ULHMAX HBIOTOHOBOM MEXaHWKH, TO BO3HHUKIIAS
CUTyalUs MOKAXKeTCs HaM NapafoKcajabHOH, UO0 HabJofaeMble IBUKEHUS He
OnpefessiioT Hu3MepsieMble CUJbl. [l 0O0bsicHeHHUS] 3TOrO pakTa Mbl HauHEM
NPUAYMBIBATb BEPOSATHOCTHBIE TPAKTOBKU M FOBOPUTb O HAPYLUEHHUSX 3aKOHOB
KJaCCHYeCKOM MeXaHUKU. B HacTosiliee BpeMs AJS1 ONHUCAHUS MOAOOHBIX SIBJe-
HUU HCIOJb3YIOTCS BEPOSITHOCTHBIE 3aKOHBI KBAHTOBOHU (PU3UKH.

2.6.3 IlepBoe u BTOpOe HauajJa TepMOOHMHAMHKU

B MexaHuKe NHUCKPETHBIX CHCTEM He OOCYXKAAITCS TaKue MOHSITUS, KaK BHY-
TPEHHSS1 SHEPrus, TemJjao, TeMrneparypa, SHTponus. bosee Toro, NpuHATO CUU-
TaTh, UTO OCHOBHbIE 3aKOHbBl TEDMOJMHAMHKH He MOTYT ObITb BBEIEHBl B paMKax
KJAaCCUYECKOW MeXaHHWKH. B MexaHHuKe CIJIOLIHBIX Cpell 3aKOHbI TEPMOJHUHAMHU-
KU WUTPalT BaxkKHy poJb. [loaTomy npu nepexome OT AUCKPETHBIX CUCTEM K
HenpepbIBHBIM BO3HUKAET HEKHUU JIOTUUEeCKUH Pa3pblB, MOCKOJIbKY MPUXOIUTCS
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BBOIUTH MOHSTHS, UYKJble TeTePMUHUPOBAHHONH MeXaHHWKe TUCKPETHBIX CH-
cteM. B nanHo# paboTe o6liasi KOHLENHS 3aKOHOB TePMOAMHAMUKU He 00Cy-
x)naetcsi. Tem He MeHee, KaxkeTcsl 11e71eCO0OpPa3HbIM BBECTH OCHOBHbBIE MOHSATHUS
TEPMOJMHAMUKU HA 3J€MEHTAPHBbIX MPUMepPaX MeXaHUKH NUCKPETHBIX CUCTEM.

Ecsu 6b1 Hac WHTepecoBa M TOJMBKO CUCTEMBI C KOHEUHBIM (M He CJHIIKOM
OOJIBIIMM) YUCJIOM CTeleHed CBOOOABI, TO MePBHIX ABYX 3aKOHOB AMHAMHUKH B
COBOKYITHOCTH C OINpeJesIIOIMMHA YPaBHEHUAMH Obl10 Obl BIOJIHE AOCTATOYHO
IJ151 IOJIHOTO aHaJ/Ih3a BCeX MHTEPEeCYIOLMX Hac BOIIPOCOB. B MexaHUKe CIJOLI-
HBIX Cpell, T.e. CUCTeM C O€CKOHEUHBIM YHCJIOM CTelleHed CBOOONbI, CUTYyalus
OKa3blBaeTcs CJOXKHee. 31eChb yxKe HEeBO3MOXKHO OMNUCaTb COCTOSIHHE CpelHl,
MOJb3YsSCh TOJbKO MOHATHUSMU CHUJ U MOMEHTOB. JlOMOJNHUTEbHO MPUXOIUT-
Csl BBOIMTb Takhe TMepBUYHbIE MOHSTHS KAaK BHYTPEHHSS HEPrus, TemJsoBas
3Heprusi, Temnepatypa u sHtponusi. CoOCTBEHHO, MOHSATHE BHYTPEHHEH 3Hep-
TUU MOXKHO BBECTH M B CUCTEMAax C KOHEUHBbIM YHUCJOM cTerneHeid cBOOOMIbI, Tae
BHYTPEHHSIS1 SHEPTHs BBOAUTCS KaK MOTEHLHAJ BHYTPEHHUX cUJ. B MexaHuke
CIJIOILIHBIX CPell 3TO y»Ke He Bceraa BO3MOXKHO. [IoHSATHSA TeMmepaTypbl U 3H-
TPOMUHK 3HAKOMBI MPAaKTUUECKH BCeM. TeM He MeHee, UX CTPOroe omnpenesieHue
HATaJIKUBAETCs HA Cepbe3Hble 3aTPyAHEHUs. B MeXaHUKe CIJIOIIHBIX Cpel 3TH
3aTPy/AHEHHUS 10 HEKOTOPOW CTeleHH pa3peliarTcs (POpMyJHpPOBKON MEPBOro M
BTOPOTO HauyaJs TepMOAMHAMUKU. B naHHOW paboTe UCMO/b3YIOTCS YIPOILLEHHbIE
(hOpMYJHUPOBKH, KOTOPble UMEIOT CBOEH 11e/Ibl0 Ha MPOCThIX MPUMepax MOsSICHUTD
Takyhe OCHOBHbIE TOHSITUSI TEPMOJMHAMUKU KaK BHYTPEHHSISI SHEprusi, Temrie-
paTypa W 3HTponus. B yacTHOCTH, NMOHSITHE 3HTPOINHUHM, HUCIIONb3yeMOe HUXKE,
OT/IMYaeTCsl OT U3BECTHHIX ompefeseHuii!.

YpaBHeHue OanaHca 3HEPrUU WM MEPBbIN 3aKOH TEPMOIUHAMUKU: CKO-
poOCmo UBMEHeHUS NOAHOU IHepeul NPoU3BONbHOL CUCMeMbl pABHA MOULHO-
Cmu B8HeUlHUX 8030elicmeutl naArc cCKopocmo no08o0a aHepauu “He Mexarnu-
ueckoeo npoucxoxcdenus”, 0bbiuHO 8 hopme menia.

[atb obliee U cTporoe onpeaeseHue MOHSATHIO SHEPTUU “He MeXaHUUECKOro
NPOUCXOXKAEHUS]” 3aTpydHUTeNbHO. [l0o3TOMy orpaHuuyuMcsi HeonpeaeseHHBIM
3asiBJIEHUEM O TOM, YTO SHEPrusl He MeXaHWYeCKOro MPOUCXOXKAEHUS — 3TO
Ta 4acTb 3HEPTHH, KOTOpas MOABOAUTCA He yepe3 MOLIHOCTb BHEIIHHWX BO3-
nevictBui. [losicHuM ckasaHHoe mpocTedwuM npumepoM. [lycTb nBa rpysuka,
COelMHEeHHble TPY>KUHOH, MOTYT COBepIlaTh ABHUXKEHHUS BHOJb TPYOKHU C OCBIO
x. PaccmoTpum faBe MoXoxKUX cUTyallud. B mepBoil M3 HHUX MeXIy T'py3uKa-
MU U CTE€HKaMu TPYOKH NeHCTBYIOT CHJIbl BSI3KOTO TpeHHsi. Bo BTopoMm ciaydae
CTEHKHU TPYOKH HIeasbHO IVIaJKHhe, HO MeXAYy TPy3HKaMH BCTaBJieH aemIdep

19HTp0HHH, BUAWMMO, OJHO H3 HauboJiee TYMaHHBIX MOHSTHH B MEXaHHKe, KOTOPO€ UCIOJIb3yeTCAd BO MHOTHUX
CMbICJ/IaX, a HHOrJa U BOBCE 6e3 cMmbIcaa.
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BSI3KOTO TpeHusi. [losHas sHeprus cucTeMbl UMEET OJMH U TOT Ke BUJI B 000X
caydasx

1 1
E = 2 (m])'(%-l—mz)'(%) -I—ZC(X] —Xz)z, (284)

rage ¢ €CTb 2KECTKOCTb MNPY2KHUHBI. OI[HaKO YpaBHEHHE OaJsiaHca 9HEPIruHu B 3THUX
ABYX CJydadX MUIOETCHA II0 PA3HOMY

1. E=—b1x3—byx% 2. E=-b (1 —x)°, (2.85)

rae NOCTOsIHHbIE KO3(ppuLKeHTrl by, by, b HaspiBarOTCA KOIP(PULUEHTAMU BS3-
KOCTH. B mepBoM c/ydyae paccesiHWe 3HEPrUH MPOUCXOAUT 33 CUET MOLIHOCTH
BHEIIHUX CHJ, IpUYeM I[OJBOJ SHEPTHH “He MeXaHUUYECKOro NPOUCXOKIEHUS
OTCYTCTBYyeT. Bo BTOPOM cJlydyae MOLIHOCTb BHELIHUX CHUJI paBHA HYJIO, a pac-
cesiHHe HEPrUH MPOUCXONUT 6J1arogaps MoaBoay (B JaHHOM cJydae — OTBOLY)
JHEpruy “He MeXaHWUeCcKoro npoucxoxaeHus . [Ipy aTom Mbl 4yacTo roBopum,
4TO YHEPTUs PacCeUBAeTCs B OKPY2KAWOLLYI0 Cpelly B BUJE TelJa.

Kaxnoe ypaBHeHHsi OajiaHCa BBOAWUT B PacCMOTPeHHe HOBOe MOHsSTHE. B
MIepBOM 3aKOHe NHMHAMHUKH BIepBble BBOAUTCS IMOHSITHe CUJbl. Bo BTOpOoM 3a-
KOHe NUHAMHKH BBOJUTCS HOBOE INOHSTHE MOMEHTa, He CBOASLIErocs K IOHS-
THIO MOMEHTA CHUJIbl. YpaBHeHHe OajlaHCa SHePTUU BBOAUT B PaCCMOTPEHHUE Cpa-
3y J1Ba HOBBIX TMOHSITHUS: BHYTPEHHIO HEPTUI0 U CKOPOCTb MOABOJA SHEPTHUH B
cucteMy. HeMHOro HUKe MBI IOKaxKeM, YTO U TaKHe MOHSATHS, KaK TeMIepary-
pa U 3HTPOMNHUS TAKXKe BBOAATCS IMOCPEACTBOM CIELHa/JbHON MaTeMaTHYeCKOH
(OpMYJIMPOBKH ypaBHeHUS] OaslaHCca SHEPrUH.

O6cyxneHue ypaBHeHHUs OajlaHCA 3HEPTUU IPOBeleM Ha 3JeMeHTapHOM
pUMepe ABYX T'PY3UKOB, COEIMHEHHBIX Oe3blHEPLHOHHOH NPY>KMHOH 00I1ero
Buna. [IpenBaprrenbHo paccMOTpPUM CJlydyad OOHOW MaTepuabHOU TOUYKH. [Ipu
OOBIYHOH TPAaKTOBKE IMOJBOJ HEPTUU ‘He MEXaHHWYECKOTO MPOUCXOXKAEHHS K
MaTepuaJsbHOH TouKe HeBO3MOxeH. [loaToMy ypaBHeHuHe OasaHCa SHEPTUU MJIS
Hee MMeeT MPOCTEeULIHNA BUJ

dt \ 2

roe U ecTb BHyTpeHHss1 3Heprusi, F ecTb cuia, nedcTByomas Ha MaTepHalb-
HYI0 TOUKy. Bbluncsssi NpOUM3BOAHYIO 10 BPeMEHU B JIEBOH YAaCTU ypaBHEHHUS
(2.86) u yuuTbiBasi nepBblii 3aKOH fUHAMUKKH mMv = F, mosyyaem, 4To BHyTpeH-
HSIS1 SHEPTUsl MaTephaJbHOM TOUKH MOCTOSIHHA. MIMeHHO Mo3ToMy B KJjaccuue-
CKOM MeXaHHKe BHYTPEHHSIS1 SHEprusl UCKJUaeTcs U3 paccMoTpeHusi. Mexny
[IPOYUM, B YIIOMSAHYTOH INOCTOSHHOHU HEPrUH 3aKJHUYarTCHd OPOMHBIE 3Hep-
TWH, HallpuMep, aToMHasl 3Heprusi. CUTyauus U3MeHUaach Obl, ec/u Obl MBI 3a-
XOTeJIM pacCMaTpUBaTh pacnaji OQHOW YAaCTHULBI Ha HECKOJIBKO HOBBIX YAaCTHL.

i(1mV~V—|—U,>:F-V, (2.86)
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B Ttakom cjayuae BHYTpeHHsIsS1 Heprus nepecraja Obl ObITb Her3MeHHOH. [Ipu
3TOM HTHOPUPOBATb CKOPOCTb MOJBOAA HEPrUU yxke OblI0 Obl Hesb3si. Pac-
CMOTPUM Telepb TeJO, COCTOSILIee U3 ABYX MaTepUaNbHBIX TOUEK, COEIUHEH-
HbIX 0e3bIHEPLIMOHHOH MPYKHUHOH. JloMyCTHM, 4YTO BHYTPH 3TOTO Tesa BO3MOXK-
Hbl IOTEPU IHEPTHUHU, HANIPUMEp, HU3-3a HANUUUS AeMidepa MeX1y YaCTHULLAMU.
3anuuiemM ypaBHeHHe OajiaHCa HEPTHUU IJisl PAaCCMAaTPHUBAEMOTO TeJa

d /1 1
a(zlel'Vﬁ-zszz'Vz‘Fu) =Fi-vi+F;-vy+59, (2.87)

roe U — BHYTpeHHsIS 9Heprusi pacCMaTPHUBAEMOro Tesa, & — CKOPOCTb MOJIBOAA
sHepruu B cuctemy; F;, F) — BHemHue cusbl, nedcTBymolLIHMe Ha NEPBYIO U
BTOPYIO YAaCTHUILy COOTBETCTBEHHO.

[TopuepkHewM, uto B cujbl Fi, F, He BXoaAT BHYTpeHHUe CUJbl. B maHHOM
cJydyae BHyTpPEHHHE CHUJIbl — 3TO CHUJIbI, NEHUCTBYIOLIUE HA YACTULLBI CO CTOPOHDI
NPYy2KHHBI, @ TaKXKe CHUJbl BHYTPEHHEro TPeHUs. YpaBHeHHe OajlaHCA SHEPruu
(2.87) MOXXHO TepenucaTh B SKBUBAJEHTHOM BH[E

m]V]-V]+m2V2-V2+U:F]-V1-|—F2-V2-|—6. (2.88)

YpaBuenue (2.88) cienyer elile HeMHOT0 Peo6Pa3oBaTh U UCKJIIOUUTH U3 HETO
BHEILIHHWE CHJIBbI, TOCKOJIbKY OHH HH B KaKOH CTeleHH He XapaKTepH3YIOT pac-
cMaTpuBaeMyto cuctemy. Il 3TOro BHIMUILIEM ypaBHEHUs NBHKeHHs (TepBbIH
3aKOH NTUHAMHUKH) IJis 06eMX YacTHI[ B OTHEJbHOCTH U JJisi BCEro TeJa:

mivi=F;+Fi, myv,=F,+Fy, mvi+myv,=F +F,, (2.89)

rae Fii, Fyi — BHyTpeHHHe CUJIBI, JEHUCTBYIOIINE HA [IePBYIO U BTOPYIO YACTHUILY
COOTBETCTBEHHO.
CknaneiBasi mepBble Ba ypaBHeHHs1 cucTeMbl (2.89) u yuuThiBasi TpeTbe
ypaBHeHHe, NoJydyaeM
Fi;+F; =0. (2.90)

AT1o aHaJsor TpeTbero 3akoHa HoiotoHa. C ydyetroMm ypaBHeHu# (2.89) u (2.90)
ypaBHeHHIO GasaHca aHepruu (2.88) MOXKHO MPUIATH CJAENYIOUIMH BHI:

U=—-F;: (R —Ry) +5. (2.91)

YpaBHenue (2.91) HocUT HasBaHHWe TPUBENEHHOrO0 ypaBHeHHUs] GaJsiaHca Hep-
rud. Ero cymectBeHHoe otinuyue oT (2.88) COCTOMT B TOM, UTO B HEro He
BXOIST HUKaKWe BHellHUe napaMeTpbl. [loaTomy npuBeneHHOe ypaBHeHUe Oa-
JlaHCa SHePTrHUU XapaKTepu3yeT caMy pacCMaTpHUBaeMYI0 CHCTEMY M OKa3blBaeT-
cs yOOOHBIM [J1S1 NaJibHEUIlero aHaJausa.
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[To onpenesneHro U MO (PU3HYECKOMY CMBIC/y OHA He MOXeT 3aBHCeTb OT
CKOPOCTEH M3MeHEeHHsI OCHOBHBIX KHHeMAaTHuYeCKUX rnepeMeHHbIX. Ho riy6o-
KOe MPOTHBOpeYHe COCTOMUT B TOM, UYTO BHYTPEHHSII HEPrus, KakK IPaBUJIO,
oba3ana 3asucemsv OT HEKUX OTHOCUTEJbHBIX CKOPOCTEH UTHOPUPYEMBIX Ha-
MU mnepeMeHHbIX. Hampumep, npu nedopMaluu KpHUCTANIUUECKOH pelleTKH
ee aTOMbl CMeLIAloTCs OT MOJIO)KEHWH paBHOBECHUS, U 3TH CMeLUeHHs MeHs-
I0T BHYTPEHHIOK 3HEPTHI0 pelleTKH. B To XKe BpeMs, M3BECTHO, YTO ATOMBI
He MOKOSATCS B y3JaX pelleTKH, a COBepLIaloT ObICTpble KoJieOaHHUS OTHOCH-
TeJIbHO CPeNHUX MOJIOKEHUH, KOTOpble W BOCIPUHUMAIOTCS HAMH, Kak MOJIO-
JKEHHS PaBHOBECHS NMPU MAKPOCKONMMYECKOM paccMoTpeHMH. [Ipencrasiasiercs
OYeBUIHBIM, YTO BHYTPEHHSS SHEPrUs PelleTKH 3aBUCUT OT CKOPOCTEH YIo-
MSIHYTBIX KOJIeOAaHWH aTOMOB, NTOCKOJIbKY MMEHHO 3TH KOJeOaHUS ONpelesstoT
MHOTMe MeXaHWYeCcKHhe CBOWCTBA TeJsia. Ecau Obl MBI MOJHOCTbIO YUJIM JBUXKe-
HUSl aTOMOB, TO M B 3TOM CJy4ae ocTajachb Obl mpoOJeMa ydeTa IBHUXKEHUH
3JIEKTPOHOB BHYTpH aToMma. Jlaxke ecsan Obl MBI pacCMaTpHUBa/Id CUCTEMY, CO-
CTOSILLYIO, HallpUMep, U3 CBOOOAHBIX 3JEKTPOHOB, TO OCTaJjach Obl mpobsaema
ydeTa SHepPruu 3JIeKTPOMarHuTHoro noJgs. Kopoue rosops, BceneHHas Bcerna
OylIeT 0CTaBaTbCs 3HAYUTEJbHO Ooraye JI0OBIX pacCMaTpUBaeMblX HAMHM MoJe-
Jgei. 1 ata urHopupyemasi HallMMHU MOJeJIIMU yacTb BceseHHOW Bcerna Oynet
B3aWMOJEHUCTBOBATb C BbIJEJEHHbIMU CHCTeMaMH WU BJHUATb Ha €e BHYTPEH-
HIOI0 3Hepruo. YToObl Kak-TO paspeluTb 3TO, CTPOro roBopsl, HEYCTPAHHUMOE
IPOTUBOpPEUYHe, MOXKHO TOCTYNUTh CJedyIIHUM oOpa3oM. bynem cyutath, 4To
NJIOTHOCTb BHYTPeHHel HepPruM 3aBUCUT He TOJIbKO OT KOH(UTypauuHu TeJa,
T.€. OT MOJIOXKEHHUH YaCTHUL[, COCTABJSIOUIUX TeJO0, B JaHHBIH MOMEHT BPEMEHH,
HO M OT HEKOero napamerpa, HazpiBaeMoro sHtponued J{. Beenenue snTponuu
IBJISIeTCS TOMBITKOH KaK-TO y4eCTb 3aBUCHMOCTb BHYTPEHHEH SHEepPrUU OT CKO-
poCTel Hey4YUTbIBaeMblX HaMM cTeleHed cBoOoabl. Becerna an 370 BO3MOXKHO?
OTpuruaTe/sbHBIH OTBET HAa 3TOT Bolpoc oyeBuAeH. Ho 3ameuaTesbHO TO, 4TO
3TOT MPHUEM YaCcTO OKa3blBAETCS BeCbMa yIOBJIETBOPUTENbHBIM C IPAKTHUYECKOH
TOYKM 3peHHs. He cienyeT TOJbKO HanessTb SHTPONMUIO HEKHUMHU (PyHIAMEH-
TaJIbHBIMH, BIIJIOTb 10 MUCTHUYECKHX, CBOUCTBAMH.

BepHemMcst Temepb K npuBeneHHOMY ypaBHeHHIO OanaHca sHepruu (2.91).
[IprmeM, UTO BHYTpeHHSIS1 HEPrysi pacCMaTPUBAeMOro TeJsa 3aBUCUT OT BeK-
TOPOB MOJIO)KEHUH YacTHLL TesJa U 3HTponuu. Mcrnonb3oBaB NMpUHUMI HeE3aBHU-
CUMOCTH OT BbIOOpA CHCTEMBI OTCYeTa, HETPYAHO N0Ka3aTb, YTO BHYTPEHHSA
JHEeprusi pacCMaTPHUBAEMOro TeJsia eCThb (PyHKIMUS BUAA

U= U('Y, H)) Y = |R] — R2|2> (292)
rae mapamerp H Oymem HasbiBaTb SHTpoNuel. BHyTpeHHHe CHJIbI TPEACTaBUM
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B BHJIE CYIeprO3HLIHH
Fii = Fi.(Ry, Ry, H) + F14(Ry, Ry, Ry, Ry, H). (2.93)

Tenepbr nmpuBeneHHOe ypaBHeHHe OajnaHca sHepruu (2.91) MokHO mepenucathb
B BUJE

U=—Fi- (R —Ry) —Fia- (R —Ry) +5. (2.94)

JleBasi yacTb 3TOro0 paBeHCTBA SIBJSETCS IOJHOU MPOMU3BOJHON MO BPeMEHH OT
BHYTpeHHeH 3Hepruu. CiyenoBaTesibHO, W JieBas 4acTb (2.94) mo/mxHa ObITh
MOJHOH MPOM3BOAHOW. YTOOBI MOMYYUTh MOJHYIO NPOU3BOAHYIO BBEAEM B pac-
CMOTpEHHE HOBYIO HEU3BECTHYIO IepeMeHHYI0 U, KOTOPYI0 B JaJjbHedleM Oy-
IleM Ha3blBaThb TeMIlepaTypou, MOCPeACTBOM PaBEHCTBA

9H = —Fi4- (R; — Ry) +6. (2.95)

CJoienyeT MogyepkHyThb, YTO paBeHCTBO (2.95) He TpebyeT MPHUHSTHS HHUKAKHX
HOBBIX nonyiieHWd. [IpaBma, ocTaeTcsi 1Moka HesICHBIM, MOXXHO JIM Ha3BaThb
BBeNleHHBIH MapaMeTp O Temmnepatypoi. IIpo6iema B TOM, 4TO, Hampumep, B
CTAaTUCTHUECKOH (hHU3MKe TeMIlepaTypa BBOAMTCS IMOCPENCTBOM BIIOJHE OIpe-
JIeJIEHHBIX PacCYKAEeHHH, KOTOpble HEBO3MOXKHO YBsSI3aTh C TPHHSITHIM BBIIIE
crocob6oM BBeleHHUsl TeMmmepaTypbl. B naHHOH pa®oTe Mbl JIMLIEHBl BO3MOX-
HOCTH TPOBECTH JIeTajbHOe 00CYXKIeHHWe 3TOTO TPyaHOro Bompoca. [loatomy
OrpaHUYUMCS JeKJapalyded 0 TOM, UTO TPHHSTBIH CMOCOO BBeNeHHsI TeMIlepa-
TYpHBI, B IPUHIIMIIE, COTJIACYETCS ¢ MEXaHUKOH CIJIOIIHBIX CPell U KJacCHUeCKOH
TePMOJHHAMUKOMU.

Anasor ypaBHenus (2.95) B MexaHHKe CIIOLIHBIX CpPel HOCUT Ha3BaHHe
ypaBHeHHUs TermonpoBoaHocTH. [loncraBuB (2.95) B mpuBeneHHOe ypaBHeHHe
Oananca aHepruu (2.94), nmosyuyrM paBeHCTBa

ou ou

U=-Fi-(Ri—R)+9H = Fi.=2—(R,—Ry), 19:@-

3y (2.96)

[TocnrenHuMU IBYMSI paBeHCTBAMM OMNpeleJIAIOTCS CHJa YIPYTrOCTH, BO3HHUKA-
olas npyu aeopmMaurdy NPYyKUHBL, U TeMIlepaTypa, €CJAU CUUTaTh, YTO BHY-
TPEHHSIS1 SHEPrUs CUCTeMbl KAKUM-TO 00pa3oM 3anaHa. KoHKpeTHBIH BUJ BHY-
TpeHHeH 3HEepruy 3aBUCUT OT (PU3HUECKHUX CBOUCTB CHCTEMBI U MOXKeT OBbIThb
YCTAHOBJIEH TOJIbKO Ha OCHOBE WHTYHUTUBHBIX IpPeACTaBJEHUH, BKJ/IOUYAIIIUX
3HaHUe OCHOBHBIX 3KCIepUMEHTAaJbHbIX NAHHBIX. EC/AM HTPOMUIO CYUTATH He
UMelleld (PU3UUeCKOHM pa3MEpPHOCTH, TO TeMIepartypa OyaeT HUMETb CMBICI
JHEpruy, KOTOPYy OOBIYHO Ha3blBAIOT TelJyoBOH. B oflieMm cayyae Temnepa-
Typa eCTb SHePrus Ha eAUHULY HTPONUHU. Ecau 3HTponHio CUUTATh UMeloLIeH
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pa3MepHOCTb, TO U Pa3MepHOCTb TeMIepaTypbl U3MeHUTcs. [lo cmeicay cBOe-
TO BBENEHHUSI memnepamypa — 3mo 3Hepeus 0BUNEHUs CUcmeMbl N0 USHO-
pupyemoim cmenernam ceobodel. B paccMaTpuBaeMoM HaMu INpUMepe O JIBYX
Tpy3UKax, COeIMHeHHBIX MPYKHUHOH U AeMrdepoM, Mbl UMeeM

Fig=-b (R1 —Rz) ,

rae b MoCTOAHHBIM KO3((PHULHUEHT, Ha3blBaeMbld KO3(P(PULUHUEHTOM BSI3KOCTU
nemndepa. [loactaBuB 3TO BbIpaXKeHHWe B ypaBHEHHWe IMPOU3BOIACTBA TerJa
(2.95), mosyunm

SH=b|R —R,[*+5. (2.97)

[lepBoe csaraemoe B mpaBod 4acTd ypaBHeHHsS (2.95) ectb Temso, Beipaba-
ThIBaeMO€ B CUCTEMe B eIMHHUIly BpeMEeHH, a BTOpOe cJjaraemoe B MpaBoi ya-
CTH eCTb TeIJo, U3JyuyaeMoe CUCTEMOH B eIUHHIY BPEMEHHU B OKPYKAIOILYI0
cpeny. Takum o6pa3oM, Bcs mpaBas 4acTb ypaBHeHHs (2.97) ecTb Temso, Ha-
KalJMBaeMoe TeJIOM B eAUHHLY BpeMeHU. MoLHOCTh U3/aydeHUs O, BOOOILe
TOBOPS, YK€ He ONpelesisieTcsl TOJNbKO CBOWCTBAMM TeJia, HO 3aBHUCHUT TaKiKe
M OT CBOHCTB (Hampumep, TeMIlepaTyphl) OKpyzkawlled cpensl. Onpenesnenue
¢yHKUHU & ecTb OTHesbHAa 3anada. [Ipumem, Hanpumep, caenyollee onpese-
Jsiollee YpaBHEHHE [JIsT MOLIHOCTH U3Jy4YeHHUS

5=-mb|R —R,, 0<n<T, (2.98)

rae Ko3(MPHUIIHEHT 1) MOKa3biBaeT KaKasi 4acTb BbIpabaTbiBaeMOM B TeJjle MOILHO-
CTH M3JIyuaeTcs B OKpy»Katwlyto cpeny. Bropoe u3 ypaBHenuii (2.85) 3anucano
aJsi caydasi 1 = 1, Korga 3HTPONMS CHCTEMbl COXPaHSETCs MOCTOSTHHOM, KakK
sto caenyet us (2.97). IMoncraBus (2.98) B (2.97), monyuuMm ypaBHeHHE HJis
TIPOU3BOAICTBA TEIJIa B CJEAYIOLIEM BUJE

M=(1-nb|R —R % (2.99)

Cnenyer o6paTuTh BHMUMaHHEe Ha TOT (akT, uTO B MpaBylo 4actb (2.97) He
BOLLJIM XapaKTePUCTHUKH BSI3KOTO TPEHHUS] 4aCTHUL O BHELIHIOI Cpefy. YIoMs-
HYTble XapaKTePUCTHUKH BXOAST BO BHELIHWE CHUJIBI M TOTOMY HCKJIOYaKOTCH
U3 MPUBEJEHHOr0 ypaBHeHUs OajaHca sHepruu. CUTyalUusi MOXKeT 10Ka3aThCs
CTPaHHOM, MOCKOJIbKY, KaK H3BeCTHO, TeJI0 HarpeBaeTcsl NPU TPEHHUU O BHell-
HI010 cpeny. OQHAaKO 3TOT HarpeB JOJI)KEH YUYHUTHIBATHCS BBeIEHUEM HEKOEero
MeXaHU3Ma BHYTPH MaTepHhaJ/bHbIX TOYeK, YTOOBl CAeaaTb UX CIIOCOOHBIMU Ha-
KalJ/JuBaTh TeIJo.

YpaBHenue (2.99) cayxuT Ans onpepesieHust Temnepatrypsl B Tese. Ho ca-
MO 1O cebe OHO HeNOCTAaTOYHO, UOO COHNEPXKHUT [Be HEU3BECTHBIX (PYHKLHHU:
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TeMmrepatypy ¥ u sHtponuio H. [Ins 3aMbiKaHUs 3TOro ypaBHEHHsS HeoOXo-
OUMO JIOTIOJTHUTEIbHOE YpaBHEHHeE, CBSI3blBalOlllee TeMIepaTypy U IHTPOIMHUIO.
TpyIHOCTb COCTOUT B TOM, UTO SHTPONUS SIBJSETCS HeU3MepsieMbIM Mapamer-
pom. Ilo cyuiecTBy, OHa CJAYXKHUT TOJBKO AJS TOrO, UTOOBI MPABUJIBHO OIpefe-
JUTb TeMmmnepatypy. [Ipumem, yto napamerp ¥ ecTb TemmepaTypa, u3MepsieMas
TepPMOMETPOM IO HekKoel BbiOpaHHOW mpouenype. [lycTb, Hampumep, ¥ ecTb
u3MepsieMasi Temnepatypa Kopmnyca aemmndepa. Tenepb HeoOXonumo cdopmy-
JIUPOBAaTh OIpefieisiiolllee YpaBHeHHUe, CBA3bIBalolLlee TeMIepaTypy ¥ U 3HTPO-
nuto H. I[loguepkHem, uTo onpenensiollee ypaBHeHHe MOXHO (POPMYJHPOBATH
TOJIBKO TI0CJIe ONpefiesIeHUs1 CMbIC/1a TeMIlepaTypbl, HalpUMep, Kak U3MepsieMo-
ro TepMoMeTpoM napametpa. [Ipumem mpocTteiiliee onpenessiollee ypaBHeHHUE
/IS TeMIepaTypbl’

3=9H)=c'H = H=c9, (2.100)

Tle ¢ — 3KCIepUMeHTaJJ bHO OMpeessieMbld TapaMeTp.
[ToncraBass (2.100) B (2.99), HaxonuMm TemmepaTypy

1/2
. . . 2(1 —n)b . .
cHW=01-nbR —RP=>9= [+ %JHR] — RyAdt ,
0

rie Y9 — HauajbHasi TemnepaTypa. Eciu HaGsonaeMble 3KCIepUMEHTAJbHBIE
NlaHHble YIAeTCsl YIOBJIETBOPUTENbHO OMKUCATh MPU MOAXOASIIIEM BHIOOPE MOCTO-
SIHHOH ¢, To omnpeneJsiollee ypaBHeHHe (2.100) MOXHO CUHMTATh NPHUEMJIEMBIM.
B npoTuBHOM c/ydyae HEOOXOAMMO MPHHUMATL APYTOe ONpeesioliee ypaBHe-
uue. Ecau npunsTh onpenensitouiee ypaBHeHue (2.100), To ypaBHeHHe GasaHca
SHEPTHU PacCMaTPUBAEMOU CHUCTEMbI 3aIUIIETCS B CJAeNyIOlleM BUIE

E=-b R -1 R*—nbR —RJ* =

d ncd? - -
— |E+ 55— | = -bi IR =Dz |Ry%. (2.101
= g (B ) = el - bR 2100

PapenctBo (2.101) cnpaBenauBo TosbKo npu 1 # 1. Ha paccmorpeHHOM mpH-
Mepe OTUETJUBO BHUIHO, UTO HHKAKOTO OOBbEKTHBHOrO (HM3MepsieMOro) CMbICja
sHTponusi cama no cebe He uMeeT. OHA CAYXKHUT TOJNBKO IJisi TOTO, UTOOBI I0-
JYUYUThb TIpHeMJeMOe YpaBHeHHe /15 HaXOXKAeHUs TeMrepaTypsl. UTo Kacaercs
TeMIepaTyphl, TO B JAHHOM TPUMepPe 3TO IHEPrusi NIBUKEHHS aTOMOB KOpIyca
¥ MacJja femrdepa, T.e. SHepPTrUs IBUKEHHS UTHOPHUPYEMBIX CTereHeld CBOOOIBI.

2Ceftuac Mbl He 3a60THMCS O JIeHCTBUTE/JbHOM COOTBETCTBMH 3TOTO yPaBHEHHS pealbHOCTH, a XOTUM Mpoje-
MOHCTPHUPOBATh TOJNBKO HAEI0 HAXOXKIEHHS TeMIlepaTyphl.
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YeTBepThld (PyHAAMEHTANbHBIA 32aKOH MeXaHUKH — 3TO BTOPOH 3aKOH Tep-
MOAMHAMUKH, B OCHOBAHUM KOTOPOTO JIEXKUT OMNBITHBIH (haKT O TOM, UTO BCS
MexaHhuyeckass paboTa MOxkKeT ObITb MepeBelleHa B TeNJO, HO MOJHOCTbIO Te-
peBecTH Teryo B paboTy HEBO3MOXKHO. 32 3TUM 3KCIepHUMEHTabHbIM (DaKTOM
CTOUT TeopeTHUecKas uaes GyHIaMeHTaJbHOH BaXKHOCTHU O HECYLIeCTBOBAHUHU
M30JIMPOBAHHBIX CUCTEM, €CJU TOJIbKO MOJA CUCTEMOU He MOHUMATh BCIO MPOSIB-
JIEHHYIO U HenposiBJeHHYI BceseHHylo. Mexanuueckasi pabora coBepliaercs
paccMaTpUBaeMOd CHCTEMOH, a MOTOMY OHa IOJHOCTBIO OMNpeleJseHa M, cJe-
NOBaTe/bHO, MOXKET ObITh MepeBefieHa B Temo. B nMpoTHBOMON0XKHOCTD 3TOMY
TEMJI0 — 3TO HeKasl XapaKTepHUCTHKA COCTOSIHUS He TOJIbKO paccMaTpUBaeMoOH
CUCTEMBI, HO U ee OKpYKeHHs. Temnao Heu30eKHO U3JydaeTcs U3 CUCTEMBI, B
TOM 4YMCJe W B HENpoOsiBJE€HHY!, T.e. B HEyuUThbiBaeMylo HaMmu, BcejeHHylo.
[Ipu atom cJoenyeT moguyepkHYTb, YTO HU OJHA M3 CYLIECTBYIOIIUX B HACTO-
sllee BpeMs (POPMYJHMPOBOK BTOPOro 3aKOHA TEPMOAHMHAMHUKH He MOXeT Ipe-
TEeHJ0BAaTb HA TOT XKe ypOBeHb (DyHAAMeHTaJbHOCTH, KAKUM 00/1aaI0T 3aKOHBbI
OMHAMUKHU DHJjepa U ypaBHeHHe OasaHca 3Hepruu. bosee Toro, masoBeposiT-
HO, UTO B OJsnkailieM OynylieM yAAacTCS BBIABUHYTb TaKylo (POPMYJHPOBKY
BTOPOTrO 3aKOHA TEPMOAMHAMHUKH, KOoTOpas OyneT MOJHOLUEHHO OTPaxKaTb BCIO
COBOKYIHOCTb WUJIeH, CBSI3aHHBIX C 3TUM 3aKOHOM. BTopoe HayaJso TepMoanHa-
MHUKH UMeeT O4eHb MHOTO Pa3JMyHbIX (POPMYJIHPOBOK. B 0611MX uepTax, BTopoe
HayaJlo TEPMOAUHAMUKU yTBEPXKAAET, UTO B PeabHOCTH He CYLIeCTBYeT HU30-
JIUPOBAHHBIX cUcTeM. MIHBIMU c/i0BaMH, BCSIKasi CUCTeMa HeU30eXKHO U3JydyaeT
4acTb CBOEH HEPTUU B OKPYKAIOLLYIO CPeny.

O6mas ¢opmyJupoBKa BTOPOro 3aKOHAa TepPMOAUMHAMUKU: mMeniosas
aHepeus He moxcem bbimb NOAHOCMbIO nepesedena 8 pabomy u Heusbeow-
HO 4QCMUYHO mepsaemcs 8 8ude U3NYyueHus 8 OKpymcarou,yro cpedy.

CyenyeT MMeTb B BUAY, UTO OKpYyKalollasi cpella He UMeeT TPaHUIl B MpO-
CTPaAHCTBE, T.e. “TeJIOBble BOJHbI HEHW30€KHO YHOCST YacTb TENJIOBOW 3Hep-
ruv. PakTUUeCKH B pallMOHAJbHOH MeXaHWKe TOJA BTOPbIM 3aKOHOM TepMO-
OUHAMUKH MTOHUMAIOT COBOKYMHOCTb HEKHX YTBEP:KAEHWH, BblpaXKaIOLIUX HH-
TYWUTHBHbIE TIPECTABJEHUS O MOBEAEHUH peaJsibHbIX cucTeM. [Ipumepom mnpen-
CTaBJIEHUS] TAKOrO poJa SIBJSIeTCS Clefylolllee paccyzkaeHue. Brillle Mbl pac-
CMaTpUBaJid JBe MaTepualibHble TOUKH, COeluHeHHble MpyxkHHOH. [Ipu 3sTOoM
[ONYCKaJ0Ch, YTO 3Ta CUCTEMA CIOCOOHA CYLleCTBOBATb CKOJb YTOAHO [0JI-
ro. [lonoOHoe ponmylleHue crpaBensnBO He Bcerga. JloCTaTOUHO BCIIOMHHUTH
O CyLIeCTBOBAHUM PAJUOAKTUBHBIX 3JEMEHTOB M KOPOTKO KHUBYIIUX 3JEMEH-
TapHBIX YacTHUL. B paunoHasbHOH HayKe CJOBECHble YTBEPKAEHUS HHUYEro He
3HauaT, ecJid OHU He HaXOASIT CBOEro OTPaKeHWS B TeX UJM HMHBIX MaTeMaTH-
yeckux (hOpMy/nUpoOBKax. B paccmaTpuBaeMoM ciayyae AJUTEJNbHOE CYLLECTBO-

82



BaHHE CUCTEeMbl BO3MOXKHO TOTAA U TOJIBKO TOT/A, KOTJAa dHeprus neopMaLuu
NPY>KUHbI> yIOBJAETBOPSIET YCIOBUIO

1
zqm—4g9>o (Ri #R;) = c¢>0.

Ecan ¢ < 0, To sierko y6enuTcsi, uTo JtoOble GECKOHEUHO MaJjible BO3MYllle-
HUSI STOU CUCTEMBI PUBEAYT K MOSIBJEHHUIO PellleHUH, KOTOpble HeorpaHUYeHHO
BO3pacTalOT BO BPeMeHH, UTO MPHBENET K B3PbIBHOMY paspyllIeHUI CUCTEMBI.
MHbIMM c/lOBaMH, CTOUT KOMapy UMXHYTb Ha 3Ty CHUCTEMY, U OHa Pa3pyLIUT-
cs1. Ecan xxe ¢ > 0, To cuctema OyneT CONPOTUBJASATHCS BCIKHUM TOMBITKAM ee
pa3pylIuTh, T.e. NMPU MPUJOKEHWU BHEILIHEH Harpy3Ku ee BHYTPEHHsSsI dHep-
rusi 6yzneT Bo3pacTaThb. [IpuBeneHHOe 3lech paccyxkaeHHe, KOHEYHO, HeJlb3sl
CBSI3bIBATb CO BTOPBIM 3aKOHOM TEPMOJHMHAMHKH, MOCKOJbKY OHO He CBSI3aHO
CO B3aHMMOOTHOILIEHHUEM CHCTeMbl C OKpyxkatwuled cpenod. OmpHako, ecau He
O6yKBa, TO AYX 3TUX pacCyKIeHHU TOJHOCTbIO COXpaHsieTcss U NpHU (OPMYJIH-
pPOBKe BTOPOTO 3aKOHa TepMoarHaMHKH. Ko BTOpoMy 3akoHy TepMOAMHAMHKH
OTHOCSIT CJIeAYIOlHe yTBEePKIEHHS.

IlepBoe: menio ececda meuem om eopsaueco K XOA0OHOMY. DTO YTBep-
JKJleHWe W3BECTHO TOJl Ha3BaHWEM HYJIEeBOro HauaJja TepMoauHaMHUKH. OmHaKoO
ero HeJib3si 000CHOBATh 6e3 MPHUBJIEUEHHST OKpPYyXKalolleid cpelbl (3/JeKTpomar-
HUTHOTO 10J1s1). B naHHOU paboTe MOTOKM TerJia He pacCMaTPUBAJIHUCH.

Bropoe: curo. mpenus He moeym cosepuiamos nOAOHUMEAbHOL pabomot.
s paccMaTpuBaeMOd HaMM CHUCTEMbI M3 3TOTO YTBEPXKIEHHUS CJAeAYIOT Hepa-
BEHCTBA

b; >0, b,>0, b>0.

Tperve: npu omcymcmeuu BHEULHUX CUNOBLIX U MOMEHMHbLX 8030eLi-
CMBULL BCAKAA CUCMeMa CMPEeMUMCs K paBHOBECUIO C OKpyxcarouell cpedol,
Hanpumep, UsAyuaem sHepauro 8 okpyxcarouiyro cpedy. B paccMoTpeHHOM
BbILLIE TIPUMEPE ITO YTBEPKAEHHE PABHOCHJBHO YCJOBUIO

0<0 = 0<n.

YetBepToe: 3nmponus 8CaKoU cucmemol Aubo nocmoarHa, Aubo 8o3pac-
maem ¢ pocmom 8pemeru. B pacCMOTpeHHOM NpUMepe 3TO YTBepP:KAeHHe BJle-
4yeT HePaBeHCTBO

H>0 = n<l.

SHuxkecsenyiolee ycJ0BHe J0CTaTOYHO TOJBKO B JHHEHHOM MPUOIHIKEHHH.
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Tperbe u uerBepTOe yTBepKIeHUS B COBOKYIHOCTH BedyT K HepPaBEHCTBY
0 <n < 1, ucnosb3oBanHomy B (2.98). ®opmysrpoBKa BTOPOro 3akoHa Tep-
MOJIMHAMHUKH CUMTAETCS NPUEeMJIEMOH, eCii U3 Hee BbITEKAIOT CJeNCTBUS THUMA
NpuBeNeHHbIX Bhille yTBepxkKaeHUH. [lonpo6GHOe H3/M0KeHHe HCTOPUU Pa3BU-
TUSI TIOHSTHSI SHTPOINHH U pa3jd4yHble BapUaHTBl (POPMYJUPOBOK BTOPOro 3a-
KOHA TePMOAMHAMHUKH MOXKHO HAaUTH B mpeBocxoiHod kHure [17]. Tem He wme-
Hee, NaJeKO HE CO BCEMU YTBEPKAEHUSIMH KHUTH [17] MOXKHO corJlacUTbCS.
B Hacrosiliiee BpeMsi MOHSITHS TeMIIEpPaTypbl U SHTPONHH M UX OOBEKTHUBHBIN
CMBIC/T OKOHYATe/IbHO He ycTaHOBJeHb. KoHeuHo, TepMoMeTp no3possier? Ham
U3MepUTb OOBEKTHUBHO CYLIECTBYIOLLYIO BeJUUYHHY, Ha3blBaeMylo TeMIlepaTy-
pod. MBI MOXeM NONBITaTbCs MOA00PaTh TaKylo (PYHKLHIO, Ha3blBaeMYIO 3H-
Tpomnuel, 4ToObl U3MepsieMasl B 3KCIIepUMeHTe TeMmIepaTypa coBnagasa Obl C
BBOAMMOM B Teopuu. HacTo Takasi MOMBITKA OKa3blBaeTcs ycrnewHod. UTo ka-
CaeTcsl SHTPONHUHU, TO ee HUKTO M HUKOr4a He U3Mepsii. B naHHOM NyHKTe
MBIl XOT€JIM 1aTh TOJbKO NPUOJIU3UTE]bHOE INPeACTaBJeHHE O BTOPOM 3aKOHE
TEPMOAUHAMUKH.

2.7 3akJarueHue

Britie copmynrpoBaHbl OCHOBHBIE MOHSITHS 3UJIEPOBOM MeXaHHWKH W IOKa3a-
HBl ee OTJIMYUTeJbHble YepThl. MOKHO HaaesATbCsl, YTO YUTATENb MTOHSJ CAMOE
rj1aBHoe. A MMEHHO TO, YTO MeXaHHWKa OTKPBITA [/l TBOPYECKHUX MOUCKOB U He
MOXKeT OBITb CBeJeHa K YUCTOM MaTeMaTHKe. [IoHATHO, UTO cyuiecTByeT Heo6o-
3pUMBIA OKeaH 3ajiay, Iie LapCTBYyeT HbIOTOHOBA MeXaHMKa. B 3TuX cayuyasax
slJepoBa MeXaHMKa elBa JMU 4TO-J1H00 cMoxeT N00aBUTh. OnHAaKO OrpaHu-
YEeHHOCTb HbIOTOHOBOH MEXaHHKH NpHBeJa K TOMY, YTO MeXaHUKa O0TKa3aJ/ach
OT U3y4YeHU$sl 3JeKTPUUeCTBa MU MarHeTH3Ma M LEeJOro psiia APYrux npoobJem.
XoyeTcsl BEpPUTb, UTO 3UJepOBa MeXaHUKa MO3BOJUT PACIUMPUTHL cdepy Aei-
CTBHS MeXaHMKM Ha 3aJauM, UccjelyeMble B HOBeHlleH pusnke. B yacTHoCTH,
OHa MO3BOJISIET C COBEPLIEHHO HOBOH TOYKM 3pPEeHUS B3IVISHYTb Ha MPOOJeMbl
KBAHTOBOW (DU3UKH.
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3. A new approach to the analysis of free rotations of
rigid bodies

3.1 Introduction

Free rotation of rigid bodies was the first problem that was completely solved in
dynamics of rigid bodies. Originally it was studied by Leonard Euler. Later Poinsot
offered the famous geometrical interpretation to show real rotation of the body.
In modern literature this problem is called the case of the integrability by Euler —
Poinsot. Up to now no theoretical adaptations were made to the classical solution,
the description of which is presented in all books on dynamics of rigid bodies. The
classical solution allows perfectly to find the rotations, i.e. angular velocities, of
the body. However, the determination of the turns, i.e. angles, does not impress so
much. Moreover, it may be shown that the application of the Euler angles to this
problem is not the best way because of several reasons. Firstly, the Euler angles,
as arule, give a representation which is rather difficult for interpretation. Secondly,
this representation generates difficulties for the numerical realization on computers.
By these reasons it seems to be useful to give an alternative approach to the analysis
of the Euler — Poinsot problem, that is based on the concept of the tensor of turn
called in the sequel turn-tensor. Some main facts concerning the turn-tensor are
presented in the introduction, where the new theorem on the representation of the
turn-tensor is given. The theorem allows to simplify the solution of problems of the
dynamics of rigid bodies.

In Euler-Poinsot’s problem it is not difficult to find four first integrals of the basic
equations. Three of them are well known. They express that the angular momentum
vector of the body is constant. The fourth integral is that of energy which is directly
expressed in terms of turns rather than of angular velocities. The energy integral in
such a form allows to construct the most suitable representation of the turn-tensor
to make the picture of turns of the body clear. It is found that there exist three and
only three different types of rotations. Two of them give stable rotations, and the
third type describes an unstable rotation. The type of rotation is determined for
the given body by initial conditions only. In fact, the third type of rotation is the
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separatrix between two stable types of rotations. Under some conditions the stable
rotations at certain moments of time can be very close to each other. Thus it is
possible for the body to jump from one stable solution to another stable rotation.
For example, the body can be rotating around the axis with minimal moment of
inertia and there upon it can change the rotation to begin the rotation around the axis
with maximal moment of inertia. Of course, small perturbations acting on the body
are needed to provoke such a situation. As final result the problem is reduced to the
integration of the simple differential equation of first order, the solution of which is a
monotonically increasing function. All required quantities can be expressed in term
of this function. It is shown how to see the turns of the body without integration of
the equations if initial conditions are given.

In the rest part of the introduction certain aspects of the tensor of turn (turn-
tensor) will be briefly presented. Partly they are known, some of them seem to be
new.

The turn-tensor is the most suitable tool for the description of turns and rotations
of rigid bodies (see, for example, Lagally [4]). In spite of this, up to now the
turn-tensor has no applications in dynamics of rigid bodies. The main aim of the
paper is to show the usefulness of the turn-tensor. As an illustration the classical
Euler — Poinsot problem was chosen. This problem is described in all details by
many authors (see, for example, Macmillan [6], Goldstein [2], Golubev [3]. So
it is possible to see advantages and shortages of the approach, that is based on an
application of the turn-tensor. However, it seems to be possible that a new solution
of the old problem will be interesting and useful by itself.

Below the direct tensor calculus is used (see Lagally [4] or appendix to the book
by Lurie [5]). In those books one can find the initial information about the turn-
tensor. From the formal point of view our presentation is rather close to that in the
book by Arnold [1].

A properly orthogonal tensdP is called turn-tensor and can be defined as a
solution of the equations

P.PT=P".P=E, detP=+1,

whereE is the unit tensor.
Vectors of the position of pointd and B of a rigid body will be denoted by
RA(t) andRg(t). The basic equation of the kinematics of a rigid body has the form

Ra(t) =Rg(t) +P(t) - (ra—r8), r=R(0), P(0)=E,

where tensoP(t) is called the turn-tensor of a rigid body.
The turn-tensoP(t) of the body does not depend on the choice of any points of
the body, it describes the turns of the body and can be studied by itself.
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Let us remind thdzuler theorem: An arbitrary turn-tensoP(t) # E is repre-
sented in unique manner in the form

P(t) = (1 —cose(t))m(t) ® m(t) + cose(t)E + sing(t)m x E, (3.1)

where the unit vectan(t) is the fixed vector oP(t)

the angle of turng(t), is supposed to be positive if the turn goes counter-clockwise.
The proof of the Euler theorem is based on the theorem of spectral decomposition

of unsymmetrical second-rank tensor (see, for example, Goldstein [2]). A much

more simple proof can be found in the paper by Zhilin [9]. The fixed veat(t)

and the angle of turn can be found from the formulae

1+2cosp =trP, 2sinpm(t)=—P,, (a®b),=axb,

where tensoP on the right-hand side can be taken in any given form. Let us con-
sider the vector of turnp (t), and the logarithmic tensor of turRt)

o(t) =o@(t)m(t), R(t)=e(t) xE.
Theorem: The turn-tensoP(t) can be expressed in the form
P(t) =expR, R =¢(t) xE. (3.2)

The expression (3.2) is one of the forms of Euler’s theorem (3.1).

Definition: The straight line spanned by the fixed veatoft) of turn-tensor
P(t) is called an axis on turn of the body.

It is seen that there are infinitely many parallel lines and any of them can be
called axis of turn. This seems to be strange. Really, if a cylinder is rotating around
its own axis, then, namely, this axis appears to be named axis of turn. However,
this is impossible, because only the definition given above is in accordance with
Galilei’s principle of relativity.

Let us consider the lef§(t), and the rightS;(t), tensors of spingg = d¢/dt)

S(t)=P(t)-P'(t), S(t)=P'(t)-P(t), (S=P-.S.-P").

Spin-tensor$ andS, are antisymmetric tensors and have accompanying vectors.
Definition: The accompanying vectao(t) (€1(t)) of the left (right) spin-tensor
S(t) (S:(t)) is called the left (right) vector of angular velocity

S(t)=Pt)-P'(t)=w(t) xE, (SS=P"-P=QxE=Ex Q).
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These equations can be rewritten in equivalent form:
P(t) = w(t) x P(t), P(t) =P(t) x Q(t). (3.3)

The first of these equations is called the left Poisson equation, and the second one
the right Poisson equation. There exists the relation

wit)=P1t)-Q, = Q=P .w). (3.4)

In dynamics of rigid bodies the vectan(t) is called angular velocity in the space,
whereas the vectd2(t) is called angular velocity in the body. Of course, both of
them are vectors in the space. If the turn-teri¥as is known, then it is easy to find
vectorsw(t) and€2(t) in the form

1 1

w(t) =—5(P-PN., Q) =—3(F"-P).. (3.5)

The inverse problem, i.e. the determination of the turn-tensor, when angular veloc-
ities are known, is called the Darboux problem. If the left vector of angular velocity
is known we gethe left Darboux problem

P(t) = w(t) x P(t), P(0)=P,, Po-P}=E, detPy=1.
If the right vector of angular velocity is known, we gée right Darboux problem
P(t) =P(t) x Q(t), P(0)=Py, Py-P}=E, detPy=1.

How to solve the Darboux problem is known, however it is not simple task in a
general case. So it will be much better to avoid the solution of the problem in full
extent. In practice it is possible.

Proposition: Let the tensoP,(t) (the tensorP,(t)) be a particular solution of
the left (right) Poisson equation (3.3). Then the general solution of the left (right)
Darboux problem has the form

P(t) = Py(t) - P{(0) - Py, (P(t) =Po-P(0)-Py(t)).

Sometimes this fact can help to find the general solution.
Making use of Euler’s theorem (3.1) and the first expression of (3.5) it is easy to
get
w(t) = em(t) +sine(t)m(t) + (1 — cose)m x m(t).

In many books on mechanics this expression is presented in a wrong form (see, for
example, Golubev [3])
w = @em(t). (3.6)
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Definition: The straight line spanned on the vector of angular velagity) is
called an axis of rotation of the body.

Theorem:

— If the fixed vector of the turn-tensor does not depend on time, then the axis of
turn coincides with the axis of rotation

— If vector w(t) has constant direction, then the axis of turn coincides with axis
of rotation if, and only if the vectow is the fixed vector of turn-tensét, = P(0).

Therefore, it is well possible that the body turns around one axis, but at the same
time the body rotates around another axis, which, for example, is orthogonal to the
axis of turn. So when working with interpretation by Poinsot one must be very
careful to avoid mistakes.

Let us consider the composition of turns, which are defined by turn-teRs(ars
andP; (t)

P(t) = Pa(t) - Py(t). (3.7)

Let the angular velocitiesv(t), w;(t) andw,(t) correspond to the turn-tensors
P(t), P;(t) andP,(t), respectively,

P(t) = w(t) x P(t), Pi(t) = wi(t) x Pi(t), Pat) = wy(t) x Py(t).  (3.8)
The following identity will be useful:
(A-a) x (A-b)=(detA)(A™ ). (axb) (3.9

which is valid for any nonsingular tensérand any vectora andb. If tensorA is
a turn-tensoR, then identity (3.9) can be simplified as follows:

Q-(axb)=(Q-a)x(Q-b)=Q-(axE)-Q"=(Q-a) xE. (3.10)

Theorem: The left vector of an angular velocity of the composition (3.7) can be
expressed in term of vectors (3.8) as follows:

wW(t) = wy(t) + Py(t) - wq(t). (3.11)
The proof follows directly from (3.7):
p:pz'P1—|—P2'|b1 = wxP:wsz—i—Pz-((me]) =
WxE=w;xE+P;-(w; xE)-PJ.

Making use of the second identity (3.10) this equality can be rewritten in the form
(3.11).
In textbooks on theoretical mechanics (see Golubev [3]) the equality (1.21) takes
the form
w(t) = wy(t) + wq(t). (3.12)
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Figure 1: Veector and double vector

It is difficult to say who was the author of the formulae (3.6) and (3.12). In any case
they were known at the end of the first quarter of this century.
Let us accept the notation

Q(pe) = (1 —cosp)e® e+ cospE + sinpe x E (3.13)

for a turn on the angle around the vectoe: |[¢f = 1. For any turn-tensor the
formula
T-Qge)-T' =Q(p€), €=T-e (3.14)

is valid. It can be readily proved, that

Q(em) - Q(¥n) = Q(Pn’) - Q(em), n’=Q(em)-n.

This rule of the pseudo-permutability is important in many cases.

The main merit of a turn-tensor is that it can be represented in many equivalent
forms, a choice of which depends on special properties of the problem under con-
sideration. For example, Euler’s theorem (3.1) is efficient if the axis of a turn is a
priori known and does not change in time. If it is not so then Euler’'s theorem is
practically useless. However, in the latter case one can represent the general turn as
the composition of the simplest turn-tensors of the form (3.13), where veda
constant vector.

Let there be given a turn-tens@ @e), wheree = const. The left and the right
vectors of angular velocity in such a case coincide and can be found by making use
of the simplest formula (3.6),

w(t) =Q(t) = e, Q(ye)  w = w.

In order to study the rotations of the body it is useful to take the double vector into
consideration, what can be done as follows. Let us take the vact@hich will

be called a basis. Let us connect to the veetanother vectob, which will be
called a cross-vector (see Fig.1). The rigid construction of two veatarglb will

be called_a) double vector and denotedasLet us introduce the double material
chtor” AB which is made from the points of the body. The position of the “vector”
AB determines the position of the body in a unigue manner. Thus it is possible to
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observe the movement of the material “vec_)t@ in order to know the movement
of the body. The basis of the double vecf® will be denoted byAB, whereA
andB are points of the body.

Let us formulate theepresentation theorem of the turn-tensor: Let there be
given two arbitrary unit vectons andn. Any turn-tensor can be represented in the
form of a composition of turns around vectonsandn:

P(t) =QW(t)m) - Q(d(t)e) - Q(¢(t)n), e=mxn/mxn|,  (3.15)

where(t), 9(t), ande(t) are called angle of precession, angle of a nutation, and
angle of own rotation, respectively. If the vectorcoincides with the vectar, then
a vectore is any unit vector orthogonal to the vector, in that case the angles,
1V, andd are called Eulerian angles.
Proof: Let the vectorsn andn be placed in the plane of Fig.2.

e=mxn/|mxn|

Figure 2: Representation of the turn-tensor

Let us choose the double vecta)r and the doubli>material vec@ in such a
manner, that at the moment of time= 0 the vectorAB cclncides with the double
vector d and in addition the basi$ of the double vectod coin_)cides with a unit
vectorn: d = n. A;t)the instantt > 0 the double material vect@B coincides with
the double vectoD (t). The conic surfac8 on Fig.2 is made up by a rotation of the
basisD of the double vectoE) around the unit vectan. The turn-tensoP(t) turns
the double material vectdﬁ in such a way, that at the instaint= 0 the vectorA?
coincides with the double vecta? and at the moment of time> 0 the vectorA?
coincides with the double vectd? (t). We want to construct the turn-tendeft)

as a composition of the simplest turns around the axandn. Let us accept, that
P(0) =E.
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The first turn is by the angle of nutatidrit) around the unit vecta (see Fig.2),
Q(de) = (1 — cosd)e® e+ cosOE + sind e x E. (3.16)

As a result of this turn the basiB of the double material vectdﬁ) will be placed
on the surfacé& and the vectoAB coincides with the vectat’,

d=Q(Pe)-d=Q(de)-n=n’.
The second turn is by the angle of precessjoaround the axis:
Q(Ym) = (1T —cosP)m ® m + coshE + sinpm x E.

In this case the basiB of the double material vectaAcB is sliding on the surface

S (see Fig.2) and after all it coincides with the bd3isf the double vectoD Itis
clear that

D(t) = Q(¥m) - n" = Q(pm) - Q(de) - n. (3.17)
Finally, the thlrd turn is by the angle of own rotatignaround the basib of the
double vectonD

Q(eD) = (1 —cose)D ® D 4+ coseE +sinp D x E.

After that turn the cross-vector g; the double material vegi®rcoincides with the

cross-vector of the double vectdr and therefore the vectéB coincides with the
- )

double vectorD . Now we get the total turn-tens@&(t) in the form

P(t) = Q(¢D) - Q(ym) - Q(Ve). (3.18)

It seems that this representation does not coincide with the equation (3.15). How-
ever, (3.18) can be written in the form (3.15). Indeed, making use of (3.14) and
(3.17) we can write down

P(t) = Q(¥m) - Q(de) - Q(pn) - Q' (de) - Q' (Ym) - Q(Ym) - Q(Ve) =
Q(¢D)

= Q(bm) - Q(de) - Q(en).

This expression is identical to (3.15). The turn-tensor (3.18) can be taken in another
form,

P(t) = Q(¢D) - Q(bm) - Q(de) - Q' (Ppm

Q(eD) - Q(¥€') - Q(pm), (3.19)
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wheree’ = Q(ym) - e.

Acceptingm = nin (3.19) we have the classical representation of the turn-tensor
expressed in terms of Eulerian angles. The full proof of the latter case can be found
in the paper by Zhilin [9].

Remark: As it can be readily seen the anglés 9, ¢ are not uniquely defined.

For example, the turn on the angdein (3.16) can be positivéd > 0) or negative
one(d < 0). Of course, the value of the anglewill be different in these cases. As a
matter of fact this ambiguity is of fundamental importance. Really, the direction of
the rotation is determined by initial conditions of the problem under consideration.
Thus the representation of the turn-tensor must admit the freedom of choice of the
direction of the rotation.

The kinematic Euler equation immediately follows from representations (3.15)
and the theorem (3.11),

w(t) = Pm +IQ(Ym) - e+ Q(Ym) - Q(de) - n = bm + e’ + ¢D, (3.20)

since the vectorm, n, e are constant. For the right vector of angular velocity we
have the result

Q) =P w(t) = pn +9Q"(¢n) - e+ PQ"(pn) - Q" (de) - m.

It is curious, that the result (3.20) can be found by a wrong way. Let us take the
representation of a turn-tensor in the form (3.19) and use the formulae (3.6) and
(3.12). We shall get the correct result (3.20). This is so because of a superposition
of two mistakes. Let us remove one of the mistakes. Let us take the representations
of a turn-tensor in the form (3.15). In this case the formula (3.6) is correct for the
turn-tensorR(Ppm), Q(de), andQ(pn). The angular velocityw(t) calculated
through the formula (1.22) is

w(t) = Ppm + de+ ¢n,

which is obviously wrong. The formulae (3.6) and (3.12) are very popular in the
textbooks on theoretical mechanics. However, it does not matter since when solving
the problems the correct result (3.20) is used. It should be mentioned that in the
books on dynamics of rigid bodies the particular cases of (3.20) are used. The
theorem (3.15) plays an important role in solving of many problems. The vectors
m andn are supposed to be unknown at the beginning. They must be chosen in
the process of solving in order to find the simplest form of the solution. We have
to point out that the use of Eulerian angles, as a general rule, leads to inconvenient
solutions.
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3.2 Free rotation of rigid bodies

This classical problem allows to see in all details how the turn-tensor is working.
The solution given below seems to be too long. However, it can be seen that the
large part of a solution is devoted to an answer on the question why we have to
choose a turn-tensor in the offered form.

3.2.1 Statement of the problem

Let us consider a rigid body the centre of mass of which rests in some inertial frame
of reference. External forces and moments do not act on the body. The position of
a body at the instant = 0 will be called a reference position. The position of a
body at the given instartt > 0 will be called an actual position. The latter can be
determined by a turn-tens@(t): P(0) = E. The central tensor of inertia of a body

att = 0 is specified by its spectral representation,

® =6,d; ®d; + 6,d; ®d; + 0;d; ® d3,
where the quantities
0<0;<0,<6;, 07<603 06;<0;+0;

are called principle moments of inertia, the vectyrsre eigenvectors of the tensor
® att = 0. In the actual position the central tensor of inertia can be represented in
the form

3
@Y =Pt)-®-P'(t)=) 6D ®Dy, Dy=P(t)-d.
P

The kinetic moment (moment of momentum, angular momentumifa body and
its kinetic energyK are defined by the formulae

L(t)=P(t)-@-PT(t)- w(t): 2K=aw-P(t)- @ -P(t)- w = w(t)-L(t),

where the vectow (t) is the left vector of angular velocity. Making use of the right
vector of angular velocity)(t), we can write down

L(t)=P(t)-©®-Q(t); h=2K=Q(t)- O - Q).
Euler’s second law of dynamics gives

L=0 = L=const = P-®-P-w=L =const (3.21)
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Thus we have three first integrals. Usually they are not used since they contain the
turns in addition to angular velocity. However, we will work with these integrals.
The equation (3.21) can be rewritten in the form

w(t)=Pt)-®"-PT(t)-L, L =const (3.22)

wherew (t) andP(t) are related by the left Poisson equation (3.3). Making use of
the representation theorem of the turn-tensor (3.15) we can look for a fftgan
the form

P(t) = Q(p) - Q(de) - Q(en), e=(pxn)/lpxni, (3.23)
where the unit vectorp andn are not a priory known, but they do not depend on
time. The vectokuv(t) corresponding to the tensor (3.23) is defined by

w(t) = bp +IQ(Pp) - e+ eQ(1p) - Q(de) - n. (3.24)

After substituting expressions (3.23) and (3.24) into the equation (3.22) we will get
an equation for finding the anglgs 9, and. In order to find the angle$, ¥ and

@ we have to choose unit vectgpsandn. This choice is important to arrive at a
solution of simplest form. Thus, first of all we have to point out unit vecpoand

n. For this let us note that from the equation (3.22) follows

h=2kK=L-w=L-Pt)-®"-P'(t)-L. (3.25)

Let us show that the kinetic energy has a constant value, i.e. the quantigter-
mined by (3.25), is the first integral of the equation (3.22). We have

h=L-P.®@'".-P'.L+L-P.-@".P".L =
=L-(wxP)-®@".Pl.L-L-P.O"-(PTxw)-L=
=L-(wxw)—(wxw)-L=0 = h=const
The energy integral (3.25) contains the turns only. In such a form this integral
was never used. However, especially this form of an energy integral allows to find
the most suitable form of a turn-tensor. In addition, the integral (3.25) has a clear
geometrical sense: free rotations of a body go by such a manner, that the inverse

central moment of inertia of a body with respect to the axis spanned on the vector
L and passing through the centre of mass has constant magnitude.

3.2.2 Transformation of the energy integral

In general the turn-tensor can be expressed through a set of three parameters. The
energy integral gives the relation, superposed on these parameters. Therefore, only
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two of them are independent variables, and free rotations of the body are two-
parameter movements. Thus it is necessary to find the general form of a two-
parameter turn-tensor conserving the energy. Let us introduce the unit mgctor

Imt)=L-Pt)=P'(t)-L=0-Q(t), l=|L|>0. (3.26)
The energy integral can be rewritten in the form

m(t)-®_1-m(t):%5%m-E-m =

m(t) - (@)—1 — %E) .m(t) =0. (3.27)
The equation (3.27) determines the bundle of the straight lines passing through the
centre of mass of the body. If these straight lines are known then we are able to
establish the structure of the turn-tensor by making use of (3.26). The geometrical
sense of these straight lines is obvious: it is the set of those axes, passing through
the centre of mass, relative to which the inverse moments of inertia of the body are
the same. The bundle of the straight lines (3.27) is the ruled surface fixed in the
space. It is easy to point out the equation of this surface. The vextdrcan be
represented as

M(t) = Xm0y + ymdz + zmds, X2, +y2 +22 =1, (3.28)

wherex, y, z are the axes of coordinates spanned by the vediaitsat are fixed in
the space. Let us introduce the spectral representation

. h 1 h 1 h 1 h
@ _I_ZE: 6_1_1_2 d]®d1+ 9—2—1—2 d2®d2+ ~ T 15 d3®d3.

Let us suppose that the inequalities
1?—h8; >0, 1?’—ho;<0 (3.30)

are valid. It means that we eliminate the permanent rotations from the analysis
for the sake of brevity. Making use of (3.28) — (3.30) the equation (3.27) can be

rewritten as
h 1 2 1 h 2 1 h 2
-0 S S . 3.31
(12 93> Zn <91 12) X T (92 12) Ym ( )

The type of the surface (3.31) essentially depends on the signs of coefficients in the
equation (3.31). The coefficient®; — 12 and1?> — h8; are always positive. The
sign of the coefficient at the variablg ,

o =1*—0,h, (3.32)
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Figure 3: The case > 0

depends on initial conditions and can be different. There exist three different cases,
a)o=0, b)o>0, c)Jo<O. (3.33)

These cases must be studied separately. The paramdefimed by (3.32) can be
represented in the form

o (1-92 12— %2, 2, L=L-d. (3.34)
03 0,

As it will be seen below, rotations of a body in cases (3.33) essentially differ from
each other.
3.2.3 Rotations of a body in the case = 0

If the parameteo is equal to zero, then the surface (3.31) decomposes in two planes:

0 O3h — 12 07 03 —62 B 0103 —0;

9_312—91th 9_392—91Zm’ m = 8: 0,6,

Zm. (3.35)

These planes are the characteristics of a body. The vedtgrmust belong to one

of these planes in any instant — see Fig.3, where the parts of the planes (3.35) are
shown. The vectoL is supposed to belong to the first of planes (3.35). At the
instantt > 0 the vectom(t) is a result of the turn of the vectarby the turn-tensor
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PT(t). It is obvious, that the vectdr must be turned around the normeto the
plane in which it is placed. The normal vectcan be found as

e = (dz X L)/|d2 X L‘ = (dz X L)/\/lz—l%.

The turn by the angl® around a vectoe is determined by the turn-tens@(de),
where the notation (3.13) is used. It is always possible to add to this turn the turn
around the vectar = L /1, sinceQ({L)-L = L. Thus, if the parameteris equal

to zero, then the turn-tensor is forced to admit the representation

P(t) =Q(WL)-Q(de), e=dyxL/\/L-1, L=L/L (3.36)
The vectomm(t) takes the form
Imt)=PT-L=Q"(de)-L = (1sindd; + sin(oc — H)L), (3.37)

sinx
where the notations

sinc=4/12—13/1, cosx = 1,/1

are used — see Fig.3.
The left vector of an angular velocity corresponding to the turn-tensor (3.36) is
calculated in accordance with (3.11)

w(t) =L +9Q(wL) - e
Making use of this expression the equation (3.22) can be written in the form
YL +9Q(WL) -e= QL) - Q(de) - @' - Im(t).
Multiplying this equation by the tens&®' we will get
Pvm(t) + 9e=10""-m(t).
Since the vectors1 ande are orthogonal, from the equation (3.36) follows
P=Im-®'-m=h/l, d=1le-@ ' .m, (3.38)
where the energy integral was used. Making use of (3.37) one can find
1 <lsin19
Sinx 0,

Now the second equation of (3.38) takes the form

1®'-m

d2+Sin(oc—19)wo> O L =wy= wl(0).

- sin(a—9) 1 e- Wy

Wy = —=y sin(o — =2 .
9 Sina e- Wy 2ySIn(oc d), v (3.39)
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The solutions of equations (3.38) and (3.39) are obvious and have the form

ht 1t 1 4+ coso — (1 — cosax)et
‘t _ — — '8 =
bt coso —9) 1+ cosa + (1 — cosa)et’

= —; 4
T~ o, (3.40)
where the initial conditiong)(0) = 0, 3(0) = 0 are used.

The solution (3.40) depends on the parameter

cowno (LYWL (T T2

0~ 01 03 Sinx Y= 0, 03 Sino
The sign ofy is determined by the initial conditions. 1fl; > 0, theny < 0 and
coq o — ) is approaching to 1 under— oo. In this case the vectdr belongs to
the first plane from (3.35), as it is shown on Fig.3. The afgketending tox. The

rotation of the body in this case can be readily seen. To this end let us write down
the vectorD,(t) corresponding to the middle moment of inefia:

D2(t) =

sind sinfax — ¥ It ~
nod . sinlec—9), (
lsinx SInNx

5, ) -d = P(t) - da.
At the instantt = 0 the vectorD;(0) coincides with the vectad,. Whent > 0 the
vectorD,(t) rotating around the vectdr is asymptotically approaching the vector
L. Whent has a great magnitude the body rotates permanently around the axis with
the moment of inertid,.

It is not necessary to discuss this case in more details, because it can be readily
proved, that the rotation of the body in the case- 0 is unstable. This means that
if the vectorL does not belong to the plane (3.35) exactly (what is impossible in the
reality) then the rotation of the body will differ from (3.40) very much. In fact the
caseo = 0 is a separatrix between the stable rotations, which will be constructed
below.

3.2.4 Rotations of rigid bodies in the case of positive

If parametero, determined by (3.32), has a positive magnitude then the coefficient

at variabley? is plus one. Let us eliminate the coordinafe= 1 —x2 —y2 from
the equation (3.31), which then will take a form
Y 2 6i(he;—17)  _,  0(h6;—17)
2t b2 T T (05 -0y (65 — 62) (341

The equation (3.41) is the equation of a cylindrical surface with an elliptic cross-
section. The curve, described by the end of vento6r), is the curve of intersection
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of the surface (3.41) and the unit sphefe+ y2, + z2 = 1. Let us show that the
semi-axes of ellipse (3.41) are less than 1. To this end let us note that

03—07,, 03—0;
1
0, Tt 0,

For the semi-axea andb we have

1 0:05; —0 1
2 2, 0163—65, 22
1 — l — (1 l 1
a 12( +9293_912><1z(1+2)<,

1 (0,0;— 0, 1 05(0, — 01)
bt = 1413 P22 2 ) o,
12<e193—92 " ) 1( TRt g0, ) ©

ho; — 1% = 13.

The underlined term here is less thdrbecause of (3.34) and of > 0. It may be
readily seen that
a’  6:(63—6,)
b2 0,(0; — 04)
This ratio is a characteristic of body and does not depend on initial conditions. Due
to the equation (3.41) the coordinates, y.» andz,, can be expressed in terms of
the angley(t)

<1. (3.42)

Xm = aCOSY, Ym =Dbsiny, z,= \/1 —a2cogy —b?sity. (3.43)

For the coordinate,, the sign “+” is chosen, but it makes no difference. It is
clear that inequalities

\/]_bZEZminSZmSZmaxE \/1_a2

are valid. In order to have a clear idea about the turns of a body for thevcas®
let us rewrite equation (3.31) in the form
2 2

Y
(1 - bz)bz
This is an equation of a conical surface with an elliptic cross-section. Let us con-
sider the cross-section of the surface (3.44) with the plarez;, = V1 — b2,
l.e., let us consider the ellipse

2= (1-a))5 + (3.44)

Xt y? 2 ]_bzz 2
a_%—l__:L a]:1_a2a < as. (3.45)

bZ

Here the coordinates y are not coordinates of the end of a veatoit) any more.
Let us show the cone (3.44) in Fig.4, in which the ellipse (3.45) is the ellipse
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Figure 4: The case > 0

ADEFA with semi-axesi; andb and distance®0; = v1 — b2, OA = OE = 1.

All admitted vectorsn(t) at any instant belong to the conic surface (3.44). Two of
them, namelyn = 62 andm = ﬁ have its ends on the ellipse (3.45). The other
vectorsm(t) are tangent to the ellipse (3.45) — see Fig.4. The vector of angular
momentunL is also tangent to this ellipse and belongs to the conic surface (3.44)
sincem(0) = L. Now it is easy to understand the structure of turn-tensor (3.23).
First of all the vectop in (3.23) must be chosen &s= L /1. Really, if it is so, then

L-P=L-QL)-Q(de)-Q(¢n) =L - Q(de) - Q(en) (3.46)

and the angle of precessidr(t) goes out from an energy integral (3.25). Thus an
energy will be conserved for any value of the angle Angles of notationd and
angle of own rotationp are related by (3.25). The turn-tensQf (¢n) - Q' (de)
must transfer the vectdr up to coincidence with a vecton(t) — see Fig.4. This
may be done by two steps — see Fig.5, where three ellipses are shown.

The ellipseADEFA is the cross-section of the cone (3.44) with the plane

1 —1b? i.e., itis an ellipse (3.45). The ellips® D E;F;A; is the cross-section
of the cone (3.44) with the plane= z,,, = V1 — a?, i.e., itis an ellipse

XZ yZ

_+_:
a? b}

12 1—ad?

— 2 2
1_1—b2b > b”.

An ellipse ADEF A is ellipse (3.41). A vectotm(t) belongs to the cone (3.44)
and intersects these ellipses. Let the p@inte a point of intersection of a vector
Im(t) with the ellipseAD EF;A. Let us construct the cone with an ap&and
with the circular cross-section of the radiQsC,. The circleA’C,;D’E'F’A’ is the
cross-section of this circular cone with the plane z,, wherezin < z, < Zmax-
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e=dsxL/|dsxL]| “TEp

Figure 5: Determination of the turn

Now we are able to realize the two steps mentioned above. In the first step we rotate
a vectorL by the angled around the axig

e=d; x L/|d3>< L|:(d3>< L)/\/lz—%.

As a result the vectdr will become a vectoL.’,
L’'=Q"(de) - L.

VectorL’ belongs to the circular cone. In the second step we rotate Metswound
the axisd;. As a result of this rotation vectdr’ will be sliding along the circular
cone up to coincidence with vectan(t),

Im(t) = Q'(@d3) - L' = Q'(¢d3) - Q'(de) - L.

Thus the vecton in (3.46) is the vectod;. Now the form of a turn-tensor is
determined,

P(t) = QML) - Q(Ve) - Q(¢ds3). (3.47)

The angles} and o are in a relation, which can be found as follows:

~

L - Q(de) - Q(¢ds) = (sin® d; + sin(c — 9)L - Q(ed3)), (3.48)

sinx
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where
sinc = /12 —1%/1, cosax=13/1, (k=L -dy). (3.49)
The coordinates.,, ym, z,, Of vectorm can be defined from (3.48):
Xm = SIN(x—3¥) cogp—¢), ym = Sin(x—3) sin(p—¢), zm = cogax—1), (3.50)

where
sind = 1,/4/12—13, cosP =1;/4/12 — 13,
Making use of (3.43) and (3.50) we can write down

tan(p — @) = gtany, codo—3) = \/1 —a?cogy —b?sity. (3.51)

A two-parameter representation of a turn-tensor conserving energy is known. Let
us note that the conditiong(0) = 0 andd(0) = 0 must be provided by the unique
value of angley, = y(0). Thus fory, there are two equations,

b .
tanp = atanyo, CoSot = \/1 — a2 cog vy — b2 sintyo. (3.52)

It can be readily shown that these equations are compatible. It is only now we are
ready to solve equation (3.22). For this purpose it is convenient to rewrite equation
(3.22) in terms of the right vector of angular velocity and the vert6r). Making

use of the formula (3.4) and (3.47) we get

~

Q) =P - w(t) = ¢d; +9Q"(d3) e+{m, (m=P".L[).
The equation (3.45) takes the form

¢d; +9Q" (@d;) -e+Pm =10"" - m. (3.53)
Let us take into account the identity
1 1
T T
d;) -e= —— (d3 x d;) L) = ———d3 xm.
Q (¢ds) 12—1§(3 Q'(pds) - L) sino— )
Here the identity (3.10) was used. The equation (3.53) may be rewritten as
. 9 - iy

This is the basic equation that we have to solve. The firstintegral of (3.54) is known.
It means that only two of the three scalar equations in (3.54) are independent. Pro-
jections of (3.54) on the vectods andm(t) give

. 1 . . h
cp—(tl)—e—>zm=0, Pzm + =73 zZm =m-d; = Cogax — ).
3
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It will be more useful to write down these equations in another form

. l h93 — 12 1 . h93 — 12 Zm
= — —_ — . 3.55
ll) 93+ 193 1—2%1>0’ @ 193 1—2%1<O ( )

From the first expression of (3.51) follows

(1— zﬁl) @ = —aby.

Now the second equation from (3.55) takes the form

Yy = w*\/1 —k2sirty > 0, (3.56)

where

_ _ 22
w. 1\/(1—a2)(93 01)03—0) ,, b—a

56_3 9192 , B 1—(12

The initial condition for the anglg follows from (3.52). The solution of equa-
tion (3.56) may be readily constructed in terms of elliptical functions. However,
the qualitative analysis does not require any integration. Let us consider Fig.4.
The form of the ellipseADEFA is determined by a body only — see (3.42). Ini-
tial conditions determine a dilatation of the ellipse. h; — 1> = 0, then the
ellipse is a point¢ = b = 0) and we have the permanent rotation around the axis
d; =Ds(t): ¢ =9 =0, { = 1/0;. When the quantityt0; — 1% is increasing, then
the semi-axisa andb grow in the same rate. The total turn of a body is the com-
position of two turns, the first of which is defined by a turn-ter@éde) - Q(@ds)
and the second one is determined by a turn-te@gdri_ ). The meaning of the first
turn is: the body is rotating in such a way, that the ellipdeEFA, which is fixed
with respect to the body, is turning in its plane touching to the vectarhich is
fixed in the space. The turn goes in the direction of a clock-wise movement since
@ < 0 and at the same time the body is turning around a fixed vegtor L in
order to provide the point of contact with the vectar The angle between vectors
L andDs(t) is changing in time. The speed of this rotation is changing too: it is
maximal, when the point of contact coincides with the end of the small diameter of
the ellipse and it is minimal, when the point of a contact coincides with the end of
the big diameter of the ellipse. In the position shown on Fig.4 the angular velocity
of the first turn is decreasing and takes the minimal value, when the pahthe
ellipse will touch the vectok. After that the angular velocity will be increasing and
will take the maximal value when the poiktof the ellipse will touch the vectdr
and so on. From (3.56) it follows that

WV 1 —k2 <vy(t) < w,.
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The second turn, called precession, is superposed on the turn described above. It is
a rotation around the vecttr. The angular velocity of rotation, g, is positive

and changes: itis maximal, whep = znq; itis minimal, whenz,, = z.,;.. After

the determination of the function(t) all characteristics of the rotation of a body

can be expressed through this function. As an example let us show the formula for
an absolute value of angular velocity

12 ho;—1%/0;+0; 050,—0;) .
- — - S nz .
6l " el ( 0, 0.6, V)

As a conclusion of this section let us remind that the solution of equation (3.56)
can be found in the form of the series

2 sin(2nwgt)
V) =vo+ wat + Z ncosHnnK’/K)’
n=1

where
3 3
W, = LD J dy J dy
a — W) > o y
) V1 -X2simy VARSI
The convergence of the series is sufficiently goodl i k* < 0.98, since even for

k? = 0.98 we haveK’/K = 0.4707.

3.2.5 Rotation of the body in the case < 0

The only important difference of this case to that described above is that the first

rotation of the body is going around the aglisinstead ofd. If o =12 — h8, < 0,

then the coefficient of%, in equation (3.31) is negative. Eliminating the coordinate
=1—1y2 — 22 from (3.31) we will get

2 z 0,(1> — ho 05(1> — ho 2
Yn Zno_q 2o 2 1), 2 = 9l 1)) @y
c? d? 12(92—91) 12(93—91) c?

Let us introduce the anghg(t) such that

X = \/1 —d2cogy —c?sitfy, ym=csiny, zm=dcosy. (3.57)

The turn-tensoP(t) can be presented in the form
P(t) = Q(WL) - Q(de) - Qled;), e=(d xL)/\/1—1. (3.58)
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The angles} and o here are related. In order to find out this relation it is necessary
to express the vecton(t) = PT - L in terms of the angle8 and ¢,

m(t) = $ (sin® dy + sin(ec — 9)L - Q(edh)),

where
sinc =4/12—12/1, cosa=1y/1.

The projections oMm(t) on the unit vectorsl, are
Xm = o0& — V), yYm = Sin(ax—I3)sin(p + @),
zm = Sin(oc — &) codp + @), (3.59)

where
sinB =1,/4/12 =13, cosp =13/4/12 — 12,
From (3.57) and (3.59) follows

tan(f + @) = %tany, codox — ) = \/1 —d?cody —c2sity.  (3.60)

The right vector of an angular velocity corresponding to the turn-tensor (3.58) is
calculated from the formula

9 :
Qt) =di + ———d;y xm m.
(t)=¢ ]—I_Sln(oc—ﬁ) 1 XM+
The equation (3.22) takes the form
9 :
pdi +———di xm+YPm=10"-m(1).
© 1+S|n(oc—19) 1 XM+ (t)
From this equation it follows that
: - l : - h
O+ V-5 |xm=0, Ooxnt+ib=—
0; l
or, in another form,
. l 12 — h@] 1 . ],2 — h@] Xm
= — — O —
V=G T T, 1o Y T e o
The positiveness o is obvious, and the positiveness ffollows from the in-
equalities

. l 12 — ho; 1
p= 0, 16,4 1— (X%Jmax’ Fm

> 0. (3.61)

d’cosy + c*sify =

| 1 P—he; 1 1
d? + (c* — d?) sir? > — — — =—_>0.
tle—dsimy = b5 - @~
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The first equation from (3.60) gives
(1—x%) @ =cdy.

Substituting this expression in the second equation of (3.61) we get

(1) = w1 — K2sirty,

where

l (62—91)(93—61) 2 Cz—d2
w*e]\/u d4) 8,05 , k : d2<1.

The initial condition for the functiory(t) follows from (3.60) and conditions
9(0) =0, ¢(0) =0:
d
tany, = < tanp, vo=v(0). (3.62)

If the functiony(t) is known then all characteristics of the rotation of a body can
be found. For example,

12 12—h91 0;1+63 07(05—0;) .
_ - sity | .
AT < 6, | 0,0, Y)

(1)

From a formal point of view the cases > 0 ando < 0 are almost the same.
However, the rotation of the body in the case- 0 differ from that one in the case
o < 0 significantly.

3.2.6 Discussion

In order to understand and predict the behavior of a body it is not necessary to solve
the problem as a whole. It is sufficient to know the form of the turn-tensor of the
body

P(t) = QL) - Q(de) - Q(eds), e=(d; xL)/{/¥—-1 o<0; (3.63)
P(t) =Q(YL)-Q(de), e=(dyxL)/\/¥-1, o=0; (3.64)

P(t) = Q(WL) - Q(de) - Qeds), e=(dsxL)/\/?—1,0>0. (3.65)

The angles of a precessiaft, and own rotationg, are varying monotonically in
all cases @ = 0 if o = 0). The variation of the angle of nutatiofi, for o > 0
or o < 0 has an oscillating nature. The rotations of a body in the case( are
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unstable. The rotations of a body in the cases 0 ando < 0 are stable. However,
such a conclusion is correct only in linear approximation. If the value isfvery
small 0 < |o| < ¢ <« 1), then the analysis of stability in a linear approximation
becomes useless from the practical point of view. Let us consider the following
initial conditions é > 0)

L (V2+e)l . 0>0, (3.66)
\/1 \/_—I—a \/1 (V2 +e)?
L = ' L (V2 8” oc<0. (3.67)
1+ (V2 —ep? \/1

If the value ofe > 0 is very small, then the conditions (3.66) and (3.67) are very
close. Nevertheless the rotations of a body in these cases are essentially different.
Moreover, it quite well is possible for the body to jump from the “stable” solution
(3.63) (corresponding to the conditions (3.66)) to another “stable” solution (3.65)
which corresponds to conditions (3.67). In the first case the body was rotating
around the axis with minimal moment of inertia, but after such a jump the body
will be rotating around the axis with maximal moment of inertia. For this only very
small perturbations acting on a body are needed. Thus if we want the body to have
a stable rotation in reality, we have to avoid the case of a small valae of

3.3 Classical solution

The classical solution is constructed in two steps. In the first step the right angular
velocity is determined. Then, in a second step, the Euler angles can be found from
the solution of the right Darboux problem.
The angular momentum vectbrhad been expressed through the right angular
velocity Q(t)
L=P-®-PT.w=P-O-Q =const (3.68)

Let us write down the two identities

(A-a) x (A-b) = (detA) (AT)". (axb),
P-(axb)=(P-a)x (P-b), (3.69)

wherea, b are arbitrary vectord\ is a nonsingular second rank tend®is a turn-
tensor. If we differentiate (3.68) with respect to time, then we get — see, for exam-
ple, Arnold V.I. [1].

L=P- (- Q4+Qx0-Q)=0 = 0.-Q0+0Q0x0-Q=0. (3.70)

109



These are the classical Euler equations. The tensor of in@tia (3.70) can be
represented in any form (any basis). Making use of (3.69) equation (3.70) can be
written in the form

1
010,03

This equation was derived by L. Silberstein [7]. The merit of equations (3.70) and
(3.71) is that they do not contain the turns. If all eigenvalue®dare different, and

the vector€)(t) is not an eigenvector @, then the vector§)(t), © - Q(t),

©?%. Q(t) are linearly independent. The equation (3.71), multiplied scalarly at first
by ® - Q and than by®? - Q, gives two first integrals

Q-+ (@-Q)x (0?.Q)=0. (3.71)

h=2k=Q-®-Q=cons{ ’=L-L=Q-0*.Q=const (3.72)

Besides, equation (3.71), multiplied scalarly by the ve€¥ygives the equation for
?=0Q-Q

(03 —01)(03 —02)(02 —61)
00,05

wheredy are eigenvectors @ andQy = Q - dy.

Equation (3.73) shows, that a rotation of a body with constant absolute value
of angular velocity,) = [€(t)|, is possible only in two cases: a) for permanent
rotations, when only on€&)y is not zero, i.e.Q is eigenvector o®; and b) if two
or three eigenvalue dP are the same. Integrals (3.72) hold, if we accept

(Q%) =2A0:0,0Q;, A=

> 0, (3.73)

QF = 0%, +x(Q? —QF), Q3 =035 —p(Q*—Q3),
Q5 = 03, +v(Q* - QF), (3.74)

where

0, — 6,
X =

93 — 91 93 - 62
AB; 0 PTAs, 0 YT e 0 =

Substituting (3.74) into (3.73) we get the equation for the quaqlityl he solu-
tion of this equation can be found in terms of elliptic functions — see [8].

Up to here the investigation was a standard one. Now we have to consider the
initial conditions for the right angular velocitg2(t). Often it is supposed that
the initial condition for€2(t) does not depend on the initial position of the body.
However, it is not so. At the instant= 0 we know the value of the left angular
velocity w(0) = wy, i.e., we know true angular velocity. The relation (3.4) gives

Q0)=Qy=P]-wy, Py=P(0).
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If we choose the initial position of the body as a reference position, then we will get
P(0) = E. In such a case the vect62(t) will contain three arbitrary parameters
(vectorwy). If the reference position is chosen a priory and does not coincide with
the initial position of the body, theR, # E. In this case the vectd2(t) depends

on six arbitrary parameters (vectar, and turn-tensoP,). In order to find out the
turn-tensotP(t) we have to solve the right Darboux problem

P(t) = P(t) x Q(t), P =P (3.75)

The solution of this problem does not add the new arbitrary parameters. Thus the
general solution, for example the left (true) vector of angular veloaityt), will
contain only six arbitrary parameters and all of them are contained in the vector
Q(t).

Let us consider the solution of problem (3.75). We shall give two different ap-
proaches to the solution. The first approach is based on the representation of the
turn-tensor in terms of Eulerian angles and contains the classical solution as a par-
ticular case. The second approach is new.

Let us represent the turn-tend®ft) in terms of Eulerian angles — see the in-
troduction.

P(t) = Q(ve;) - Q(Ve) - Q(pes),

where
ee=L=L/l, e=exe, & (e-L=0 e-w,=0)

are the unit vectors, the vecter is placed in the plane spanned from the vectors
andwy.

In fact, we do not need to solve the Darboux problem (3.75) because it had been
partly solved. Indeed, multiplying (3.75) by the vectofrom the left we get

L-PfJ=(L-P)xQ = ©0-Q=(0-Q)xQ,

where the expression (3.68) was used. It means that we know the ‘ectdr=
0-Q,

®-Q=P".L =1sind(sinpe +cosye)+ lcosd e. (3.76)
From (3.76) follows
lsindsing =¢-0-€Q, 1lsindcosp =6-0-Q, lcod=e-0-Q, (3.77)

or
tanp = (-0 -Q)/(e,-O-Q), cosd=(e-0O-Q)/L. (3.78)
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In order to find the angle of precessiap, it is necessary to use equation (3.75),
which can be rewritten in the form

Q(t) = pe; +d(cosp e —sinp &) + (O - Q)/1. (3.79)
From this equation it follows
—1lcosd;
12sirt 9
Up to here we do not fix the reference position of the body. Let us consider two
cases of a choice of a reference position.

A. The reference position is an initial position of the body. In this case we
have

. h
V=

s | T W (k=) (3.80)

Ph=E = 39§ O:O’ ©o+YPo=0, wy=9Q, - -Q,=L. (381)
t=

Whent — 0 the quantitie®; - ® - Q ande, - ® - Q tends to zero, bug; - O - QQ /1
tends to 1. We see that equations (3.77) come to identities wheQ. From (3.78)
it follows thatd — 0 whent — 0. However, it is very difficult to find out the value
@o from equations (3.78). Let us consider equation (3.79) at the instart,

Wo = Qo = (o + Po)es + Do(cosgo e — singo &).

From this equation we see thag = 0, sincee; - wy = 0 andd, £ 0 in the general

case. From (3.81) it follows thab, = 0. This means that the numerator in (3.78)
tends to zero more quickly than the denominator. It is easy to see that the numerator
in (3.80) has a zero of order 2 whén- 0. Really, we have

h=w-:-L=L-P-Q =1(cosd Q3+ sind (cosep Q, + sing Q;))
and
Op=Q-6&=wp-6 =0.

Thus we have the expression (3.78) and (3.80) in order to find Eulerian amgtes
ando. They are not good for practical calculation, but they can be used.

B. Let a reference position of the body be a positionwhen the eigenvector
d; of the tensoi® coincides with the vectdr. This case is presented in the most
of books — see, for example, Macmillan [6] and Suslov [8]. In this case we have
e, = di. Equations (3.77), (3.78) take the form

Lsindsing = 0;Q;, 1lsindcosp =0,0,;, Llcosd = 05Q03; (3.82)
tanp = (91Q1)/(92Q2), cosd = (93.(13)/1. (383)
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Here a lot of questions arises. First of all, it is difficult to find out the angle
Really, from equation (3.73) it follows that the quantiti@s and Q, must be zero
at the some instants. It means that the functibfis and(t) will be discontinuous
functions of time. The same fact follows from equations (3.82). Indeed, if we write
down (3.82) at the instant= 0, then we must get the identities with respect to six
parametershy, @o, Yo, Wo. IS it really so? Nobody shows it. Anyway one must be
very careful to use expression (3.83) and equation (3.80).

Let us consider another way of constructing the turn-teiaoy. In this ap-
proach we do not use Eulerian angles. The vegttr) = © - Q/1is supposed to
be known. The turn-tens®t(t) is represented in the form

P(t) =Q(YL)-Q(ab), b=mxL/mxL|=(mxL)/sina, (3.84)

where i
cose =m(t)-L = Q(t) - ®%- Qy/1?, «(0) =0. (3.85)

The anglex(t) is known. It can be readily shown that the inequality
O0<uaft)<m

holds good. Let the vectaw,(t) be the left angular velocity of the turn-tensor

Q(ab), | |
W, (t) = &(t)b(t) +sinab + (1 — cosx)b x b.

The left angular velocityv(t) of the turn-tensor (3.84) is equal to

w(t) =YL + QL) - w,. (3.86)
Let us remind thatv - L = h. From equation (3.86) it follows
. h ~ h+Q(t)-L _
b= owel= 1(1 + cosx) ’ w‘tzo_wo' (3.87)

The next chain of equalities,

Lx(mxL))-b=

1 —cos ~ 1 —cos : 1 — cosx .
:.—oc(m—cosocL)- O Py p =
sinx sinx sinx
1— 1 — ~ —-Q.L
100 e m) b= L% 0 m) s (mx L) = SO
Sinx (1 + cosx)

w, -L = (1 —cosx)(b x b)

must be used in order to get equation (3.87). The solution (3.84), (3.85) and (3.87)
contains six arbitrary parameters. The angléls andi(t) are continuous function
of time.
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3.4 Final remarks

The success of the solution of many problems in dynamics depends on the appro-
priate choice of the turn-tensor representation. There exist many different ways.
The most popular way is the representation of the turn-tensor in terms of Eulerian
angles. Our own experience shows that in most cases Eulerian angles are not advan-
tageous tools. The only exception is the case when the angle of nutation is small.
In this case the application of Eulerian angles leads to very simple solutions. Of
course, we are able to use another sets of parameters instead of Eulerian angles.
The main point is in which way we will do it. If we make our choice a priory we
must be lucky to find a successful solution. What we wanted to show is the fact,
that the set of basic parameters must be chosen in the process of the solving the
task. Especially for this aim we need the theorems like the representation theorem
(3.12). The turn-tensor is a necessary tool in order to keep the freedom of choice of
the basic set of parameters.

The Euler — Poinsot problem is the simplest case in dynamics of rigid bodies. In
the most cases we have no chances to find something like the first integrals. Does
it mean that the turn-tensor is useless in such cases? We are quite sure that it is
not so. As an example we can point out one important (but not most important)
case. In many problems of continuum mechanics of multipolar media, dynamics
of gyroscopic system, dynamics of centrifuges and ultracentrifuges and so on, we
deal with the case of rotation under small angles of nutation. If we use conventional
methods then we will get nonlinear equations for arbitrary small angles of nutation
if the other Eulerian angles are not small. Application of turn-tensor and identities
like (3.9) and (3.10) allows to simplify the task significantly. Let us briefly show
the way how to do it. Let us accept representation (3.15) of the turn-tensor in terms
of Eulerian angles,

P(t) =Q(b(t)m) - Q(d(t)e) - Qe(t)m), e-m=0, B(t) <<1. (3.88)
If |9(t)| is small then we can use the expression
Q(de) =E+dex E+ O(P)
and rewrite (3.88) in the form
P(t) = (E+v(t) x E) - Q(B(t)m), (3.89)

where



Usually the quantities)p, ¢,  are not small but the vectoy(t) is small since
ly(t)] = B(t)| << 1. From (3.88) and (3.89) follows

w=Ppm+vy+pyxm.

After that it is possible to linearize the basic equations with respect to the small
vectory and to construct a solution. Let us underline that linear equation can be
derived only for the vectoy(t) rather than for a small angtgt). The equation for
9(t) will be always nonlinear. If we know the vectgft) it is easy to find the angle
of precessiom)(t), -

Y(t)=m-(yxv)/(v-v).
The anglep(t) can be found ifip and 3 are known. Usually3(t) can be found
without any difficulty.
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4. Rigid body oscillator: a general model and some
results

4.1 Introduction

The presented discourse develops a new model named rigid body oscillator. This
model playsthe samerolein Eulerian mechanics asthe model of nonlinear oscillator
in Newtonian mechanics. The importance of introducing arigid body oscillator, or
in other words arigid body on an elastic foundation of general kind, was pointed out
by many scientists. However, the problem is not formalized up to now. In the paper,
all concepts necessary for amathematical description areintroduced. Some of them
are new. The equations of motion are represented in an unusual form for rigid body
dynamics, have simple structure, but contain a nonlinearity of complicated kind.
These equations may be an interesting object for the theory of nonlinear differential
equations. The solutions of some problems are presented. For the simplest case, the
exact solution isfound by an explicit integration of the basic equations.

The nonlinear (linear) oscillator isthe most important model of classical physics.
An investigation of many physical phenomenaand a development of many methods
of nonlinear mechanics had arisen due to this model. At the same time, the neces-
sity of construction of models with new properties was recognized. Especially, it
was important in quantum mechanics where many authors pointed out that a new
model must be something like arigid body on an elastic foundation. However, such
amodel was not created up to now. At the present time, two huge branches of me-
chanics, i.e. continuum mechanics and rigid body dynamics, are existing without
close contacts. While, maybe, rigid body dynamics does not need in methods of
continuum mechanics, the same can not be said with respect to continuum mechan-
ics. Thisis clear from the end of the last century. The theories of rods and shells,
the theory of Cosserat continuum, the theory of liquid crystals, the theory of ferro-
magnetic media, and other theories involve ideas from rigid body dynamics. In the
theory of liquid crystals, each point of the medium isarigid body. In the theory of
multi-polar continuum, each point is a gyrostat with many rotorsinside. Thus, it is
clear that the theory of multi-polar continuum can not be constructed without basic
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ideas of rigid body dynamics. In linear theories, there is no problem. In this case,
continuum mechanics and rigid body dynamics use the same language. However,
rotations of particles of media are not small in many cases. Therefore, we have to
use nonlinear dynamics. In nonlinear theories, the difference between methods of
rigid body dynamics and continuum mechanics is essential. Rigid body dynamics
uses matrix methods or quaternion methods [13] which are not suited for aims of
continuum mechanics. As a matter of fact, the only language which can be used
in continuum mechanics is the tensor calculus. Thus, if we are going to apply the
methods of rigid body dynamicsto continuum mechanics, it is necessary to describe
rigid body dynamics in terms of tensors. There are different versions of the tensor
calculus. In this paper, the direct tensor calculus is used [3], [6], [9]. In Appendix
A, it is shown how to transform the tensor notation into the matrix notation.

A rigid body on an elastic foundation will be called the rigid body oscillator in
the following. A general model of such an object can be used in many cases, e.g.
in mechanics of multi-polar continuum. For the construction of the model, three
new elements are required: the turn-vector (see Appendix A for the terminology
explanation), the integrating tensor, and the potential moment. Let us briefly discuss
these concepts.

An unusual situation takes place with the turn-vector. On the one side, the well-
known Euler theorem proves that any turn of the body can be realized as the turn
around an unit vector n by an angle 6. Thus, the turn can be described by a vector
0 = On. Thisfact can befound in many works on mechanics. On the other side, the
same works [1] claim that the vector On is not a vector, and a description of aturn
in terms of a vector is impossible. Maybe by this reason, the turn-vector has not
found great acceptance in conventional rigid body dynamics. However, namely the
turn-vector playsamajor role in dynamics of arigid body on an elastic foundation.
In classical mechanics, the linear differential form vdt is the total differential of
the vector of position, i.e. vdt = dR. Thisis not true for rotations. If the vector
w is a vector of angular velocity, then the linear differential form wdt is not a
total differential of the turn-vector. However, it can be proved that there exists
an integrating tensor Z that transforms the linear differential form wdt into the
total differential d© of the turn-vector © [11]. The integrating tensor Z plays the
decisiverolefor an introduction of apotential moment which expresses an action of
the elastic foundation on therigid body. Thus, it isan essential element of ageneral
model of arigid body oscillator.

The basic equations of dynamics of arigid body oscillator contain a strong non-
linearity, but their form is rather smple. These equations give a very interesting
object for applying methods of nonlinear mechanics. In the paper, some simple ex-
amples are considered. In particular, the basic equations are integrated explicitly in
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the case of the ssimplest model.

4.2 Mathematical preliminaries

In this section, certain aspects of the turn-tensor and the turn-vector will be briefly
presented. Some initial definitions can be found in [10].

4.2.1 Vector of turn

The turn-vector is a very old concept. It is difficult to find another concept, for
which there exist so many inconsistent propositions as for the turn-vector. Because
of this, it seemsto be necessary to give the strict introduction of the turn-vector and
to describe its basic properties. The introduction of the turn-vector is determined
by the well-known Euler statement: any turn can be represented as the turn around
some axis n by a certain angle 8. The vector © = 6n, m| = 1, is caled a turn-
vector. Note that two different mathematical concepts correspond to one physical (
or geometrical ) idea of turn. One of them is described by a turn-tensor, the other
Is described by a turn-vector. Of course, both of them are connected uniquely. For
the turn-tensor we shall use the notation [10] — see Appendix A for additional
explanations of notations and terminology

Q(On) = (1 —cosf)n ® n+ cosOE +sindn x E. (4.1)
An action of the tensor Q (6n) on the vector a can be expressed in the form
ad=Q®On)-a=(a-n)n+cosb(a—(a-n)n)+sndn x a. (4.2
Ifnxa=0,thena = a. If a-n =0, then we have
a’ =cosfa+snén x a.

This means that the vector a’ represents the vector a turned around the vector n by
an angle 0. Representation (4.1) can be rewritten also as
sino 1 —coso

Q(0) =E+—"R+—5 R? = expR, (4.3)

where
R=0xE, R’=00—06°E, 0=10|. (4.4)

L et us show the derivation of the second equality in (4.3). By definition we have
— | k 2k+1 k 2k k=T 52
epr:ZER, R* = (—0%)"R, R¥*=(-0%)" R} k>1.
k=0
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From thisfollows

= (-0 = (-0 s
k=0 k=1
If we take into account the power seriesfor cos0 and sin 0, we obtain (4.3), which
In matrix notations can be found in [1]. Note that there exists a certain difference
between representations (4.1) and (4.3). In (4.1) the quantity © is the angle of turn
and can be both positive and negative. In ( 4.3) the quantity 0 is the modulus of
the turn-vector, i.e. the modulus of the angle of turn. Such an interpretation is
possiblesince, e.g. Sin6 70 = sin|0| |8]. Asarule, representation (4.3) is more
convenient for applications then expression (4.1).
L et us consider a superposition of two turns

Q(6)=Qle): Q). (4.5)

The vector of total turn © is connected with the turn-vectors ¢ and 1 by the formu-
las
trQ (0) =1+ 2cos0 = cos e + cos + cos ¢ cosp—

sin@ siny (1 —cose) (1 — cos)

el R e ), (4.6)
- Qo)) =255 0 =
= (‘Q”‘T‘p 1+ cosy) — LIS -11)) o+
+ (% (1+ cosg) — u _llf?sw)g?p(p 1|)> P+

N <sin<psin1|) _ (1 —cosg) (1 —cosy)
o @? P?

Note that from expressions (4.3), (4.4) follows

(0] -1l)> @ x . (4.7)

R-0=0, Q(0)-0=0o. (4.8)

4.2.2 Integrating tensor

For rotationsthe turn-vector 0 (t) playsthe samerole asthe vector R (t) for tranda-
tions. Inthelatter case, the trandation velocity v can be found by means of asimple
formula, i.e. v = R (t). This meansthat the linear form vdt is the total differential
of the position vector. For the rotations the situation is more complicated, since the
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linear form wdt is not the total differential of the turn-vector 0, where w is the
vector of angular velocity. Thus, it is necessary to find an integrating factor that
transforms the linear form wdt to thetotal differential d© of the turn-vector. For
thisend, let us consider the left Poisson equation [10]

d .
7 Q=Q=wxQ(0). (4.9)

This equation for the turn-tensor Q (0) is equivalent to a system of nine scalar
equations but only three of them are independent. In order to find these independent
equations, it is possible to substitute Q (0) in Eq. ( 4.9) by equality (4.3). After
some transformations given in Appendix B we find

0(t)=2Z(0)-wl(t), (4.10)

where : :
! Y _
Z(0)=E 2R+ o2 R%, g 37T —cos)’ (4.11)
The tensor Z (0) will be called the integrating tensor in the following. The tensor

Z has the determinant

0sno

detZ (0) = 0%/2 (1 —cos0) 0.

Strictly speaking, we must exclude the singular points© = 27k, k > 1, wherek isa
positive integer, from the consideration. However, it seems to be obvious that there
exist only following alternatives: either w = © and 6 may have an arbitrary value,
or w # 0 and 0 is forced to be less than 7. In the first case, we have w x 0 = 0
and expression (4.10) or, what is the same, ( 4.15) isvalid. In the second case, the
© can not be a singular point. These alternatives are obvious from the geometrical
point of view, but its strict proof is unknown. It can be shown [11] that if 82 >> 1,
then the equality © x w = 0 must be valid. As a matter of fact, we do not know
problems where the singular points lead to noticeable difficulties.

The integrating tensor has a number of useful properties. Let us describe some
of them. First of all, the tensor Z (0) is an isotropic function of the turn-vector ©
which means

Z(S-0)=S-Z(0)-S" VS:S-ST=E, detS=1. (4.12)
If S=Q (0), then it follows from (4.12) and (4.8)

2(0)-Q(0)=Q(6)-Z(0).

Further, we can prove the identity
Z'(0)=Q(0)-Z(6)=2(0)-Q(8). (4.13)
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For theright angular velocity Q = Q' (0)-w, see[10], it followsfrom expressions
(4.10) and (4.13) _
O(t)=Z2"(0)-Q (). (4.14)

This equation is equivalent to the right Poisson equation [10]. In an explicit form,
Egs. (4.10) and (4.14) can be rewritten as

: 1 1—
ezw—zexuw— ezgex(exw), 0 (0) = 0y; (4.15)
: 1 1—

0=0Q+-0xQ+-—9dax(OxQ), 0(0) =06, (4.16)

2 02
In [5] one can find expression (4.15) in terms of a vector of afinite rotation

é*:w—%e*x w—i—%e*(e*-w), 6*:% <tang> 0.
This expression coincides with (4.15). Thus, we see that generally speaking almost
all our expressions are known. However, paper [1] deals with aturn-tensor without
a turn-vector, book [5] deals with a turn-vector without a turn-tensor. Besides, the
vector of finite rotation 0, IS not convenient in some cases since it is discontinuous.
Problem (4.15) is caled the left Darboux problem[10]. If the left angular velocity
Is known, then the turn-vector (and therefore the turn-tensor) can be found as the
solution of differential Eq. ( 4.15).

Expressions (4.15) and (4.16) can also be written in an equivalent form

. 1 1—a.
0 = gw — 76 x w+Tgee, (4.17)
. 1 1—g.

6= g0+ 50 x Q+—200 (4.18)

by taking into account the identities
0-w=0-Q=0-0=00.

Sometimes it is more convenient to use an inverse form of Egs. (4.10) — (4.14)

wt)=Z2"00)-0(t), Qt)=2"(0)-0(1), (4.19)
where 1 0. 0—snd
Z'(0)=E+ _GCZOS R+ _ei‘” R? (4.20)

according to Appendix B.
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4.2.3 Potential moment

Let us introduce a concept of potential moment. This concept is necessary for a
statement and an analysis of many problems. Nevertheless a general definition of
potential moment is absent in the literature.

Definition: A moment M (t) is called potential, if there exists a scalar function
U (0) depending on aturn-vector such that

_au
do
see Appendix C. Making use of Eg. (4.10), this equality can be rewritten in the

form

M-w=-U(0) = 0, (4.21)

du
(NH_E'Z) -w =0.
This equality must be satisfied for any vector w which is possibleif and only if
M:—ZT(G)-%—I—f(G,w) X W, (4.22)

where f (0, w) isan arbitrary function of vectors © and w.
Definition: A moment M is called positional, if M depends on the turn-vector
© only. For the positional moment M (0) we have

au (o)
" de

L et us show two simple examples. If the potential function hasaform of anisotropic
function of the turn-vector

M (0)=-Z"(0) (4.23)

U(e)=F(6*) =F(0-0),
then we find from expressions (4.23) and (4.11)
dF (62)
d (02)

If a potentia function has the smplest foom U (0) = Ck - 0, C = const,k =
const, k| = 1, then we have arather complicated expression for the moment:

M(0)=-2 0.

M:_CZT.k:_c(k+%e><k+]e_zgex(exk)>.

Definition : The potential U (0) is called transversally isotropic with an axis of
symmetry k, if the equality

ue)=ulQ («k)- 0l
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holds for any turn-tensor Q («k) . It can be proved — see [11] and Appendix D
— that a general form of a transversally isotropic potential can be expressed as a
function of two arguments

u(e)="Fr(k-0,0%. (4.24)

For this potential one can derive the expression

__, OF o OF g
M (0) = 250650 " sl (4.25)

There exists the obvious identity
(E—Q(0)-0=(E-Q")-0=0=(a—da)-0=0

for arbitrary a, a’ = Q - a. Taking into account this identity, we may obtain from
expression (4.25)

oF

— T . f—
(E—Q'(8))-M 3 (k- e)kx 0.
Multiplying this equality by the vector k we obtain
(k—K)-M=0. (4.26)

For theisotropic potential, equality (4.26) holdsfor any vector a. Sometimes equal-
ity (4.26) is very important — see, for example, section 4.
4.2.4 The perturbation method on the set of orthogonal tensors
Turn-tensors are subjected to restrictions
Q-Q"'=Q"-Q=E, detQ=+1. (4.27)

A perturbed turn-tensor Q. must be subjected to these conditions as well. In con-
trast, the turn-vector has no restrictions like (4.27). Thus the perturbed turn-vector
can be ssimply defined as

0. =00 +eq, lel<1, (4.28)

where 0, isthe unperturbed turn-vector and the vector ¢ iscalled thefirst variation
of the turn-vector. The perturbed turn-tensor can be found from (4.3) and (4.4)

Q. =expR. =exp(6. X E). (4.29)
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Equations (4.27) are then satisfied by the tensor Q. for arbitrary vectors 06.. We
shall consider the parameter ¢ as an independent variable. In such acase, it ispossi-
ble to introduce the left and the right perturbation directionsn, and ¢, respectively,
analogoudly to the angular velocities:

0

a_er =M X Qs = Qs X Ce, Ne = Qs - Ce. (430)
The perturbed angular velocities can be found from the Poisson equations ( 4.9)
Q=w:x Q. =Q. xQ;, w.=Q, Q.. (4.31)
The conditions of integrability for system (4.30), (4.31) can be written in the form
iwe = hs T 1M X We, iﬂe = .Cs — e X Q.. (432)
0e o¢
For the perturbation directions we have expressions analogous to Egs. (4.19)
0
N = z" (0¢) - aee = Z;] -, G = Z;T - Q. (4.33)

According to Egs. (4.19), the perturbed angular velocities can be found by
w.=2"0, Q. =Z."-0..
If the unperturbed vector 0, does not depend on time (state of equilibrium), then

w.=¢eZ' @, Q. =¢Z7". . (4.34)
L et there be given the function f (e, t). The quantity
f*(t) = [0f (e,t) /0¢el ., (4.35)

is called the first variation of the function f (¢, t). For thefirst variation of the turn-
tensor and of the perturbation directions we find from (4.30), (4.33), and (4.34)

Q' =myxQy, My=2Zy -9, w =n,+1m,x Wy, (4.36)

where the subscripts 0 marks the unperturbed state, n, = n. |.—o . For the right
guantities analogous relations are valid

Q' =Qyx ¢, C=2Zy @, Q= —xQ,. (4.37)
Especially, if the perturbations are superposed on a state of equilibrium, these for-
mulas may be simplified by w, = Q, = 0. Using Egs. (4.28), (4.34)- (4.37) the
first variation of the modulus of the turn-vector may be found from eﬁ = 0, - 0;:
1 1 1

0*=—0p- @ =—0)- = —0p: (. 4.38
eoo@eooﬂo eooCo (4.38)
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4.3 Theegquationsof motion of arigid body oscillator

Let us consider a rigid body with a fixed point O. The body is supposed to be
clamped on an elastic foundation, which is resisting to any turn of the body. The
position of the body for an undeformed elastic foundation is chosen as reference
position. The tensor of inertia of the body with respect to the fixed point O will be
denoted as

A=A1di®d +Ad,®d, +Azd; ® ds, (439)

where A; > 0 are the principal moments of inertia and the vectors d; are the prin-
cipal axes of the inertiatensor. Of course, the tensor A can be represented in terms
of an arbitrary basis e;

3
di=«"e,, A=A"e,®e, A™ = Z oo AL
i=1
If a body has the axis of symmetry k, then the inertia tensor will be transversally
Isotropic
A=A (E—-kKk +A3k®k, d3z=k, A;=A, (4.40)

The position of a body at the instant t is called the actual position of a body. The
motion of the body can be defined either by the turn-tensor P (t) or by the turn-
vector O (t)

P(t)=Q(0(1).

The tensor of inertia A'Y) in the actual position is determined by
AY=Pt)-A-PT(1). (4.41)
If the tensor A istransversally isotropic, this resultsin
A=A (E-KQK)+AKQK, K=P-k (4.42)

The kinetic moment of the body can be expressed in two forms. In terms of the left
angular velocity we obtain

L=P-A-Pl-w=Aw+(A;—-Ay) (K-w)K, (4.43)

where the second term of Eq. (4.43) applies to the transversally isotropic tensor of
inertiaonly. Interms of the right angular velocity the kinetic moment has the form

L=P-A-Q=P-A1Q+ (A5—A1)(k-Q)XK]. (4.44)
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L et us note that
K-w=k-Pl-w=k-Q. (4.45)

An external moment M acting on the body can be represented in the form
M = Me + Mext>

where M. isareaction of the elastic foundation and M., 1S an additional external
moment. The elastic moment M. is supposed to be positional with a potential. In
such a case, we may write according to (4.23)

du (0)
do ’
where the scalar function U(0) is called the elastic energy. In the following, the

elastic foundation is supposed to betransversally isotropic. Then the elastic moment
can be represented in form (4.25), i.e.

M,=-Z"(0)- (4.46)

M, (0)=-C(0%,k-0)0 D (0%4,k-0)Z"(0)-K, (4.47)
where the unit vector k is placed on the axis of isotropy of the body in the reference
position, and

) )
0 (02) d(k-0)

L et us consider a possible expression of an elastic energy, e.g.

C=2 u(*k-0), D= u (6% k-0). (4.48)

1 o2c0? 182(d—c)(k-0)°

202024 (k-0 2 pB2—(k-0)

, (4.49)

where o > 0, 32 > 0, c > 0 and d > 0 are constant parameters. The parameters
c and d are the bending stiffness and torsional stiffness of the elastic foundation,
respectively. If the parameters «? and 32 go to infinity, we obtain as simplest form
of an elastic potential

1 2\, 1 2
u_zc(e —(k-G))Jrzd(k-e) . (4.50)
In this case, the elastic moment (4.47) is
M, (0)=—cO—(d—c)(k-0)Z"(0) - k. (4.51)
For an external moment M., let us accept the expression
Mo = 27 (0)- D0 M, (452)
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where thefirst term describes the potential part of the external moment according to
(4.23). The second law of dynamics by Euler can be represented in two equivalent
forms. In terms of the left angular velocity we find fromL = M

[P(e)-A-PT(G)-w]'—i—ZT(e)-%:Mex. (4.53)

This equation hasto be completed by the left Poisson Eqg. (4.15)
- 1 1—g
0=w — 29 X W + 2
resulting in a general model of arigid body oscillator. In terms of the right angular
velocity, the model can be represented by

d(U+V)
do

1 1—g

é:g+§exn+ 57 0% (0xQ), (4.56)

where Egs. (4.13), (4.16), (4.44), (4.46), (4.52) and identities

0 x (0 x w) (4.54)

A-Q+QxA-Q+Z(0)- =P"(0) - M,,, (4.55)

(P-A-Q)=P.-(A-Q+QxA-Q), P.-(axb)=(P-a)x(P-b)

have been used. It is important that the model of a rigid body oscillator is rep-
resented in terms of natural variables: the turn-vector and the vector of angular
velocity. A significant merit of the equations stated above is that they contain the
first derivatives of the unknown vectors only. Thus, it is possible to use standard
methods for numerical analysis.

The remainder of the paper deals with applications of the derived equations.

4.4 Paradox by Nikolai

Let us consider a classical problem that was investigated by E.L.Nikolai [8]. Later
it was studied by many other authors — see, for example [14], [2], where other
references may be found.

The inertiatensor of the body is supposed to be transversally isotropic as defined
by expression (4.40). An externa follower moment is defined by

Mot =My =MK =MP (0) -k, M = const, (4.57)

where the unit vector k is placed on the symmetry axis of the body in the reference
position. The Egs. ( 4.55) — (4.56) then read as
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ATQ+ (A3 —Ap) (k- Q) k— (A3 —Ay) (k- Q) k x Q+
+CO+DZ(8)-k=Mk, (458

: 1 1—g 0sinod
=Q+ = Q Q =
0 —|—29>< + o2 Ox(0xQ), g 37 —cos0)’

where the functions C and D are defined by expressions (4.48). It is easy to find the
equilibrium solution of system of Egs. (4.58) — ( 4.59)

(4.59)

0 =0k, ©O=const, Q=0. (4.60)

Substituting Eg. (4.60) into system (4.58) — (4.59), we obtain the equation
C(6%,0) 6+ D (6%,0) = M. (4.61)
Especialy, if the elastic energy hasform (4.50), then Eg. (4.61 ) takes alinear form
C(0%0) =c,D(0%,0) =(d—c) k-0 = 0 = Mk/d. (4.62)

In order to investigate the stability of solution (4.62), we will use a method of su-
perposition of small perturbations on the state of equilibrium. Let us consider the
perturbed quantities

0. =0k+cep(t), Q.=en(t), 6,=M/d. (4.63)
The perturbed Egs. (4.58) — ( 4.59) take the form
A1+ (A3 —Ar) (k- Q) k— (A — A (k- Q) k x Q.+
+cO.+(d—c)(k-0.)Z(0.)-k =Mk, (4.64)

0.9n0,

. ] ] _ga
13 :Qa S Ve Qe — =5 Yg 13 Qa y Ue — . 4.65
0 —|—29 X + 02 0. x (0, x Q,),g (1 — c0s0.] (4.65)

Substituting expressions (4.63) and taking into account the unperturbed solution
yields

A+ (Az—Aq) (k-n)k+co+(d—c) (k- @) k+

+M(1—%) ka (p—|—1gog((p—(k-(p)k)> —0, (4.66)

p=ntkxn—(1-g)(n—(k-m)k. (4.67)
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These equations may be decoupled in torsion and bending perturbations by
n=c&k+y, y-k=0 o=vk+p, P-k=0. (4.68)

Substituting (4.68) into (4.66) — (4.67) and projecting obtained equations on k and
the plane orthogonal k we have

- | M
Azl + dy =0, A1y+[gc—|-(1—g)d]1l)+—<1—

Excluding from these equations ¢ and y we obtain

Azy +dy =0,
. M? M? M
2 I _— J— _— p—
A111)+<c<g +4d2> g T g)gd>1|)+2k><1]) 0, (4.69)

where :
Bp,SN0O, M

2(1—cosBy)’ ° a-
If the quantity M| /d issmall, i.e. [M|/d < 1, then the second Eq. (4.69) can be
rewritten as

g:

(c —2d) M2> M

A11|)—|—<c-|— o ¥+ Sk oxp =0. (4.70)

Taking into account that 1 is orthogonal k let uslook for a particular solution of
this equation in the form

P =aexp(pt), a=const, a-k=0.

For the vector a we have the system

5 (c —2d) M? M B e
((Am +c+ D F_*+2k><F_* a=0, E,=E—k®Kk.
(4.71)
This equation has the form

A-p=0 A=AE,+pukxE, E.=E—k®k ¥ -k=0,

where
(c —2d) M? M

na > T

A=Ap°+c+

We see that
k-A=A-k=0, detA=0.
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In such a case, only the determinant of the plane part of A isimportant. It can be
defined by

DetA — % ((trA)2 _ trAz) - % (4A2 =202 4 1) = A2+ 12

Thus, nontrivial solutions of Eq. (4.71) are obtained for

2
(c —2d) M2> m? e 4.72)

12d? 4

Itiseasy to seethat at least oneroot of this equation hasapositive real part resulting
in an increasing solution of Eg. (4.70) since atotal solution of (4.70) has aform

(Amz +c+

4
P = Z aiexp (pxt), ax=const, ax-k=0,
k=1

where py are the roots of (4.72), a, are the solutions of (4.71). Thus, the state of
equilibrium (4.62) is unstable for an arbitrarily small external twisting moment M.
This phenomenon iswell known under the name of paradox of Nikolai.

From the pure theoretical point of view it is no wonder that the state of equi-
librium is unstable. However, from the practical point of view the situation is very
disagreeable. Redly, if an external moment is small, then it is supposed that the
linear theory isvalid. In this case, Egs. (4.58) — (4.59) can be rewritten as

A0+ (A;—A;)(k-0)k+cO+(d—c)(k-0)k=Mk. (4.73)
Using a decomposition 6 = yk + 1, 0 - k = 0 this equation may be written as
Asy+dy =M, Ap+cp=0. (4.74)

The solution of this system has a small norm if the moment M and the norm of
initial conditions are small. Namely thisis done in most of investigations and there
was no doubt that such an approach is quite accurate. However, as shown above, if
we take into account second order quantities, then the solution will be unstable. Is
it really so ? It isawell-known fact [7] that the equationsin terms of variations may
give afaulty result in some cases. In such doubtful casesthe nonlinear analysis has
to be used.

4.5 Rigorousjustification of the Nikolai paradox

Let us consider an external moment of the kind

[SIE

Me =YM (Lk+LP- k), v=(++24Lk-P-k) *.  (4.75)
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If1l;, = 1,L = 0, then M., isadead moment; if l; = 0,1, = 1, then M,
Isafollowed ( tangential ) moment; if 1, = 1, = 1, then M., is a semi-tangential
moment. For the elastic moment let us accept expression (4.47) where C (82, k - )
and D (Gz,k- 9) are functions of a general kind. The tensor of inertiais supposed
to be transversally isotropic with k as axis of symmetry.

Using expressions (4.43) and (4.44) for the kinetic moment, the equations may
be derived either in form (4.53) or (4.55):

[Arw + (A3 — Ay) (W K) K] +CO+DZ"- k=yM (Lk+ LK), (476)

[A1Q+ (A3 — A1) (Q-K) K+ (As —Aq) (k- Q) Q x k+
+CO+DZ-k=yM (LP"-k+ LK), (477)

where k' = P - k. Although Egs. (4.76) — (4.77) are equivalent, a nontrivial result
can be found from a comparison. Subtracting Eq. (4.77) from Eq. (4.76) and taking
into account w - k' = Q - kyields

[A] (w—Q)+(A3—A1)(Q-k) (k’—k)].‘l'
+(A3—A) (k- Q) kx Q+DOxk=yM[(l; — L) k+ LK — P -K].

By multiplying this equation by the vector k, we obtain

A (w—Q) - k+ (A1 —A3)k-Q (1 —cosd)] =yM(l; — 1) (1 —cosd),
(4.78)
where cosd = k- k' = k- P - k. Let us note that Eq. (4.78) does not contain the
characteristics of the elastic foundation.
Equation (4.78) can be rewritten in another form. From Egs. (4.19) — (4.20)

follows 1 0
_ _ : — COS :
w—Q:(z‘—zT)-e:zTexe. (4.79)

The turn-vector © can be represented as a composition
e:Xk_i_y) y'k:O) 92:x2—|—y2)9:y(t)Q(‘Ll)(t)k)-m) (480)

where
m-k=0, |m|/=1.

One can prove the formulas

y? (1 — cos0)

k-(exé):k-(yxy):{pyz, 1 —cosd = 52

(4.81)
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Taking into account relations (4.79), (4.80) and (4.81), Eqg. (4.78) can be rewritten
as

[(1—cosd)Fl ' =yM (1; — L) (1 —cosd), F=2A1p+ (A —A;) k-Q.

(4.82)
Equality (4.82) was derived in another way and was shown to the author in a private
talk by Dr. A. Krivtsov. In fact, equality (4.82) is due to the existence of property
(4.26) for the elastic moment. Let us note that the right side of Eq. (4.82) has
a constant sign which is defined by the sign of M (1; — 1;). Let us suppose that
M (1; — 1,) > 0. Insuch acase, let us choose the initial conditions in such a way
that F |(—o> 0. Then equality ( 4.82) shows to us that the function F (t) tends to
infinity ast — oo which is equivalent to an infinitely big velocity of precession
1, i.e. the state of equilibrium (4.62) is unstable for an arbitrarily small value of
twisting moment and for any transversally isotropic elastic foundation. Therefore,
the analysis on the base of the equations in terms of variations gives the right result.
The Nikolai paradox is due to an accumulation of energy in the system.

4.6 Thesimplest rigid body oscillator

L et us consider the simplest case of the rigid body oscillator given by

2
A=AE, U=u(0?), dieu — 2?((92)) 0 =c (0%) 0. (4.83)
Further, let us introduce a friction moment
M., =—-bw, b =const>0. (4.84)
In such a case, basic Egs. (4.55) — (4.56) yield
AQ +bQ +c(0%) 0 =0, (4.85)
é:g+%exg+]e;2gex(exg), gzz(ffrcfse)‘ (4.86)

It is seen that even in this ssmplest case the equations of motion are rather compli-
cated. For the plane oscillations this system can be simplified

w=0=0, 0xQ=0
satisfying Eq. (4.86). Equation (4.85) then simplifies to
A0 +b0+c(0?)0=0; 0(0)=6y Q(0)=0Q, 6yxQ=0. (487)

This system can be investigated without any problems. Let us discuss system of
Egs. (4.85) —(4.86) inamore general case. In order to show the difference between
conventional approaches and our method, let us consider both of them.
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4.6.1 Conventional approach

Let ustry to investigate system (4.85), (4.86) on the basis of the Euler angles. The
turn-tensor can be represented [10] in the form

P(0)=Q (k) -Q(dp)-Q(ek) =Q [®p') - Q (k) - Q(pk) =
=Q(®dp) - Q(BK), (4.89)
where
B=e+¥, P=QWk):p, k:p=k-p' =0. (4.89)
The left angular velocity is determined by [10]
w = (P + @cosd) k+dp’ + ¢sindp’ x k. (4.90)

Making use of expressions(4.7), (4.88), (4.90) and substituting them into Eq. (4.93)
yields

c(6%)6

2sno0

A (b + @cosd) +b (P + ¢ cosd) + sinp (1+cosd) = 0,

AG+hpsng) +od+ S gm0 ) =0
(B +vesind) + +5gng SN +cosP) =0,

Y L c(0?)e .
A ((@sind) —1|)19)+b<psm8+msnﬁsn8:0. (4.91)

In addition to this system we obtain from (4.6) and (4.89)
1 4+ 2cosO = cosd + cosP3 + cosdcosf3, = ¢ +p. (4.92)

It is not so easy to find the total solution of Egs. (4.91). Let us note that represen-
tation (4.88) is completely admissible. However, there are many other possibilities
and the most of them will lead to complicated equations. If we want to find the best
representation, then we have to look for this representation during solution process
rather than to guessit a priori [10].
4.6.2 Thetotal integrability of the basic equations
Multiplying EQ. (4.85) by the tensor P (0) from the left, one can obtain

Aw +bw +c (0% 0 =0, (4.93)
where the identity

P-O=P-Q)—-P-Q=w—-(PxQ)-Q=w
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was taken into account. Equation (4.93) is equivalent to Eq. (4.85). However, from
(4.85) and (4.93) anontrivia result may be obtained

A(w—ﬂ)'—i—b(w—ﬂ):0:>w—Q:(wo—Qo)exp(—%>, (4.94)

where w, and Q, are the initial angular velocities. Expression (4.94) gives to us
three integrals. Now it is necessary to consider two cases:

(l) (UO—Q():O, b) wo—Qo:|wo—Qo|€7&0.

In the first case we deal with plane vibrations of the oscillator. Redly, in the first
case from (4.94) it follows that

W=0=—70x0=0.

The latter fact follows from (4.15) and (4.16). Thisisidentical to the case of Eq.
(4.87).
It is more interesting to investigate case b). From Egs. (4.17) — ( 4.18) wefind

g(e)(w—ﬂ):%ex(w—l—ﬂ).

Taking into account integral (4.94) one can get

0 (0)ep () (w0~ Q) =30 % [+ Q.

Further, we may derive from (4.19) and (4.20) the identity

%ex (w+Q):S%ee><é
which change the above relation to
2 (1 —cos6 - bt
( 02 )9 X 0 = ((Uo — Qo) exp (—K> . (495)
From this equation, one more integral follows
O(t): (wWy—Qp)=0=0(t)-e=0, (4.96)

wheree = (wo — ) / |wo — y|. Thisequation shows that the turn-vector O (t)
can be represented as

0(t)=0(t)Q(be)-m, m=2060/6, m-e=0, P(0)=0. (497)
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From this representation we can conclude
0 x 0 =oe. (4.98)

Substituting this expression in (4.95) and taking into account the resulting equation
for t = 0 yields

- 1 —cos0, - bt -
Thus, if we know the angle of nutation 6 (t) then the angle of precession can be
found from (4.99). Let us derive an equation for the angle 0. For this end let us
calculate the right angular velocity from (4.19) — (4.20) and (4.97)

Q:g +%e{pe x 0 — (1 — cos8)e. (4.100)
Substituting expression (4.100) into Eg. (4.85) and projecting the obtained equation
onto the vectors 0, e and e x 0, respectively, we get three scalar equations where
two of them ( projectionson e and e x 0) will be identically fulfilled dueto (4.99).

Projection onto the vector © gives

: 2
o 2y ASn6 (1 —cosby -2 _ 2bt B
ABDO+ e (67) — AT ( = C9%%) () exp (224 ) | 0 = 0. (4201

If thefrictionisabsent (b = 0) , then this equation can be solved in terms of quadra-
tures. The plane motions of the oscillator can be found from Eq. (4.101) when
Vo = 0. Inagenera case, Eq. (4.101) can be studied by conventional methods of
nonlinear mechanics. Let us note that even for small 6 Eqg. (4.101) is nonlinear

0\ . 2b
c(0)— A (3") P exp (—{)

In contrast with it, the system of Eqgs. (4.85) — (4.86) can be linearized for small
turns, i.e. for |0] << 1, and we obtain the linear equation

A6 + b0 + 0 = 0. (4.102)

AO+bO+c(0)0=0. (4.103)

Let us show that the nonlinear Eq. (4.102) follows from Eq. (4.103) if one takes
into account 6 = |0/. If theturn-vector isrepresentedas® = 6n, 6 = 0], In| =1,
then we have

0=06n+60n, 0=0n+20n+6n, n-n=0, N-n=-n-n. (4.104)
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Substituting (4.104) into (4.103) gives
(AB + b0 +cO) n+ (2A0 + b0) 1L + ABiL = 0.

Multiplying this equation by n and n we obtain

AB+b6+(c —Ax)0 =0, zAex+(erere)x:o, x =n-n. (4.105)

From the second equation of this system it follows

x 0 b 2bt
;+46+2K:O:>X94:Xoegexp<—f>, x(0) =xo, 6(0)=0,.
Substituting thisexpression for x into thefirst Eq. (4.103) we obtain (4.102). There-
fore, the solution of linear Eq. (4.103) determines the exact solution of nonlinear

Eq. (4.102). In many other cases we have the same situation.

If frictionisabsent (b = 0), then Eq. (4.101) has an exact solution
_ < (65) 8
- Asingy’
This solution is called regular precession which will be considered in the next sec-

tion. If the friction is present, then for the large times Eq. (4.101) transformsto Eq.
(4.87).

0 =0, = const, VP =1 = const, (1|))2 (4.106)

4.6.3 Comparison of two approaches

Let us compare the two approaches described. The first approach is defined by
representation (4.88) of the turn-tensor where k and p are arbitrary orthogonal unit
vectors. For the angles, 9, ¢ and the velocities P, d, ¢ we may provide arbitrary
initial conditionsif and only if we are able to find a general solution of Egs. (4.91).
It is not known, if thisis possible.

In the second approach, the representation of the turn-tensor has a special form

P=Q(0)=QI[0Q (be)-m = Q(e)-Q(6m)- Q" (pe)  (4.107)

dueto Eq. (4.97) for the turn-vector. The unit vectors e and m are very specia and
found in the solution process. The two angles 6 and 1y can describe only the specia
solution we were looking for, and which is contained in the first approach. In order
to see this, let us accept the relation @ = —, i.e. p = 0, in representation (4.88)
resulting in 9 = 0. In such a case, system (4.91) — (4.92) reduces to

A (¥ (1 —c0s8)) + b (1 —cosd) =0,
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A (6 —?sin0) +b0+c (%) 0 =0,

A ((bsin®) +19) + bipsine =o.
The first equation of this system gives to us integral (4.99). The third equation is
an identity, if we take into account the first equation. At last, the second equation
coincides with Eq. (4.101). Thus, the system (4.91) has a particular solution coin-
ciding with the solution found above. However, when using representation (4.88)

this solution does not allow to satisfy all initial conditions since the vectors k and p
have preassigned directionsand k # e.

4.7 Theregular precession of therigid body oscillator

Let us consider a body with a transversally isotropic tensor of inertia. The elas-
tic foundation is supposed to be transversally isotropic as well. The equations of
motion are given by expressions (4.53), (4.54) and expression (4.47) for the elastic
moment

[Aiw + (A3 —Ay) (K-w)K] +Co+DZ"- k=0, K=P-k (4108

: 1 1—g
sz—zexw—i— o2

where the functions C and D are defined by (4.48). We assume a particular solution
of system (4.108), (4.109) to be represented in the form

0=9, P =Q{k)-p, p-k=0, P=Q®p), (4.110)

where the motion (4.110) is called aregular precession if

0 x (0 xw), (4.109)

9=const, Pp=const = ©O=1kx0. (4.111)
The left angular velocity then follows from (4.19) and is given as

w=Q (Vk) - wy, wo=1YP[(1—cosd)k+sindk x p] =const. (4.112)

We see that the angular velocity vector w is a precession of the vector w, around
the axis k orthogonal to the turn-vector

- w=0-Q=0, k-0=0.

In addition, let us accept the restriction

D (0%,k - 0) lo—o= U (6%, %+ 0) [ke-o=0,

0(k-0)



which is satisfied for most kinds of elastic energy. Then we obtain from Eq. (4.108)
for the assumed solution

- C (192,0) O

P = — .
sind [Az (1 — cosd) + Aq cosd]

Especidly, if A; = A3 = A, wefind solution (4.106).

Now we have to investigate the stability of solution (4.110) —(4.113). In general,
it isarather cumbersome process. In order to simplify it, let us accept

(4.113)

A=A;=A;, D(0°,k-0)=0, C(0°k-0)=c=const. (4.114)

This means that the tensor of inertia and the elastic foundation are supposed to be
isotropic. Under these assumptions the perturbed equations of motion (4.108) —
(4.109) take the form
AW, +¢c0, =0, 0, =w —]e X _|_1—ge
£ [ ) [ £ 2 £ £ ez

£

0. x (0, x we). (4.115)

The perturbed quantities w. and 6. could be represented by
We=w+emn, 0:.=0+¢ce, K1, (4.116)

where w and 0 are defined by (4.110) — (4.113). Such a choice, however, would
yield equations for 1 and ¢ with varying coefficients. Therefore, it will be better to
represent the functions w, and 0, by

w. =Q (Pk) - (wo+en), 0.=Q(Yk)-(Op+ep), (4.117)
where the function 1 is defined by (4.113). It is easy to calculate
@. = Q (WK) - (bk x wo + ¢ (N + bk x 7)),

0. = Q (Wk)- (Wok x p+e (@ +k x 9)).
Taking into account these expressions, notation (4.35) and Egs. (4.115) we have

A(W) +¢0"=0,(@) =Q[Wk)- (N+ Pk xn),0" =Q(VK)- @,
1—9g
02

+ <] gf’) 0 x (0 x w)]*, (4118)

>*[9><(9><w)]—|—
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where the vectors 0 and w are defined by (4.110) and (4.112) respectively. Further,
for any orthogonal tensor Q and any pair of vectors a and b there exists an identity

(Q-a)x(Q-b)=(detQ)Q-(axb), detQ=1.
Using this identity, we have from Egs. (4.118) the following equations for the
variationsn and ¢ _
AM+VPkxn)+ce =0,

'-|—1])k>< B dsnd - 9 —s9nd ( ) w _l o
¢ ? = I —cos9) ' 2(1 —cosy) PP Pom 7@ x Do

1 2 (1T —cosd) —dsind

—zf}panr 79 (1 — cosd) (@ wo+dp-n)p,

where ) is determined by (4.113) and & = const. This system of linear differen-
tial equations with constant coefficients can be further investigated by conventional
methods. Our aim was only to show the derivation of the equations in terms of
variations.

4.8 Conclusion

We have presented a general model of arigid body oscillator given in terms of Egs.
(4.53) — (4.54) or Egs. (4.55) — (4.56), respectively. Using the notation of a turn-
vector for describing rotations of rigid bodies we could introduce the integrating
tensor Z (0) and a potential moment M (0). In order to study the properties of a
rigid body oscillator, we may accept M., = 0. In such a case, Egs. (4.55) — (4.56)
take the form

- u
A-Q+Q><A-Q—|—Z(9)-(31—9:O, (4.119)
0=0+50xQ+ ezgex(exg). (4.120)

In this form, the rigid body oscillator has many applications to important technical
problems. Especially, it will be useful for investigations of the microscale phe-
nomena on the basis of principles of classical mechanics. For example, in [12]
the well-known Klein-Gordon and Schrodinger equations could be derived from an
application of this model to the media by Lord Kelvin.

A Appendix. Notation and ter minology

In the paper, the direct tensor calculus is used. This approach is introduced by J.
Gibbs and may be found in the books [3], [5], [6], and in many modern books on
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differential geometry and linear algebra. The direct tensor calculus is widely used
In continuum mechanics — see [6], [9]. In order to develop multipolar continuum
mechanics, it is necessary to use the methods of rigid body dynamics. Thisis a
sufficient reason to describe the rigid body dynamics in terms of the direct tensor
calculus. For readers more familiar with matrices notations, the following analogies
hold

a-n= an, axn=dn, non=nn',

0O —m3 mny
nxE2nm2| n; 0 —ny
—MNy mn 0
These analogies are valid if we choose some orthonormal basis. However, the left
sides are valid in any basis while the right sides depend on a choice of the basis.
Now we have to discuss the terminology. In the paper, we use the terms “turn-
vector” and “turn-tensor” instead of the conventional terms “rotation vector” and
“rotation tensor”, respectively. For this, an explanation may be given. A rotation
IS a process, aturn is an instant action. The turn-tensor is turning a body from the
reference position to the actual position at each moment of time. The same can be
said with respect to a turn-vector. In contrast with this, the vector wdt # do is
rotating a body from the position at a moment of time t to the body position at the
moment of time t 4+ dt. Really, let d, be atriplet of vectors fixed with respect to
the body in the reference position and Dy (t) isthe triplet dy turned to the actual
position. Then we have

Di(t)=P(t)-dy, Dy(t+dt)=P(t+dt)-dy, dx=P'(t)-Dy(t).
From this follows
Dy (t+dt) =P (t+dt)-PT(t) - Dy (t) = (P (t) + P (t)dt) - PT (1) - D (t).
Making use of the Poisson Eqg. (4.9) we obtain
Dy (t 4 dt) = Dy (t) + w (t) dt x Dy (t).

Thus, namely the vector wdt rotatesthetriplet Dy (t) into the triplet

Dy (t + dt) rather than the vector d©. The infinitely small vector x = wdt may
be named the rotation vector. Of course, we are not sure that we select the best
terms. However, it is important that we need two different terms for a rotation,
since a body is rotating around one axis and at the same time the body is turned
around an another axis. The axis of rotation is the line spanned by the vector of the
left angular velocity while the axis of turn is the line spanned by the turn-vector.
For aregular precession, these two axes are orthogonal — see section 7.
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B Appendix. Therepresentation for the integrating tensor

The representation for the integrating tensor may be obtained by many approaches
and all of them are rather long. From our point of view, the shortest way is given
bel ow.
Calculating the trace from both sides of the Poisson Eqg. (4.9), one can obtain
: : sino
trQ) =trQ =tr (w x Q) :_ZTG -w, tr(a®b)=a-b.

Taking into account the equality

trQ =1+ 2cos0,
from the previous equation it is easy to derive

00=0.-0=0-w. (4.121)
Multiplying EqQ. (4.9) by the vector 8, one can get

Q-szxez—R-w.
Making use of the identity
Q:-0=(Q-0)-Q-0=-(Q-E)-0

and Eq. (4.3), the previous equation can be rewritten as

sno 1—cosO_,\ -

A general solution of this equation has the form

w:Ae+<sneE+1—coseR> -é,

5 5 (4.122)

where the scalar function A must be found. Multiplying Eq. (4.122) by © and taking
into account equality (4.121) yields

_e—sine

G 0-0.

A

Then Eq. (4.122) takesaform
< 1 — coso 0—sind
w=E+—>—

R+

2 - —1 -
5 5 R > .0=2".9, (4.123)
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where we use the identity
R’=0®6 —0°E.

Expression (4.123) gives to us representation (4.20). Thus we had found the tensor
Z~'. Sincethetensor Z~' isan isotropic function of the tensor R, we conclude that
tensor Z isthe isotropic tensor function of the tensor R as well

Z=oE+pPR+vyR? Z-Z'=E.

From thisit follows

S B_—l 1—9 ~ 0s8no
- N Y= T 9_2(1—0056)’

which is expression (4.11).

C Appendix. Elastic energy of foundation

In the section 4.3, there was given the definition of an elastic energy in terms of
a potential function U (0). This function was interpreted as elastic energy of the
foundation. However, in the nonlinear theory of elasticity the concept of elastic
energy has a uniquely determined meaning. Thus, it is necessary to show that there
Is no contradiction between these two concepts.

The foundation is supposed to be an elastic body. The boundary of the founda-
tionisthe surfaceS = S; U S, U S3, where the part S; of the surface S isfixed, the
part S, isafree surface, and the part S3 isthe contact surface between the foundation
and the rigid body. Let us formulate the energy balance for the system “foundation
plusrigid body”

K+U=0. (4.124)

The function K is only the kinetic energy of the rigid body, since the foundation is
supposed to be without inertia. U isthe total intrinsic energy, i.e. elastic energy or
energy of deformation which is confined to the el astic foundation, sincetheintrinsic
energy of the rigid body has a constant value. The right side of (4.124) is equal to
zero because the power of external forcesis absent.

Now let us write the equation of energy balance for the rigid body only. The
external forces acting on the body are generating stresses acting on the part S of
the boundary. Thus, we can write

K=— J N (P)- < (P)-R(P)dS (P), (4.125)
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where R (P) is the position vector of a contact point P on surface S3, the vector N
Is an external unit normal to the surface S;, and the tensor T is the Cauchy stress
tensor.

According to the kinematics of arigid body, we have

R(P)=R(Q)+P(t)-(r(P)—1(Q)), (4.126)

where Q is areference point, r (P) and r (Q) are the position vectors of points P
and Q in the reference position. From Eq. (4.126) follows

Vv(P)=v(Q)+ w(t) x [R(P)—R(Q)]. (4.127)

Substituting R (P) = v (P) in Eq. (4.127) by (4.125) we obtain
K=F-v(Q)+ M, w, (4.128)
where
F=— J N (P)-T(P)dS (P),
PeS;3
M=~ | [R(P)=R(QI)x(P)-N(P]dS(P).

Making use of (4.124), PEe(j3 (4.128) can be rewritten as

F-v(Q +M.-w=-U(R(Q),0), (4.129)

where the vector 0 isthe turn-vector of therigid body and henceforth of the surface
S;. If the point Q is fixed, we have definition (4.21). Thus, the potential U in
expression (4.46) is an elastic energy of the foundation.

D Appendix. Transversally isotropic potential

Let there be given a scalar function U (0) of a vector argument. This function
Is called transversally isotropic with the symmetry axis k if for any turn-tensor
Q (k) the equality

ue)=ulQ («k) - 0] (4.130)
isvalid. Let us consider a continuous set of tensors Q (« (1) k) . For any of them

Eqg. (4.130) must be valid. Note that the left side of (4.130) is independent of T.
Thus, we have

d au d , , .
5 1Q-0)=0 = —5---0=0 0=Qa(r)k)-0. (4131
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Making use of the Poisson Eq. (4.9) we obtain

Substituting this expression into (4.131) and accepting
o (0) =0, [da(t)/drl_y#0

we have U U
where ¢ and 1\ are some scalar functions. Multiplying this equation by the vector

do yields
du 1 ,

From this expression we seethat ageneral form of atransversally isotropic potential
may be represented as
u(e)="Fr(k-0,0%).

Thisis expression (4.24).
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